DIAGONAL ACTIONS IN POSITIVE CHARACTERISTIC

M. EINSIEDLER, E. LINDENSTRAUSS, AND A. MOHAMMADI

ABsTrRACT. We prove positive characteristic analogues of certain measure
rigidity theorems in characteristic zero. More specifically we give a classifi-
cation result for positive entropy measures on quotients of SLy and a clas-
sification of joinings for higher rank actions on simply connected absolutely
almost simple groups.

1. INTRODUCTION

Let G be a locally compact, second countable group and let I be a lattice in
G. Put X = G/T'. A subset S C X is called homogeneous if there exists a closed
subgroup ¥ < G and some x € X such that Xz is closed and supports a -invariant
probability measure. A probability measure p on X is called homogeneous if supp
is homogeneous and p is the ¥-invariant probability measure on supp p.

Let A be a closed abelian subgroup of G. An A-invariant probability measure p
on G/T will be called almost homogeneous if

(L.1) W= / awvda
AJANS

where

(1) ¥ C G is a closed subgroup such that A/ANX is compact,
(2) v is a homogeneous measure stabilized by X,
(3) da is the Haar probability measure on the group A/ANX.

Let K be a global function field, i.e. a finite extension of the field of rational
functions in one variable over a finite field F,. For any place w of K we let K,
denote the completion of K at w, and let 0, be the ring of integers in K,,. As in
the case of number fields, the field K embeds diagonally in the restricted product
H;} K,,. Given a place v we put

01) =Kn H Ow
wF#v
to be the ring of v-integers in K.
For the rest of this paper we will assume that a place v of K is fixed and put

k:=K,, 0:=0,, and O :=0,,.

Recall that we may and will identify k with F,((67')), the field of Laurent series
over the finite field F,, after this identification we have o = F [[0~]], [38, Ch. 1].
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The most familiar case is when K = F,(6), the field rational functions in one
variable with coefficients in F,. Then if we choose the valuation v coming from 61
we have O, = Fy[f] is the polynomial ring.

1.1. Positive entropy classification for measures on quotients of SL;. Let
G = SL(d,k) and let ' < G be an inner type lattice in G. See for the
definition and discussion of inner type lattices; as an explicit example the reader
may let ' = SL(d, 0). Let X := G/T. Furthermore, we let A be the full diagonal
subgroup of SL(d, k). Throughout the paper we always assume d > 2.

Given an A-invariant probability measure p we let h,(a) denote the measure
theoretic entropy of a € A.

Theorem 1.1. Suppose u is an A-invariant ergodic probability measure on X,
further assume that h,(a) > 0 for some a € A. Then p is almost homogeneous.

We note that this is a positive characteristic analogue of the result of [IT] by
A. Katok with the two first named authors.

The conclusion of Theorem [I.1] cannot be strenghtened to saying that x is homo-
geneous. In fact, K = F,(#) has many subfields K’ (without a bound on [K : K']),
defining &’ to be the closure of K’ in k, one could take the measure v to be the
Haar measure on the closed orbit XI" for ¥ = SL(d, k'), and p could be as in
since A/(ANZX) is compact.

1.2. Joining classification. Furstenberg [19] introduced the following notion in
1967 that has since become a central tool in ergodic theory. Suppose we are given
two measure preserving systems for a group S acting on Borel probability spaces
(Xi,m;) for i = 1,2. A joining is a Borel probability measure g on X; x X5 such
that the push-forwards satisfy (m;)«p = m; for ¢ = 1,2 and is invariant under
the diagonal action on X; x Xs, i.e. s.(z1,x2) = (s.21,8.22) for all s € S and
(1‘171’2) € X1 X XQ.

We give a classification of ergodic joinings in the following setting. Let G; be
connected, simply connected, absolutely almost simple groups defined over k for
i =1,2. Put G; = G;(k) and let T'; be a lattice in G; and define X; = G;/T; for
i =1,2. Denote by m; the Haar measure on X;.

Let \; : G2, — G; be two algebraic homomorphisms with finite kernel defined
over k, and put A; = \;(G2,). We define the notion of joining as above using these
monomorphisms.

Let A = {(A1(t),\2(t)) : t € G2,} and let A = A(k).

Theorem 1.2. Assume char(k) # 2,3. Suppose that G;, A;, and X; are as above
fori=1,2. Let u be an ergodic joining of the action of A; on (X;,m;) fori=1,2.
Then p is an algebraic joining. That is, one of the following holds
(1) p=mq x mg is the trivial joining, or
(2) w is almost homogeneous, moreover, the group 3 appearing in the definition
of an almost homogeneous measure satisfies the following
o m,(X) =G, fori=1,2, and
o ker(m;|x) is contained in the finite group Z(G1 x Ga) fori=1,2.

These results are a positive characteristic analogue of the work [I3] (see also
[12] for stronger results in the zero characteristic setting) of the two first named
authors.
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It is also worth mentioning that even for joinings, in general, virtual homogeneity
can not be improved to homogeneity. Indeed, let k/k’ be a Galois extension of
degree 2 with the nontrivial Galois automorphism 7. Let G; = Gg = SL3 and let
't =T and I'y = 7(T) for a lattice I' C SL(3, k). Let Ay = A2 be the monomorphism
(t,s) — diag(t7 s, (ts)_l). The measure v could be the Haar measure on the closed
orbit X(I'y x I'z) of ¥ = {(g,7(g)) : g € SL(3,k)} and y could be as in (L.I).

1.3. Main difference to the zero characteristic setting. We apply in this
paper the high entropy method that was developped in the zero characteristic set-
ting in a series of papers, see [9 [T}, 10, 5], and for Theorem also the low
entropy method, see [25] [I1, [I4]. These arguments use crucially leaf-wise measures
for the root subgroups (or more generally the coarse Lyapunov subgroups), which
are locally finite measures on unipotent subgroups.

Suppose we are able using the above tools to show the leafwise measures on the
coarse Lyapunov subgroups have some invariance. Then using Poincare recurrence
along A one can show the invariance group has arbitrarily large and arbitrarily
small elements. The key difference lies in the next step of the argument. In the zero
characteristic setting a closed subgroup of a unipotent group containing arbitrarily
small and arbitrarily large elements has to contain a one-parameter subgroup — and
hence the leafwise measures for the one-parameter subgroup have to be Haar which
gives unipotent invariance for the measure under consideration.

In the positive characteristic world this is very far from being true. In fact using
a fairly direct adaptation of the methods used in [I11 [I3] etc. one can find almost
surely an unbounded subgroup of a unipotent group that has positive Hausdorff
dimension which again preserves the leafwise measure. However, as there are un-
countably many such subgroups and since these may vary from one point to another
it is not clear how to continue from this by purely dynamical methods.

Decomposing the measure p according to the Pinsker o-algebra P, (for some a €
A) we find a subgroup of G that preserves the conditional measure on an atom for P,
and has a semisimple Zariski closure. To classify such subgroups we use a result
of Pink [29] (see also [23] for related results by Larsen and Pink). This allows
us to deduce invariance under the group of points of a semisimple subgroup for
some local subfield. After this we use a measure classification result [28] by Alireza
Salehi-Golsefidy and the third named author (as a replacement of Ratner’s measure
classification theorem [32] [33] extended to the S-arithmetic setting by Ratner [33]
resp. Margulis and Tomanov [27]).

We note that analogues of the measure rigidity theorems of Ratner for general
unipotent flows in positive characteristic setting are not yet known. Some special
cases have been investigated, specifically the above mentioned paper [28] which is
used in our proof and the earlier paper [g].

Finally we note that ideally one would like to have a result similar to [I6] in
the setting at hand. A general treatment as in [16] will likely require more subtle
algebraic considerations.

Acknowledgements. The authors would like to thank Alireza Salehi Golsefidy,
Michael Larsen, Shahar Mozes, Gopal Prasad, and Richard Pink for helpful con-
versations. The results of [28] are used in our work in an essential way, and we
thank Alireza Salehi Golsefidy for agreeing to present the results in that paper in



4 M. EINSIEDLER, E. LINDENSTRAUSS, AND A. MOHAMMADI

a way that would be convenient for our purposes. We would also like to thank the
anonymous referees for their helpful comments.

2. NOTATION

2.1. Throughout, K denotes a global function field. We let v be a place in K,
fixed once and for all. Denote by O the ring of v-integers in K. Put k := K, the
completion of K at v. Then k is identified with F,((6~1)), the field of Laurent series
over the finite field F, where ¢ is a power of the prime number p = char(K). We
denote by o the ring of integers in k. Then o = F,[[0~!]] and the maximal ideal m
in 0 equals #~'o. The norm on k will be denoted by |- |,, or simply by |- |; note
that with our notation we have |0, > 1. With our normalizations log,(|r|) is the
v-valuation of r € k.

Unless explicitly mentioned otherwise, a subfield k' C k is always an infinite and
closed subfield of k; hence, k/k’ is a finite extension.

2.2. Let G be a connected, simply connected, semisimple k-algebraic group. Put
G = G(k). We always assume G is k-isotropic.

Fix a maximal k-split k-torus S of G. We will always assume that A = S in the
case of Theorem [I.1] and assume that A; is contained in S;, for ¢ = 1,2, in the case
of Theorem [[.2

Let ® denote the set of relative roots (S, G); this is a (possibly not reduced)
root system, see [2, Thm. 21.6]. Let ,®* denote positive and negative roots with
respect to a fixed ordering on ,®.

Recall from [2, Remark 2.17, Prop. 21.9, and Thm. 21.20] that for any a € ;@
there exists a unique affine k-split unipotent k-subgroup U, which is normalized
by Zg(S), the centralizer of S, and its Lie algebra is g(4) := ga + g24. Here, as
usual, for a root 5 € @ we let gg be the subspace in the Lie algebra on which S
acts by the root 5.

A subset ¥ C 1 is said to be closed if « € ¥ and %oz € @ implies %oz e v,
and o, 8 € ¥ with a4+ 8 € P implies aa + 5 € V. A subset ¥ C ;P is said to be
positively closed if it is closed and is contained in ,®* for some ordering of the root
system. For any positively closed subset ¥ C ® there exists a unique affine k-split
unipotent k-subgroup Uy which is normalized by Zg(S) and its Lie algebra is the
sum of {g(q) : @ € ¥}. Moreover, Uy is generated by {U(,) : a € ¥\ 2V}, ie. Uy
is k-isomorphic as a k-variety to HaE\Il\2\Il U (o) where the product can be taken in
any order, [2, Prop. 21.9 and Thm. 21.20].

If ¥ = {a} and no multiple of « is a root, we simply write U, for Uy. We also
write Uy = Uy (k) for a positively closed subset ¥ C . ®.

Given a subset F C G we let (E) denote the closed (in the Hausdorff topology)
group generated by F.

For each o € ;@ we fix a collection of one parameter subgroups, {uq,; : 1 <
i < du} generating U,y and define U, [R] to be the compact group generated by
{ta,i(r) i |rly < R,1 <i <dy}. For any positively closed ¥ C ® we put

Us[R] = ({Uw[R] : () C ¥})
Given a € A we put
(2.1) WE(a) ={g € G : limy_ 1o a Fgak =id}

to be the expanding (resp. contracting) horospherical subgroup corresponding to a.
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2.3. Let ;®(A, G) denote the set of roots of A, i.e., the characters for the adjoint
action of A on the Lie algebra of G. We will say ¥ C  ®(A, G) is positively closed
if

(2.2) {a € ®(S,G) : a|A € T}

is positively closed in the sense of §2.2] and set

V\p = H U(a)

alaew
for any positively closed subset U C ,®(A,G). We also let Vg denote the un-
derlying algebraic group. An important special case is when ¥ = [o] = {ra €

(A, G) : r > 0} for some a € P(A,G). In this case V], is called a coarse
Lyapunov subgroup.

2.4. Inner type lattices in SL(d, k). Recall that in Theoremwe assumed I is
an inner type lattice in SL(d, k); we recall the definition here. Let D be a division
algebra of dimension s? over K and let B = Mat,.(D) be a central simple algebra
over K; we assume d = rs.

Let © be any field extension of K so that B ® x 2 ~ Mat4(Q2) — one can always
find a finite separable extension of K with this property. Define the reduced norm
Nrdg : B — Q of B by Nrdg(g) := det(g ® 1). Then Nrdp(g) € K for all g € B
and Nrdpg(g) is independent of the choice of the splitting field Q and the implicit
isomorphism which we fixed. More generally

(2.3) det(g ® 1 —&id) € K[¢] for every g € B,

see e.g. [7, §22].

We now use B to define a K-group which is isomorphic to SLy over the algebraic
closure K of K. Fix a K-basis C for D and consider the (left) regular representation
p of D into Mat,2(K), i.e. g € D is sent to the matrix corresponding to y — gy.
If we express p in the basis C, we get a system { f¢(g;;) = 0} of linear equations in
entries g;; with coefficients in K that together define the image of p. We identify
Mat,.z2 (K) with Mat, (Mat,2(K)) and let B’ be the subset of Mat,.;2(K) consisting
of elements gf]d for 1 < 4,5 < 5?2 and 1 < ¢,d < r satisfying {fg(gf]d) = 0} for
all 1 < ¢,d < r. Then p identifies B and B’. Moreover, in view of the above
discussion on Nrdp there exists a polynomial i with coefficients in K so that
Nrdg(g) = h(p(g°?)) for all g € B, see [36] and [30, Ch. 2] for a similar discussion
and construction.

For any K-algebra T define

SLl,B(T) = {g € Mat, ;2 (T) : f@(gfjd) =0, h(gzc]d) = 1}
If Q is any field extension of K so that B @k Q ~ Maty(Q2), then SL; () is
isomorphic to SL(d,{2). In particular, SL; 5(K) is isomorphic to SL(d, K). A
group so defined is called an inner K-form of SLy.

Assume now that B is a a central simple algebra over K as above; further,
assume that it satisfies B @ ¢ k ~ Maty(k). For every place w of K define

SLl)B(Ow) = SLI}B(KUJ n GLr52 (Ow).
Recall that SLy p(K') diagonally embeds in the restricted (with respect to SL1 g(04,))
product [[,, SL1 p(K,). Put

(2.4) Ap ={v€SL1 g(K) : v € SLy, g(0,) for all w # v}
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Then Ap is a lattice in SL(d, k), see e.g. |26, Ch. I, §3].
We will call a subgroup I' < SL(d, k) a lattice of inner type if there exists a
central simple algebra B over K so that I' is commensurable to Ag.

3. PRELIMINARY RESULTS

3.1. Algebraic structure of compact subgroups of semisimple groups.
Given a variety M which is defined over k there are two topologies on M(k), the
set of k-points of M. Namely, the Zariski topology and the topology arising from
the local field k. We will refer to the latter as the Hausdorff topology.

The following theorems are very special cases of the work of Pink, [29], and will
play an important role in our study. Roughly speaking, they assert that compact
and Zariski dense subgroups of semsimple groups have an algebraic description.

Theorem A.1 (Cf. [29], Theorems 0.2 and 7.2). Suppose Q C SL(2, k) is a compact
and Zariski dense subgroup. Further, assume that

(3.1) Q = ({g € Q: g is a unipotent element}),

Let k" be the closed field of quotients generated by {tr(p(g)) : g € Q}, where p is
the unique irreducible subquotient of the adjoint representation of PGLo, and set
. {kz” if char(k) # 2,

(3.2) {c:® €k”} if char(k)=2.

Then, there is a k-isomorphism (unique up to unique isomorphism)
Q SLo X3 k — SLo
so that Q is an open subgroup of p(SL(2,k")).

Proof. Denote by Q the image of Q under the natural map from SLy to PGL,.
Then Q is Zariski dense in PGLs.
By [29, Thm. 0.2], there exist

e a subfield ¥’ C k,
e an absolutely simple adjoint group L defined over k', and
e a k-isogeny ¢ : L Xy k — PGLy whose derivative vanishes nowhere,

where &’ is unique, and L and ¢ are unique up to unique isomorphism, so that the
following hold.
e O C ¢(L(K")), see |29, Thm. 3.6],
e let L denote the simply connected cover of L and let q~5 be the induced
isogeny from L % k to SLy. Then any compact subgroup Q' C 5(1?(1# ))
which is Zariski dense and normalized by [Q, Q] is an open subgroup of

¢(L(K")), see [29, Thm. 7.2].

The fact that &’ can be taken as in follows from the proof of [29, Prop. 0.6(a)],
see in particular [29, Prop. 3.14] — in particular, since we are dealing with groups
of type A1, we only need the exceptional definition of k¥’ in characteristic 2.

Moreover, [29, Prop. 1.6] implies that there are no non-standard isogenies for
groups of type A;. Hence, by [29, Thm. 1.7(b)], the isogeny ¢ above is an isomor-
phism.
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We now prove the other claims. First let us recall from [20, Thm. 2] that since
SLo is simply connected, for every unipotent element u € SL(2, k) there exists a
parabolic k-subgroup, P, of SLa so that u € R, (P(k)). Hence, (3.1) implies that

(3.3) Q =(QNR,(P): P is a parabolic subgroup of SL(2, k)).

Let P be a parabolic subgroup so that QN R, (P) # {1}. Let a be a diagonalizable
matrix in PSL(2, k) C PGL(2, k) whose conjugation action contracts R, (P). Then
a contracts ¢(h) for any h € L(k") where ¢(h) € R,(P). Put a’ = ¢~!(a), the above
implies that h can be contracted to identity using conjugation by a’. In particular,
h is a unipotent element.

In view of and the above discussion I:(k:’ ) contains nontrivial unipotent
elements. Thus we get from [T, Cor. 3.8], see also [20], that L is k’-isotropic. Since
L is simply connected, and ¢ is an isomorphism we get L= SLs.

Finally, using |26, Ch. I, Thm. 2.3.1], we have

QN R, (P) C ¢(L(K))

for any parabolic subgroup P of SL(2,k). Hence Q C g(i(k’)) by (3.3). This
finishes the proof in case (a). O

For the second theorem we need some more terminology. By a linear algebraic
group G over k @ k we mean Gi [[ G2 where each G; is a linear algebraic group
over k. The adjoint representation of G on Lie(G) = Lie(G1) @ Lie(Gy) is the direct
sum of the adjoint representations of G; on Lie(G;), and the group of k @ k-points
of Gis Gk k) = G1(k) x Ga(k).

Suppose G = G [[ G2 is a fiberwise absolutely almost simple, connected, sim-
ply connected k @ k-group. Let p = (p1,p2) where p; is the unique irreducible
subquotient of the adjoint representation of G2, see [29, §1]. The trace tr(p(g))

7 9

for an element g = (g1, g2) in G(k & k) is defined by

tr(p(g)) = (tr(p1(g1)), tr(p2(g2))) € k k.

Given a subfield ¥’ C k and a continuous embedding 7 : k' — k of fields, we put
(3.4) AL (K) ={(e,7(c)) : c € K'}.
As in [29, pp. 16-17], by a semisimple subring k” C k @& k we mean one of the
following

(K"-1) k" = k1 @ ko where k; C k is a closed subfield for ¢ = 1,2, or
(k"-2) k" = A, (k') for a subfield ¥’ C k and a continuous embedding 7 : k' — k.
If ¥/ = A, (k") and H is a k’-group, we write, by abuse of notation, also H for

the corresponding 7(k’)-group as well as the A, (k')-group obtained from H. The
base change of H from A, (k) to k @ k is then defined by

H xa, ) (k@ k) = (B x k) TT (HOxo) &)

Theorem A.2 (Cf. [29], Theorems 0.2 and 7.2). Assume that char(k) # 2,3, and
let Gy, i = 1,2 be absolutely almost simple, connected, simply connected k-groups.
Let Q C Gi(k) x Ga(k) be a compact subgroup so that m;(Q) is Zariski dense in
G; fori=1,2. Further, assume that

(3.5) Q= ({g € Q: g is a unipotent element}),
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Let k" C k& k be defined as follows.
(3.6) k" := the closed ring of quotients generated by {tr(p(g)) : g € Q}.

Then one of the following holds.

(1) There are
(i) closed subfields k; C k so that k" = k1 & ko,
(ii) k;-groups H;, and
(iii) k-isomorphism p; : H; xp, k — Gy,
so that Q contains an open subgroup of the form

Q1 x Q2 C 1 (Hy(k1)) x o (Ha(ks)).

(2) There are
(i") a closed subfield k' C k and a continuous embedding T : k' — k so that
k' — AT(/C/),
(ii") a k'-group H, and
(iil') a k @ k-isomorphism ¢ : H xpn (k@ k) = G1 ][ Ga,
so that Q is an open subgroup of ¢(H(k")).

Moreover, k" is unique, and H and @ are unique up to unique isomorphisms.

Proof. Similar to Theorem A.1 these assertions are special cases of results in [29]
as we now explicate. Let G2¢ denote the adjoint form of G; for i = 1,2. Denote
by Q the image of Q under the natural map from G; [[ G2 to G{4 ][ G4%. Then
7;(Q) is Zariski dense in G2¢ for i = 1, 2.

By [29, Thm. 0.2] we have the following. There exist

e a semisimple subring k" C k @ k,

e a fiberwise absolutely simple adjoint group L defined over k", and

e a k@ k-isogeny ¢ : L xpr (k@ k) — G U G3d whose derivative vanishes
nowhere,

where &’ is unique, and L and ¢ are unique up to unique isomorphism, so that the
following hold.

e O C #(L(K")), see [29, Thm. 3.6],

e let L denote the simply connected cover of L and let 5 be the induced
isogeny from L X (k@ k) to G; U Gg. Then any compact subgroup
Qcé (f,(k” )) which is fiberwise Zarsiki dense and normalized by [Q, Q]
is an open subgroup of qg(f;(k”)), see [29, Thm. 7.2].

Recall our assumption that char(k) # 2,3. Therefore, G; and G2 have no non-
standard isogenies, see [29, Prop. 1.6]. This also implies that k” can be taken as
in , see [29] Prop. 3.13 and Prop. 3.14]. Moreover, by [29, Thm. 1.7(b)], the
isogeny ¢ above is an isomorphism.

The above discussion thus implies that if & = A, (k'), see (k”’-2), then ('), (il'),
and (iii’) hold. Similarly, if ¥ = k1 @ k2, see (k”-1), then (i), (ii), and (iii) hold,
in view of the above discussion, and the description of algebraic groups and their
isogenies over k1 @ ko and k @ k.

Finally recall from that Q is generated by unipotent elements, therefore,
QcC g(i(k”)), see |26, Ch. I, Thm. 2.3.1]. This finishes the proof of case (b). O
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We will also need the following lemma. Let U (resp. U™) denote the group
of upper (resp. lower) triangular unipotent matrices in SLy. Also let T denote the
group of diagonal matrices in SLy. Put U* := U*(k) and T := T(k).

Lemma 3.1. Let the notation be as in Theorem A.1. Put E = ¢(SL(2,k")), then
(1) E=(ENUY,ENnU").
(2) ENT is unbounded.

Proof. We showed in the course of the proof of Theorem A.1 that there are nontriv-
ial unipotent elements h* € SL(2,%’) so that ¢(h*) € U*, respectively. Since SLj
is simply connected, it follows from [20, Thm. 2| that there are k’-parabolic sub-
groups P* of SLy so that h* € R, (P¥). The groups R, (P*) are one dimensional
K’-split unipotent subgroups, hence ¢(R, (P¥)(k’)) C »(SLy) is an infinite group.
Note that ¢(SLs) = SLy in Theorem A.1. Let U’. denote the Zariski closure of
©(R,(PT)(K")). Then U’ is a nontrivial connected unipotent subgroup of ¢(SLy)
which intersects U% N (SLy) nontrivially. Therefore, U’, = U* N ¢(SLy) which
implies

(3.7) O(Ry (P (K)) cUT NE.

Using the fact that SLs is simply connected one more time, we note that SL(2, k)
is generated by R,(P*)(k’), |26, Ch. 1, Thm. 2.3.1]. This and imply (1) in
the lemma.

We now show (2) in the lemma. Let S = PTNP~. Then S is a one dimensional
K'-split k'-torus; put S = S(k’). Now

T :=¢(S)CcTU " NTU =T
satisfies the claim in (2). O

3.2. Measures invariant under semisimple groups. We will state in this sub-
section the measure classification result by Salehi-Golsefidy and the third named
author [28] for probability measures that are invariant under non-compact semisim-
ple groups in the positive characteristic setting.

For this we need some notation and definitions, these generalize the notions
defined in to a general connected group. Let k be a local field. Suppose M is
a connected k-algebraic group, and let A : G,, — M be a noncentral homomorphism
defined over k. Define —A(-) = A(-)7L.

Recall that a morphism from G, to M is said to have a limit at 0 when it can
be extended to a morphism from A' to M. As in [35, §13.4] and [6, Ch. 2 and
App. C], we let Ppp(\) denote the smooth closed subgroup of M defined over k so
that

Pv(V)(R) = {r € M(R) : \rA~ from G,,, to M has a limit at 0}

for any algebra R/k.
Let Wi;(A) be the closed normal subgroup of Py()) so that

WiH(N)(R) = {r € M(R) : \rA™'from G, to M has a limit at 0}

for any algebra R/k. Similarly, define Wy (—)) which we will denote by Wy ()).
The centralizer of the image of A is denoted by Zng(A).
The subgroups Wi (A), Zm(N), Wy(A) are smooth closed subgroups, see [0,
Ch. 2 and App. C].
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The multiplicative group G, acts on Lie(IM) via A, and the weights are integers.
The Lie algebras of Zy(A) and Wi (\) may be identified with the weight subspaces
of this action corresponding to the zero, positive and negative weights. It is shown
in [6, Ch. 2 and App. C| that Py()\), Za()) and W3 (\) are k-subgroups of M.
Moreover, Wi ()\) is a normal subgroup of Ppg(A) and the product map

Znv(\) x Wip(A) = Pa(A) is a k-isomorphism of varieties.

A pseudo-parabolic k-subgroup of M is a group of the form Pyg(A) Ry (M) for
some A as above where R, (M) denotes the maximal connected normal unipotent
k-subgroup of M, [0, Def. 2.2.1].

We also recall from [6, Prop. 2.1.8(3)] that the product map

(3.8)  Wp(A) x Zpg(A) x Wi (A) — M is an open immersion of k-schemes.

It is worth mentioning that these results are generalization to arbitrary groups of
analogous and well known statements for reductive groups.
Let M = M(k), and put

WE) = WE (V) (k), and Zar(\) = Zne (V) (k).

From (3.8) we conclude that W, (X\)Zay (M)W, (A) is a Zariski open dense subset
of M, which contains a neighborhood of identity with respect to the Hausdorff

topology.
For any A as above define
(3.9) M) = (Wi (A), Wy (M)

Lemma 3.2.

(1) For any A as above, M*()) is a normal and unimodular subgroup of M.
(2) There are only countably many subgroups of the form M™()) in M.

Combining results in [0, App. C] together with part (1) in the lemma one can
actually conclude that there are only finitely many such subgroups. We shall only
make use of the weaker statement above.

Proof. Part (1) is proved in [28, Lemma 2.1]. We now prove (2). First note if
A, A2 ¢ G,, — M are two homomorphisms so that A\; = ghyg~! for some g € M,
then M (\;) = gM*()\3)g~!. Therefore, by part (1) we have

(3.10) M™T(\) = Mt ()\;) whenever A\; = ghag~ " for some g € M.

Let now S be a maximal k-split k-torus in M. By [6, Thm. C.2.3| there is
some g € M so that gA¢g™! : G,, — S. The claim now follows from this, ,
and the fact that the finitely generated abelian group X,.(S) = Hom(G,,,S) is
countable. O

Given any subfield [ C k so that k/[ is a finite extension we let Ry, /; denote the
Weil’s restriction of scalars, see [6l, §A.5].

In the following let G be a connected k-group and let I' C G be a discrete
subgroup in G = G(k). Furthermore, let ¥’ C k be a closed subfield and let H be
an absolutely almost simple, k’-isotropic, k’-group. Assume that ¢ : H x k — G
is a nontrivial k-homomorphism, and put £ = @(H(k’ )) We use in an essential
way the following measure classification result by Alireza Salehi-Golsefidy and the
third named author.
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Theorem B (|28], Theorem 6.9 and Corollary 6.10). Let v be a probability measure
on G /T which is E-invariant and ergodic. Then, there exist
(1) somel = (k)7 C k where ¢ = p™, p = char(k) and n is a nonnegative
integer,
(2) a connected I-subgroup M of Ry, ;1(G) so that M(1) NT' is Zariski dense in
M, and
(3) an element go € G,

such that v is the goLgo_l—z'nvariant probability Haar measure on the closed orbit

goLT' /T with

L=M+tA)M()NT),
where

e the closure is with respect to the Hausdorff topology, and
e \: G,, = M is a noncentral [-homomorphism, M (\) is defined in (3.9),
and E C goM*(N)gg "

3.3. A version of Borel density theorem. Let &’ C k be an infinite closed
subfield. We recall from [34, Prop. 1.4] that the discompact radical of a k’-group is
the maximal k’-subgroup which does not have any nontrivial compact k’-algebraic
quotients. It is shown in [34) Prop. 1.4] that this subgroup exists and the quotient
of the k’-points of the original group by the k’-points of the discompact radical
is compact. Let A be a k-split torus. Let A}} C Ry (A)(K) = A denote the
K'-points of the maximal k’-split subtorus of Ry, (A).

Suppose V is a variety defined over &’ and assume that Ry /. (A) acts on V
via k’-morphisms. In particular, A = Ry (A)(K') acts on V = V(k') via k'-
morphisms.

Lemma 3.3 (Cf. [34], Theorem 1.1). Let (X,n) be an A-invariant ergodic proba-
bility space. Let f : X — V be an A-equivariant Borel map. Then there exists some
vy € FiXAzF; (V), so that f.n is the A-invariant measure on the compact orbit Avy.

In particular, f(x) € Avy for n-a.e. x.

Proof. This follows from [34, Thm. 1.1] in view of the fact that A} is the discompact
radical of Ry, /i (A) as defined in [34], see also [34, Thm. 3.6]. O

3.4. Pinsker o-algebra and unstable leaves. Throughout this section we as-
sume G is a k-isotropic semisimple k-group and let A be a k-split k-torus in G. Put
G = G(k) and A = A(k). Let T" be a discrete subgroup of G and put X = G/T.

Let a € A be a nontrivial element. Recall that for an a-invariant measure pu we
define the Pinsker o-algebra as

P, :={BeB:h,(a,{B, X\ B}) =0}

It is the largest o-algebra with respect to which u has zero entropy, see [37] for
further discussion.

Let us recall the following important and well known proposition; we outline the
proof for the sake of completeness.

Proposition 3.4. The Pinsker o-algebra, P,, is equivalent to the o-algebra of Borel
sets foliated by W, (a) leaves.

Note that the Pinsker o-algebra for a equals the Pinsker o-algebra for ¢!, which
shows that the proposition also applies similarly for W (a).
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Proof. Suppose C is any o-algebra whose elements are foliated by Waf (a) leaves.
Let p: (X,u) — (Y,ps«pt) be the corresponding factor map. Using the Abramov-
Rohklin conditional entropy formula and the relationship between entropy and leaf-
wise measures, see [15], we get the following

h(av (K p*.u)) =0.

The definition of the Pinsker o-algebra then implies that C C P,.

For the converse we recall from [27], Sec. 9], see also [I5], that there is a finite en-
tropy generator, i.e. a countable partition £ of finite entropy such that \/72 ___a™"¢
is equivalent to the full Borel o-algebra, and so that in addition the past is sub-
ordinate with respect to I/VC’;L (a). That is to say that on the complement of a null

a~"¢ is an open subset of a W (a)-orbit. Hence, after

removing a null set, any set measurable with respect to the tail [, oy \/;i_ 0@ €

set every atom of ng—oo

is a union of Wg (a)-orbits. Since P, is equivalent to the tail of £ modulo pu, the
claim follows. O

The following will be used in the course of the proof of Theorem

Lemma 3.5. Let X; = G;/T" be as in Theorem . In particular, G; = G;(k)
where G; is a connected, simply connected, absolutely almost simple group defined
over k fori=1,2. Let a = (a1,a2) € A such that a generates an unbounded group,
and suppose p is an ergodic joining of the A;-action on (X;, m;), for i =1,2. Let
= leXxZ ple du(z) where pF+ denotes the conditional measure for p-a.e. x with
respect to the Pinsker o-algebra P,. Then there exists a subset X' C X1 X Xo with
w(X') =1 so that

Tiw(ule) =my for allz € X' and i = 1,2.

Proof. Let P denote the pinsker factor of X and let T : X — P be the corresponding
factor map. This is a zero entropy factor of X.
Put Z = X; x X5 x P, and let

V= /,uf“ X 6'1‘(:1:) dT*u(x)

Let p; : Z — X; x P be the natural projection. Then p;.v is a measure on
X; x P which projects to m; and Y,u for i = 1,2. Now (X;,m;) is a system
with completely positive entropy. This follows, e.g., from Proposition [3.4] and the
ergodicity of the action of W¥(a;); note that the latter holds since G; is connected,
simply connected, and absolutely almost simple, [26] Ch. 1, Thm. 2.3.1, Ch. 2,
Thm. 2.7]. However, (P, T,u) is a zero entropy system, therefore, by disjointness
theorem of Furstenberg [19], see also [2I, Thm. 18.16] we obtain

(3.11) pisV = m; X Lip.
Let us now decompose p;«v as
PixV = /(Pm”)()ii,xpl)gp dpisv.
Then implies that for p;.v-almost every (z;,p) we have
(pi*y)éifpl)gp =m; X Jp.

This in view of the definition of v implies the claim. O
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3.5. Leafwise measures. We refer to [15] for a comprehensive treatment of leaf-
wise measures.

Recall that G is a k-isotropic semisimple k-group and let A be a k-split k-torus
in G. Let S be a maximal k-split k-torus of G which contains A. Let ;®(S, G)
be the relative root system of G, and let ,®(A, G) denote the set of roots of A as
in §2
Definition. Let U be an A-normalized unipotent k-subgroup of G contained in
some W (a). The leafwise measure uY along U is defined for p-a.e. z € X. For all
such x we put

Sy =supp(py) and I ={v €U :vuf = pug}.

The leafwise measures are canonically defined up to proportionality, and we
write o« to denote proportionality. The main case we shall be interested in is
when Vi := Uy(y) is the associated unipotent subgroup of a positively closed set
¥ C x®(A,G), in which case we will use uY,SY,Z¥ to denote pYv,SV¥ Vv
respectively.

Lemma 3.6. Under the above assumtions, a.s. I = {v € U : vu{ o puY}.

Proof. This is true in general, but is particularly easy in the positive characteristic
case: Suppose u € U is such that uul oc p¥. Then upy = kul for some x > 0.
Since U is unipotent, u is torsion of exponent p” for some n, hence k?" = 1, which
implies (since x > 0) that k = 1. O

We recall some properties of leafwise measures which will be used throughout.
Our formulation is taken from [I4], see [25] as well as [I5] and references there.

Lemma 3.7. Let U be an A-normalized unipotent k-subgroup of G contained in
some W, (a). There is a conull subset X' C X so that

(1) For allz € X' the map x — uY from X to the space of Radon measures on
U normalized so that pY ([1]) = 1 is a measurable map. In particular, pY
is defined for all x € X'.

(2) For every z € X' and every u € U so that ux € X', we have uY oc (ul,)u
where (uU,)u denotes the push forward of uY, under the map v +— vu.

(3) For every x € X' we have p¥ (U[1]) =1 and p¥ (Ule]) > 0 for all e > 0.

(4) Suppose u is a-invariant under some a € A. Then for u-a-e. x € X, we
have uY, < (ap¥a=1).

Lemma 3.8 (Cf. [14], §6). Let a € A be so that the Zariski closure of (a), A’ say,
is k-isomorphic to G, and that A’(k)/{a) is compact. Suppose u is a-invariant
and let U be an A-normalized unipotent k-subgroup of G contained in W (a). Let
Q be any compact open subgroup of U. Then for p-a.e. x, the Zariski closure of
TV N Q is normalized by a and contains TV .

Proof. Let £ denote a countably generated o-algebra that is equivalent to the o-
algebra of a-invariant sets. Then (ui)g = ,qu for f-a.e. y and p-a.e. x, see e.g. [15].
Therefore, we may assume that u is a-ergodic.

Let 81y denote a fixed compact open subgroup of U. For any n € Z, define

H, =a"Uga™".
Then 4,, C @ for large enough n, hence, it suffices to prove the lemma for @ = L,,.
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Let X' C X be a conull set where Lemma holds. For any € X’ and any
n € Z define

F, », = The Zariski closure of i(,, N I}{.

Then F, ,, is a k-group, see e.g. [35, Lemma 11.2.4(ii)].

Note also that F,, C F,, whenever n > m. Therefore, there exists some
ng = no(z) so that dimF,, ,, = dim F,, ,,, for all n > ng, where dim is the dimension
as a k-group. Since the number of connected components of F, ., is finite, there
exists n; = ny(z) so that Fy , = Fy p, for all n > ny. Put Fy :=Fg .

The definition of F ,,, in view of Lemma (4), implies that

—1
Faa:7n+1 = aFm,na .

Therefore, we have
(3.12) Foo = aF,a L.

Let k[G] denote the ring of regular functions of G. For every z € X', let
Jp C k[G] be the ideal of regular functions vanishing on F,. Let m(z) be the
minimum integer so that .J, is generated by polynomials of degree at most m(z).
In view of (B.12), we have m(x) = m(ax). Since p is a-ergodic, we have = — m(z)
is essentially constant. Replacing X’ by a conull subset, if necessary, we assume
that m(x) = m for all z € X'.

Let T = {h € k[G] : deg(h) < m}. Using a similar argument as above, we may
assume that dim(J, NY) = ¢ for all z € X'.

Let f : X — Grass({), the Grassmannian of /-dimensional subspaces of T, be
the map defined by f(x) = J,NT for all x € X’. Then, f is an a-equivariant, Borel
map. Therefore, v = f,u is a probability measure on Grass(¢) which is invariant
and ergodic for a k-algebraic action of a on Grass(¢). Hence,

U= / b.vdb
A’(k)/(a)

is an A'(k)-invariant, ergodic probability measure on Grass(¢) equipped with an
algebraic action of A’(k). By [34, Thm. 3.6], 7 is the delta mass at an A’(k)-fixed
point which implies v = ¥ is the delta mass at an A’(k)-fixed.

Therefore, f is essentially constant. Using the definition of f, we get that
aF,a~ ! =F, for y-a.e. z. This, , and the ergodicity of p imply that F, = F
for u-a.e. x.

Let now C' C X’ be a compact subset with u(C) > 1 — € so that

e ny(z) <N foralzeC,
e F,=Fforall z € C.

By pointwise ergodic theorem for almost every x € X there is a sequence m; — oo
so that a™iz € C for all i. Let now z be such a point, and let v € ZU. By
Lemma 4) we have

a™ua”™ € Uy, NI

a™izx

C F(k).
for all large enough 4. Since F(k) is normalized by a, we get that u € F(k). O

From this point on we assume that p is A-invariant. We recall the product struc-
ture for leafwise measures, see [10]. Our formulation is taken from [I5 Prop. 8.5
and Cor. 8.§].
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Lemma 3.9. Fiz somea € A. Let H =T x U where U < W (a) and T < Zg(a).
Then there exists a conull subset X' C X with the following properties.

(1) For everyx € X' and h € H such that hx € X' we have ul oc (uf )t where
h=ut=tu forte€T and u,v € U.

(2) For every x € X' we have pfl o 1. (ul x p¥) where 1(t,u) = tu is the
product map.

(3) Assume further that T centralizes U. Then for allz € X' and t € T so that
tr € X' we have p¥ oc pl.

By induction, as in [I5, §8], this lemma implies a product structure for the
conditional measures fy .

Proposition 3.10 (Cf. [I0, Thm. 8.4]). Let ¥ C ®(A,G) be a positively closed
subset of Lyapunov exponents. Let [a1], [aa], ..., [ax] be any ordering of the course
Lyapunov weights contained in . Then for pu-a.e. x € X,

Y o (] ¢ o)
For the proof cf. e.g. [10] or [15], §8].

Lemma 3.11. Suppose u is an A-invariant ergodic probability measure. Let ¥ C
£ P(A, G) be a positively closed subset, and assume that o, 8 € U are linearly inde-
pendent roots. Let W' C W be those elements of ¥ that can be expressed as a linear
combination of o and B with strictly positive coefficients. Then V' is also closed
and for p-a.e. x we have

Selsi ey and sl sP] cz

Proof. By e.g. [3, §2.5] both ¥' and ¥’ U {«a, 3} are positively closed subset of
#P(A, G). Let [y1], ..., [¢] be an enumeration of all course Lyapunovs in ¥\ (¥'U

{a, B}).
Then by Proposition [3.10]

(3.13) g o< e (el s e pld s ufed)
oc L (o e > i x ) s e

where ¢ is the product map.
Let now f € C.(V'Y), then (3.13) and Fubini’s theorem implies that

Via] 5 V] "V Vi

/f(g)dugv = n/f(vavqu,/vyl cvy) A dpg™ dp dpg™ L dpg ™
/ Vi

=K / [ (0gva ey, ... Vy,) d,u;/[“] dug‘c/[m dpY du;/hl] coodpg ™

Vie] 1 V] "W Vi
= n’/f(vavg (08, Va VgV, o v,) Atz ™ At dpr dpee ™ d g™

for x, <’ independent of f.

From this we get for ug[ca]—a.e. Vo € Vo) and ,u;[f]—a.e. vg € Vigy,

’

py o< [vg, valpy

hence applying Lemmawe deduce [vg, Vo] ug' = ug". Applying Proposition
again we concluded that also [vg, va|py = py.
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Since ZY is a (Hausdorff) closed subgroup of V¥ it follows that
(3.14) [S;‘“LSQ[CB]] C Z} almost surely.
O

Lemma 3.12 (Cf. [10], §8). Let u be an A-invariant probability measure on X.
There is a conull subset X' C X with the following property. Let ¥ C 1, ®(A, G) be
a positively closed subset such that Vo C W (a) for some a. Then for all x € X',

if v=T]va € Y, with vo € Vig] for all [o] C U, then v, € 7 for all [a].

Proof. We say a root « € U is exposed (cf. [I5]) if there exists an element b € A

so that a(b) =1 and |B(b)| < 1 for all 5 € ¥\ [a]. If ¥ is as above then clearly it

has at least one exposed Lyapunov weight o and that U’ = ¥\ [o] is also positively

closed. Moreover, for any v, € V}4) and v" € Vi it holds that [v,,v'] € Vi.
Suppose v,v" € Y with v, € Via) and v" € Vigr. Then

Vﬂ ’
/ Hg)dn? = & / Flgag') Al dpt
= / fav'g)duy
_ / / Vi) o’
=k | f(vav'gag’) dpa'™ du,

Vie ’
= H/f(vagavl[vl,ga]g/) d/LgE[ ! dye,

for some k independent of f.
It follows by uniqueness of decomposition that for ul‘;/[a]—a.e. o

VI, Galiy o< piy
A v 4 Via] Via]
hence by Lemma |3.6| we have that v'[v', go] € Z, . It follows that vope'" = pa
and v, € ILQ]. Moreover, as for a.e. x the identity is in the support of MX[Q] by

Lemma (3) we have that v € ZY ". The lemma now easily follows by induction
on the cardinality of W. O

For any VVGi (a) we fix some increasing sequence of compact open subgroups K,,
with WGi(a) = |J,, K, and some decreasing sequence of compact open subgroups
O, C K; with {e} = ),,On. Then any closed subgroup 7 < Wé(a) is deter-
mined by the finite subgroups Z N K,,/0,, < K,,/O,,, which allows us to speak of
measurability of a subgroup depending on = € X.

W2(a) .
Lemma 3.13. Letac A. Then I, © 18 P,-measurable.

Proof. We prove this for W (a), the proof in the other case is similar. There is a

full measure set X’ C X so that whenever z, wz € X', for some w € W, (a), then

we have - -
M;/VG (a) o NZ();G (a)w.

This implies IXV ala) _ IX,‘;E (a). The lemma now follows from Proposition O

Lemma 3.14. Let o € x®(A, G) be such that Vi) < W (a). Then the subgroup

Ig[ga] is P,-measurable.
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Proof. In view of Proposition it suffices to show that x +— Ig[ga] is constant along
W, (a)-leaves almost surely, which is an immediate corollary of Lemma and
Lemma B.12 O

4. HIGH ENTROPY PART OF THEOREM [L.1]

We now start the proof of Theorem [I.1] Recall that A is the full diagonal
subgroup of G = SL(d, k). Throughout 1 denotes an ergodic A-invariant
measure on G/T.

For any a € ® there exists a k-embedding ¢, : SLy — SLg so that U, = ¢, (U™)

and U_, = ©o(U™) where U* denote the upper and lower triangular unipotent
subgroups of SLa. We let H,: = Im(p,).
0 0
0 01
element so that a(pa.(te)) = 02 and B(pa(ts)) = 6° with e € {—1,0,1} for all
B € ®\ {£a} where 0 is as in Put

Ao = Qo ta)-

Let T denote the diagonal subgroup of SL,. Let t, = € T be an

Then U, C Wg(aa).
Given a root o € ® we define

O ={Bec®:Us C W(an)},
and put &, = —P/.
Lemma 4.1. Let o € ® and let g € O, \ {—a}. The following hold.
(1) B+acdt.
(2) if B+na € ® for some integer n > 1, then n = 1.
(3) a€®p.

Proof. Assertions (1) and (3) are general facts, which follow from the definitions
and hold for any roots system. Part (2) is a special feature of root systems of type
A which is the case we are concerned with here. (]

A well-known theorem by Ledrappier and Young [24] relates the entropy, the
dimension of conditional measures along invariant foliations, and Lyapunov expo-
nents, for a general C? map on a compact manifold, and in [27, §9] an adaptation
of the general results to flows on locally homogeneous spaces is provided. The fol-
lowing is taken from [J, Lemma 6.2], see also [I1], Prop. 3.1] and [I5]. For any root
a € ® there exists s, (1) € [0,1] so that for any a € A with |a(a)| > 1 we have

h#(a, Ua) = sa(p)log|a(a)l
where h,(a,U,) denotes the entropy contribution of U,. Indeed s, (i) are defined
as the local dimension of the leafwise measure along o as we now recall. Define
log(pl= (anUq[1]ay™
D Un)(e) — i B0 (@2 [1a™)

|| —o0 n

the limit exists by [10, Lemma 9.1|, and define h,(aq,Us) = [ Dy(aa,Us) dp, the
entropy contribution of U,. Since D,,(aq,Uq)(x) is A-invariant and p is A-ergodic,
we have
h.(ta,Us) = Dy(a,U)(z) for p-a.e. x.
Therefore, so (1) = 1D, (a,U)(z) for p-a.e. z.
Moreover, the following properties hold.
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(sa-1) sq(p) =0 if and only if 2 is delta mass at the identity,
($a-2) Sq(p) =1 if and only p¢ is the Haar measure on U,
(sq-3) for any a € A we have

hu(a) =Y sa(p)log™ |a(a)|
where log™ (¢) = max{0,log ¢}.
The following is the main result of this section.

Proposition 4.2 (Cf. [I6], Theorem 5.1). Let o € ® be so that s is nontrivial
for p-a.e. x. Then at least one of the following holds.

(1) pf = 68iq for all B € 7 \ {—a} and p-a.e. x.

(2) It are nondiscrete subgroups of Uiy for u-a.e. x.

Proof. Recall that for SL(d) the roots o can be identified with ordered tuples of
indices (4,7) € {1,...,d} satisfying i # j. We use the local dimensions s, = s(; ;)
to define a relation on {1,...,d}. In fact we write i 3 j if i = j or s(; ;) > 0,
and i ~ j if i 3 j 3 i. Lemma[3.11]implies that < is transitiv, i.e. if i X j < k then
also i 3k fori,j,k e {1,...,d}.

It follows that ~ is an equivalence relation on {1,...,d} and that < descends to
a partial order on the quotient by ~. Let us write [¢] for the equivalence classes with
respect to ~. To simplify matters we may assume (by applying a suitable element of
the Weyl group) that for every i the equivalence class [i]| = {m,m+1,m+2,...,n}
consist of consecutive indices for some m < i and n > i. Moreover, we may assume
that ¢ X 7 for two indices implies either i ~ j or i < j.

We now prove that ¢ 3 j implies 7 ~ j. Otherwise, we claim that we can choose
a diagonal matrix a with two different eigenvalues (equal to powers of 6, see
such that the leafwise measures of the stable horospherical subgroup W (a) are
nontrivial and the leafwise measures of the unstable horospherical subgroup W (a)
are trivial almost surely. More precisely assuming [i] = {m,m + 1,m +2,...,n}
(so that by the indirect assumption j > n) we define a to be the diagonal matrix
with the first m eigenvalues equal to #(2=™) and the last d — m eigenvalues equal
to 0~™. By assumption s(; ;) > 0, which implies h,(a) > 0 by (s4-3), the choice
of a, and since i < n < j. However, for all £ < n < ¢ we have s, = 0 (by our
ordering of the indices) and hence h,(a~') = 0 also by (s,-3). This contradiction
proves the claim that ¢ X j implies i ~ j.

Given a root a = (4, j) with s, > 0 there are now two options. Either [i] = {7, j}
or the cardinality of [i] is at least three. In the first case we have s(; oy = 5(;,0) =
5(¢,i) = S(¢,j) = 0 for all £ ¢ {7, j} and translating this to the language of roots we
obtain (1). In the second case let £ € [i]\ {4, j} and apply Lemma [3.11] for the roots
(,9), (£,7) to see that 5D (and similarly also 1Y ’i)) is a nondiscrete group almost
surely. ([

5. LOW ENTROPY PART OF THEOREM [ 1]

We use the notation introduced in §4] In view of Proposition [£.2] the following is
the standing assumption for the rest of this section. There is a root a € ® so that

(5.1) S5 =5_o >0and sg =0
for any 8 € @\ {a, —a}.
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Let us put
Lo = Zg(Ua) n ZG(U,O() = Zg(Ha).
We have the following.

Lemma 5.1 (Cf. [TI], Lemma 4.4(1)). There is a null set N so that for allz € X\N
we have

W (ag)z N (X \ N) C Uy

In particular, for allz € X \ N if u € Wi (aa) is so that ux € W (aa)x N (X \ N)
and pg = ps,., then uw € Ig.

Proof. In view of Lemma there is a null set Ny so that for all z € X \ Ny we

+
have that szc (@) is a product of the leafwise measures p? for all Ug C W (aq)-
By (5.1) it follows that

W+(aa) [
(5.2) supp(uz G ) = supp(py) for all z € X \ NV,

Recall also that there is a null set Ny so that if z,ux € X \ Ny for some u €
W (aq), then
(5.3) Mgvct(aa) ~ MZVE(“%.
Let z € X \ (N1 U Ny), then by we have supp(,uZVg(a“)) C U,. Therefore
by we get u € U, this finishes the proof of the first claim if we require that
N 2 N1 UN,.

To see the last assertion, let N3 C X be a null subset so that p u oc p& for all
x & N3. Set N =Ny UNyUN;. Let z € X \ N and let u be as in the statement.
In view of the first part in the lemma, we have u € U,. Our assumption and the
fact that U, is a commutative group give

a [eY
Uy = Hoygth X Mg -

Now one argues as in the proof Lemma [3.11] and gets u € Z¢. O

We also recall the following definition from [14].

Definition 5.2. Let H,Z C G be closed subgroups of G. We say the leafwise
measures pZ are locally Z-aligned modulo p if for every ¢ > 0 and neighborhood
Bi% C Z of the identity, there exists a compact set Q with u(Q) > 1 — ¢ and some
6 > 0 so that for every z € Q we have

{y€Q:py' =} NB.(6) C Bz

The following is a direct corollary of the main result of [I4], proved there explic-
itly also for the positive characteristic case.

Theorem 5.3 (Cf. [I4], Theorem 1.4). Under the assumption one of the

following holds.

(LE-1) pg is locally Zq-aligned modulo p.

(LE-2) There exists an aq-invariant subset Xiny () C X with p(Xinv()) > 0 so
that for all x € Xiny(c) there is an unbounded sequence {uy m} C Wg (aa)
such that pg = pg, -
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6. PROOF OF THEOREM [L.1]

Recall the notation in in particular, k£ = K, where K is a global function
field and v is a place of K and we work with the maximal torus A. Throughout,
I' € SL(d, k) is a lattice of inner type, see

Put GL(n, 0),, = ker(GL(n,0) — GL(n,0/6~™0)).

Lemma 6.1 (Cf. [11I], Lemma 5.3). For any positive integer n there exists some
m =m(n) > 1 with the following property. Let a = diag(as,...,a,) with

[v(a;) —v(a;)| > m for all i # j.

Then ga is diagonalizable over k, for all g € GL(n,0),,. Moreover, if a},...,a. are
the eigenvalues of ga, then it is possible to order them so that v(a;) = v(a}) for all
i.

Proof. Let k,, be the composite of all field extensions of k of degree at most n!. Then,
the characteristic polynomial of any element in GL(n, k) splits over k. Moreover,
l%n is a local field, i.e. lNen /k is a finite extension. We let v denote the unique extension
of v to ky,.

We begin with the following observation. There is some m, > 1 so that every
g € GL(n,0),,, can be decomposed as g = g~ ¢°¢" with ¢* € W* N GL(n,0);
and ¢° € AN GL(n,0);, where W+ (resp. W) is the group of upper (resp. lower)
triangular unipotent matrices. Indeed, in view of 7 the product map is a
diffeomorphism from

(W~ NGL(n,0)1) x (ANGL(n,0)1) x (W NGL(n,0)1)
onto its image. Therefore the claim follows from the inverse function theorem.

We show the lemma holds with m = m,,. First note that after conjugating by
a permutation matrix we can assume v(as) > ... > v(a,). Let g € GL(n,0),, and
let by,...,b, be the eigenvalues of ga listed with multiplicity and ordered so that
v(by) > -+ > v(b,). Note that b; € k, for all 1 <i < n.

Let || || be the max norm on the i-th exterior power Ak, with respect to the
standard basis {e;, A---Aej, }. Denote by || || the operator norm of the action of
GL(n, k) on AE" for 1 <i < n.

Choosing a basis of IEZ consisting of the generalized eigenvectors for ga we get

(6.1) limn | A (ga)? ||t = |by - - b| for all i.
We now claim
(6.2) | AT (ga)?|| = || AT a?|| = |a1 - - - a;|® for all £.

The second equality in the claim is immediate. To see the first equality note that
if g1, 92 € GL(n,0),, then

g1ag3 9393 a = g1(agy a”')a’gs(a” g5 a).
Moreover, since g* € GL(n,0); and v(a;) — v(a;y1) > m for all i, we have agy a™*
and gJa~'gy a belong to GL(n, 0),,.
Using this we get
(9a)" = gea‘ayg,
where g¢, g, € GL(n,0),,, and a, € GL(n, 0); for all £. This implies (6.2)).
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Now and imply that v(a;) = v(b;) for all 1 < ¢ < n, in particular,
v(b;) # v(bj) whenever i # j. This implies b;’s are distinct and hence ga is a
semisimple element. We now show b; € k for all i. Recall that by,...,b, are roots
of the characteristic polynomial of ga which is polynomial with coefficients in k. For
every 1 < i <mnlet Gal(b;) = {b; : b; is a Galois conjugate of b;}. Then {b1,...,b,}
is a disjoint union of L;_; Gal(b;;) for some {i1,...,i,} C {1,...,n}. Since v(b;) #
v(b;) whenever ¢ # j and Galois automorphisms preserve the valuation, we get that
Gal(b;) = {b;} for all i. This establishes the final claim in the lemma. O

Proposition 6.2. Recall that I’ is an inner type lattice. Then ps is not locally Z,,-
aligned modulo p. In particular, under the assumption (5.1), we have that (LE-2)
in Theorem holds.

Proof. We recall the argument from the proof of Theorem 5.1 in [I1]. Let m be
large enough so that the conclusion of Lemma holds with n = d — 2. Without

loss of generality we may assume «(diag(ay,...,aq)) = aja; . Define
B r 0 0
B=<10 r 0]|:re14+62%,0cCL(d~-2,0), p C GL(d,0).
0 0 C

Put B := B N Z,; we note that B is a compact open subgroup of Z,,.

Let a = diag(asz, as,as, ..., aq) € ANZ, with v(az) # 0, and |v(a;) —v(a;)| > m
for all i > j > 2. In particular, we have a(a) = 1.

Suppose (LE-1) holds. Then by Poincaré recurrence for u-a.e. gI' € G/I' there
exist a sequence ¢; — 0o so that

atigl € Bgl' for all 4.

Hence for all 4 there exist some v; € I' and some h; € B so that h;a" = gy;g~".

Now Lemma implies the following. If ¢; is large enough and we write

T 0 0
(6.3) gvig t=ha =0 r 0],
0 0 D,

then D; is diagonalizable whose eigenvalues have the same valuation as a’ for all
3 < j < d. Dropping the few first terms, if necessary, we assume that holds
for all .

Since I' is an inner type lattice, there exists a central simple algebra B over K
so that I' is commensurable with Ap, see There exists some ¢ (which we fix)
and infinitely many j’s so that ¥4; := 'yj'yfl € Ap. We have

9359~ = hja TR
hence if ¢; — ¢; is large enough, we get from h;, hi_1 € B C GL(n,0); that

r 0 0
g9 =0 r 0
00 D

where D is diagonalizable whose eigenvalues have the same valuation as aﬁj%" for
all 3 < j < d. Indeed after conjugation by h; ! we may apply Lemma

Altogether, (LE-1) in Theorem implies that there exists an element v € Ap
with the following properties
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e v is a semisimple element,

e 10 eigenvalue of 7y is a root of unity,

e all of the eigenvalues of ¢ are simple except exactly one eigenvalue which
has multiplicity 2.

We now claim that none of the eigenvalues of v lies in K. To see this, assume
that v has an eigenvalue 0 € K. Recall from the definition of Ag in that Ap
is bounded in SL; p(K,,) for all w # v. In particular, w(c) = 0 — else the group
generated by v in SL; p(K,) would be unbounded. This in view of the product
formula implies that v(c) = 0. Hence o is a root of unity which is a contradiction.

Since v € Ap, by we have that the coefficients of the characteristic polyno-
mial of 7 are in K. This and the fact that ~ is semisimple imply that there exists
a finite separable extension K of K which contains the eigenvalues of v, see |2
4.1(c)]. Using the above claim thus we get that the eigenvalue with multiplicity 2
is not in K and is separable over K. Since any Galois conjugate of this eigenvalue
is also an eigenvalue of v with the same multiplicity, we get a contradiction with
the fact that v has only one non-simple eigenvalue. O

6.1. Pinsker components have non-trivial invariance. We begin with the
following corollary of the results in §4) and §5

Corollary 6.3. Under the assumptions of Theorem we have the following.
There exists some o € ® and a p-conull subset Xiny(a) C X so that I;ta are
nondiscrete for all v € Xiny ().

Proof. Since h,(a) > 0 for some a € A there exists some a € ¢ with s, > 0. In
view of Proposition the claim in the corollary holds true almost surely unless «
satisfies .

However, in this case Theorem and Proposition imply that (LE-2) must
hold true. Put X’ = {z € X : T} is nontrivial}. By (LE-2) and Lemma/5.1]we get
that X’ has positive measure. Moreover, X’ is A-invariant in view of Lemma|3.7|(4).
Since p is A-ergodic we get that pu(X’) = 1. Now choose ¢ € Z such that X =
{z € X' : TF* N Uyy[f] is nontrivial} satisfies u(X,) > 0. Applying ergodicity
and the pointwise ergodic theorem we see that a.e. x € X satisfies that there
exists some a € A and infinitely many n > 0 and infinitely many n < 0 such
that alax € X;. Using Lemma (4) this implies the corollary. O

Throughout the rest of this section, we fix some root « so that the conclusion of
Corollary holds true, and put Xy := Xiny ().

For any root 3 let Ag denote the one parameter diagonal subgroup which is the
group of k-points of the Zariski closure of the group generated by ag. For the sake
of notational convenience we will denote Ag = {f(t) : t € k*} where ag = 3(0).

Recall that V], is contained in W¢ (a,). For the rest of this section denote the
Pinsker o-algebra P, for a, simply by P. We further take a decomposition

(6.4) p= /X ey dp(z),

where ¥ denotes the P conditional measure for p almost every z € X.
Since p is A-invariant and A commutes with a,,, the o-algebras P is A-invariant.
Hence we get

(6.5) ap? =l for prae. x € X
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Recall the definition of H, = ¢,(SL(2,k)) from the beginning of For every
z € X we put

(6.6) Ho={g€Ha:gul =pul}.
It follows from (6.5)) that
(6.7) Hop = aHpa™"

for all @ € A and p-a.e. x.

Corollary 6.4. (Z¢,7.%) is Zariski dense in H,, as a k-group for p-a.e. x € Xipy.

T T

Moreover, (Z&,Z.*) C H,.

T

Proof. The first claim follows from Corollary[6.3} To see the second claim, note that
by Lemma we know that ZX® is measurable with respect to P. Equivalently,
the groups ZX® are (almost surely) constant on the atoms of a countably gener-
ated o-algebra P’ that is equivalent to P. We now decompose u as in into
conditional measures for the g-algebra P’ and take the leafwise measures of " for
the subgroup U,. However, Proposition implies that we may assume the atoms
with respect to P’ are unions of U,-orbits. This implies in turn for the leafwise
measure that (uf/)yU“ = py for uP -a.e. y and p-ae. x (see [I8, Prop. 5.20] and
[15, Prop. 7.22] for a similar argument). Fixing one such = we obtain that (,uf/)yUa
is almost surely invariant under Z,; = Z7*. However, this implies by the relation-
ship between the measure and its leafwise measures that /ﬂ;l is invariant under Z¢'.

Since uf, = p” almost surely we may apply the same argument for Z¢. Therefore,
TF> C H, for p-ae. . O

6.2. Algebraic structure of H,. Recall from the beginning of §4 that H, =
©a(SLa(k)). Put Usy(0,) = ©0(U*(0,)) where U (resp. U™) denotes the group
of upper (resp. lower) triangular unipotent matrices in SLs.

Note that H, = (U,,U—_,). By Corollary for p-a.e. x we have (Z3,Z,%) C
H... Define
(6.8) Q= (Ha NU(04), Hae NU_4(0,)).

Put
(6.9) Xp:={reX:Q,is Zariski dense in H, and Q, N Uy, are infinite}.

Corollary [6.4] and the above definitions imply that Xp N Xj,, is conull in Xj,..
In particular, Corollary implies that pu(Xp) = 1.

Note that for all x € Xp, the group Q, satisfies the conditions of Theorem A.1
in Section 31] For any x € Xp define

k! := the field generated by {tr(p(g)) : g € Q.}
and put
k! if char(k) # 2
(6.10) kx — x ) ? C ar( )# ’
{c:c* €kl} if char(k)=2.
Theorem A.1 then implies that there exist

(C-1) a unique (up to a unique isomorphism) k-isogeny ¢, : SLa X, k — SLo
whose derivative vanishes nowhere, and
(C-2) some non-negative integer m,,



24 M. EINSIEDLER, E. LINDENSTRAUSS, AND A. MOHAMMADI

so that
(6.11) 2a(SL(20,)m,) C O C 2 (SLE2, k)
where o0, is the ring of integers in k, and

SL(2,04)m = ker(SL(Q7 0,) — SL(2, ow/w;”%)).

with o, a uniformizer in o,.
Let us put

(6.12) Eq = g (SL(2, ka)).-

We will use without further remark the following, which is a consequence of the
implicit function theorem. The group generated by U* (w™o0,,) is an open subgroup
of SL(2,0,)m, e.g. a direct computation yields this group contains SL(2, 0,)2,.

Lemma 6.5. Consider the Borel o-algebra arising from the Chabauty topology on
closed subgroups of (k,+) and SL(d, k).

(1) The map x > k, is a Borel map on Xp.
(2) The equation (6.12)) defines a Borel map, © — E,, on Xp.

Proof. The map x — Q. is a Borel map from a conull subset of X into the set of
closed subgroups of H,(0,). This and imply that « +— k, is a Borel map on
the conull set Xp, as we claimed in (1).

By part (1) the map = — k, is a Borel map. Also recall from Lemma 1)
that E, = (E; N Uy, E; N U_,). Therefore, part (2) follows if we show the map
x+— E,NUy, is a Borel map. Note, however, that if we realize Uy, = {u, : r € k}
as a kg-vectors space, then E, N Uy, = {u, : r € k,} is a one dimensional k-
subspace of U, respectively. Hence,

E, N U:I:a = {urr’ re kxaur’ € Qz N U:I:a)7
which implies the claim. ([l

Lemma 6.6.

1) The map x +— k; is essentially constant.
( y
(2) The map x — E, is an A-equivariant Borel map on a conull subset of X.

Proof. We claim k, C kg, for all a € A. First let us note that by symmetry, this also
implies that k., C k. Therefore, it implies that the map = +— k, is A-invariant;
since u is A-ergodic we get part (1).

We now show the claim. Let m, be as in (C-2). Recall from that there is a
full measure set X’ C X so that for allz € X’ and all a € A we have Hop = aHza "t
Now for any a there exists some mg , > m, so that if m > m, ,, then

(6.13) a9 (SL(2,04)m)a™" C Qua.
Define [,,(m) to be the field generated by {tr(p(g)) : g € ¢+ (SL(2,04)m)}. Then
(6.14) lo(m) =k, for all m > m,.

Indeed this is true for the field generated by {tr(p(g)) : ¢ € SL(2,04)m}. Since
¢, has nowhere vanishing derivative and there are no nonstandard isogenies for
type A1, [29, Prop. 1.6], we get p1 = pa o @, where p; and py are the adjoint
representation on the source and the target of ¢,. This implies .

It follows from and that k; C kuz, as we claimed.
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Let us now prove part (2). By part (1) there is an A-invariant conull set X’ and
a subfield k' so that k, = &k for all z € X'. Let o’ denote the ring of integers in k'

We note that the same proof as in the proof of Lemma 2) implies that
E; N U, is the Zariski closure of C'N U in Ry 4 (SLg) for any nontrivial open
subgroup C of Q..

Let now a € A and z € X'. Then by we have

ap(SL(2,0")m)a™ C Quy

for all m > my, 4. Since aH,a™! = Hayp and ¢, (SL(2,0'),,) is open in Q, by (6.11)),
we thus get that ap,(SL(2,0"),,)a"! is open in Q,, for all m > Mg, a-
Since Uy, are normalized by A, for all ¢ € A and all m > m, , we have

ap.(SL(2,0")m)a N ULq = a(0e(SL(2,0")m) N Urq)a™ .
Taking Zariski closure in Ry, /s (SLq) we get that
a(Ey NUsq)a™ ! = Eup NU4q.
This and Lemma [3.1[1) imply the claim. O

Proposition 6.7. For p-a.e. x € Xp we have E, C H,.
Proof. Let v € Xp and put A} := E, N A. In view of Lemma[6.6[2) we have
(6.15) A, =FEn,NA=aE,a'NA=a(E,NA)a"t = A,

for p-a.e. z and all a € A. Since p is A-ergodic we get that z — A/, is essentially
constant. Let us denote by A’ this essential value.

Then by Lemma[3.1)2) we have A’ is an unbounded subgroup of A, = H, N A.
The group A, is a one dimensional k-split k-torus, therefore, A, /A’ is compact. For
any s € k we let &(s) € A, be the cocharacter associated to o and evaluated at s,
i.e. (s) is the diagonal matrix with eigenvalues s, s~! and 1 with multiplicity d — 2
so that a(d(s)) = s2. This implies that there exist some ¢ > 0 and some r € 0, %,
so that if we put s := 6, then a(s) € E,. In particular, &(s) normalizes both
E,.NU, and E, NU_,.

For every € > 0 there is subset Xp(¢) C Xp with u(Xp(e)) > 1 — € so that the
map

x>l

is continuous on Xp(g). Now by Poincaré recurrence, for p-a.e. x € Xp(e) there is
a sequence ny ; — 00 so that a&(s"=) € Xp(e) for all ¢ and &(s"=)x — x. Then
hm H@(S"Li)w C Hy.
11— 00
Recall from (6.11]) that Q, NU, contains an open compact subgroup of E, NU,.
Therefore, using (6.7]) we get that

E,NU, C lim a(s")(Qp NUq)a(s™ ") Clim Hg(smeiyy C Ha,
11— 00 1

for p-a.e. © € Xp(e). Choosing a sequence &, — 0 we get that E, N U, C H, for
p-a.e. x € Xp.

Similarly, we get E, NU_, C H, for p-a.e. z € Xp. Recall from Lemma 1)
that E, is generated by F, N Uiy. Therefore E, C H, for p-a.e. z € Xp. O
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6.3. Applying the measure classification for semisimple groups. We now
apply the measure classification theorem due to Alireza Salehi-Golsefidy and the
third named author (Theorem B from Section [3.2)).

Lemma 6.8. Let uu be as in Theorem[Idl Then there exist a closed infinite subfield
I < k and a smooth algebraic l-subgroup M < Ry, (SLq) such that M(l) N T is
Zariski dense in M over I, and a noncentral cocharacter A : ,,, — M owver | so
that the topological group

L=M+AN)M(I)NT)
satisfies that L/(L NT) has finite volume. Moreover, for pu-a.e. x, the E,-ergodic

component of u¥ equals hvy, for some h € SL(d, k) so that = hI' and vy, is the
homogeneous measure on L/(LNT).

Proof. Let k' denote the essential value of the map = — k,, see Lemma 1). In
view of Proposition for u-a.e. x the measure ,uf is invariant under F,.

Since the o-algebra P is A-invariant we have au? = u? for all a € A and p-a.e.
x. Moreover, by Lemma 2) we have E,, = aF,a"! for py-a.e. z. Therefore, if
we let

(6.16) WP = / v, AP (2)

be the ergodic decomposition of 7 with respect to E, (where for u¥-a.e. z we let
v, denote the E,-ergodic components of x”) then

(6.17) Pl = /a*vz dpf (2)

is the ergodic decomposition of u”, with respect to E,..
Applying Theorem B in Section we conclude that for p”-a.e. 2 the measure
v, is described as follows.
There exist
(B-1) I, = (k)% C k where ¢, = p"=, p = char(k) and n, > 1,
(B-2) a connected I.-subgroup M. of Ry, (SLg) so that M. (I.) N T is Zariski
dense in M, and
(B-3) an element g, € G,
such that v, is the g, L.g; -invariant probability Haar measure on the closed orbit
9.L.T /T with

L, = Mj(/\z)(Mz(lz) N F)

where

e the closure is with respect to the Hausdorff topology, and

e )\, : G,, - M, is a noncentral [,-homomorphism, M} ()\,) is defined

in , and E, C M (),).
Note that M, in (B-2) is {,-smooth — indeed M, (I.) is Zariski dense in M, see [35]
Lemma 11.2.4(ii)].
For any z where v, is described as above, let (I, [M.], [M(),)]) be the corre-

sponding triple where [o] denotes the T' conjugacy class. This is well defined and
we will refer to it as the triple associated to z. Given a triple (I, [M],[MT()\)]) put

S(1,[M], [MT(N)]) ={z € X : (I,[M],[M*(\)]) is associated to z}.

Note that there are only countably many such triples. Indeed there are only count-
ably many closed subfields [ C &k’ as in Theorem B(1), also there are only countably
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many M as in Theorem B(2). For any such [ and M there are only countably many

choices of M (\) by Lemmal3.2/(2). Therefore, there exists a triple (I, [M], [M*(\)])
such that

p(&(1, M, [MF(N)]) > 0.
Note, however, that in view of (6.17)) we have &(I, [M],[M™()\)]) is A-invariant.
This, together with the fact that p is A-ergodic, implies that

p(&(1, M, [MF (V) = 1.
This finishes the proof of the lemma. ([l

We let [, M and L := M+(X\)(M(l) NT) be as in Lemma Define
(6.18) N := the Zariski closure of Ng'(M(l))NT in G’
where G’ := Ry, /;(SLq) and G’ := G/(I) = SL(d, k). Therefore, N is a smooth group
defined over [, see e.g. [35, Lemma 11.2.4(ii)]. In view of (B-2) above we have
(6.19) M C N° and N C Ng/(M).
where N° denotes the connected component of the identity in IN.
Lemma 6.9. We let A}® be the group of l-points of the mazimal l-split torus sub-
group of Ry A. Then there exists some go € SL(d, k) so that A}® C goN()gy ' and
Agol'/T" = supp(p).
Proof. Recall that LT is a closed subset of G and for p-a.e. x and u-a.e. z we have
(6.20) supp(v,) = gLT/T

for some g € GG. We note that the element g is not well defined, however, the
set gLT" is well defined. This, in view of (B-2), determines the set gM(I)T" as the
smallest set of the form R(I)I" where R is an [-subvariety so that v, (R(l)I'/T") > 0,
see [28, Thm. 6.9] also the original |27, Prop. 3.2]. Let now g, ¢’ € G be such that
gM()T = ¢M(I)T. Then

nclJg tgM)y.

~

Hence, by Baire category theorem, there is some o so that M(1) N g~1¢'M(1)yo
is open in M(l). Since M is Zariski connected, any open (in Hausdorff topology)
subset of M(I) is Zariski dense in M, [26] Ch. 1, Prop. 2.5.3]. This and equality
of the dimensions imply that M(l) = g~'¢’M(l)vo. Therefore, g~1g'moyo = 1 for
some my € M(l) and we get

M(l) = g~ ¢ M()y =75 M)
That is 79 € Neg(M(l)) NT" and
g_lg' =7 'my ' € (Na(M(1)) NT)M(1).
Hence, by (6.18]) and ( we have

(6.21) 9 gé( a(M(l

Let N = N(I) and & = G/(I) =
measurable map f from S(I, M, M*(\)
guN.

I)M(l) € N(D).

)N
SL(d,k). Then, by (6.21)), we get a Borel
) to G/ /N = SL(d, k) /N defined by f(z) —
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The above discussion, in view of , implies that f is an A-equivariant Borel
map, where the action of A on SL(d,k)/N is induced from the natural action of
Ry/i(A) on G'/N.

Now by Lemma there exists some

90N € Fix g0 (SL(d, k) /N)

so that f.p is the A-invariant measure on the compact orbit AggN. Using the
Birkhoff ergodic theorem for the action of A on X and the compactness of the orbit
AgoN, we can choose the representative go € SL(d, k) so that Agel’/T' = supp(u).
Let us recall that Fix e (SL(d, k)/N) = {gN : g~'A’g C N}. In particular, go
satisfies

(6.22) 9o "APg0 C N,
as we claimed. O

6.4. The algebraic K-groups F and H. While the groups M < N are still
somewhat mysterious at this stage, we can describe their k-Zariski closure quite
precisely.

Recall that ' C SL(d, k) is a lattice of inner type. Hence, there exists a central
simple algebra B over K so that I' is commensurable with Ag, see §.4. We define
the shorthand I'g :=T' N Ap.

Lemma 6.10. With the notations as in Theorem[1.1], let F be a connected, non-
commutative algebraic subgroup of SLyq so that F(k) NT is Zariski dense in F and
A" = AN goF(k)gy ' is cocompact in A for some go € SL(d, k). Then F is defined
over K and we have the following.
(1) g(;lAgo C F;
(2) F has no K-rational character for any purely inseparable algebraic field
extension K of K,
) F is a reductive K-group,
) F(k)NT is a lattice in F(k), and
) the commutator group [F,F] is nontrivial, simply connected and almost K -
simple.
(6) Moreover, [F,F](k) = [1;_, SL(do, k) with d = ndy. In fact, apart from the
order of the indices, the group go [F,F}go_1 equals the subgroup consisting
of n block matrices along the diagonal.

3
4

(
(
(5

Proof. Since T'p is finite index in T’ and F is connected, we have F(k)NT g is Zariski
dense in F. This and the fact that I'g C Ap, imply that F is defined over K, [35]
Lemma 11.2.4(ii)].

Since A/A’ is compact and A is Zariski connected and k-split, we have that A’ is
Zariski dense in A. Since also galA’go C F(k), we obtain gglAgO C F as k-groups.

Let K be a finite purely inseparable extension of K. For every place w of k there
exists a unique extension @ of w to K. Recall that k = K, for a fixed place v of
K. Let

Ap = {y€SL; 5(K) : v € SLy 5(0g) for all & # o},

see .

Let O be the ring of @-integers in K. Suppose x is an arbitrary K-rational
character of F. Then there exists some D € O, depending on Y, so that

B :=x(TpNF)C x(Ag NF(K)) C 50.
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In particular, there exists some £y € Z so that for any place @ # ¢ in K and any
r € B we have w(r) > {y. Note, further, that 8 is a multiplicative group, hence,
w(B) is a subgroup of (Z,+). In consequence, we have w(r) = 0 for any place
W # U in K and any r € B. By the product formula we also get that o(r) = 0 for
all r € B. Therefore, B is a finite group consisting of roots of unity. This implies
that there is a finite index subgroup IV € I'g N F so that x(I'') = 1. Since F is
connected and I'g N F is Zariski dense in F, the group I" is also Zariski dense in
F. This implies that y is trivial on F as claimed in (2).

We note that part (2) and [5, Thm. 1.3.6] imply part (4) directly. Below we give
an argument using (3) which avoids the full force of [5, Thm. 1.3.6]. In particular,
the classification of pseudo reductive groups in [6] which is used to resolve the main
difficulties in [5] is not used in our proof of (4).

We now prove part (3). Let K be a finite purely inseparable extension of K
so that R, (F) is defined and splits over K, see |2, 18.4 and 15.5]. Restricting the
adjoint representation of F to the Lie algebra of R, (F) and taking the determinant
we obtain a K-character. We claim that if R, (F) is nontrivial, this character is
also nontrivial. In view of this claim, (3) follows from (2).

We now show the claim. Recall that R, (F) is a f(—split unipotent subgroup.
Since SLy is simply connected, we get from [20], see also [1], that there exists a K-
parabolic subgroup P of SLy so that R, (F) C R,(P) and Ngp,(Ry(F)) C P. The
claim now follows; indeed gglAgo C F C Ngp, (R, (F)) and galAgo is a maximal
torus which is k-split and hence also Kz-split.

Part (4) follows from (2), (3), and [22]. Note that the absence of a unipotent
radical (defined over k or not) makes the necessary arguments in our case much
simpler.

For the rest of the argument we fix a maximal K-torus T in F which is k-split,
see [0, Cor. A.2.6]. Note that by [6, Thm. C.2.3|, there is some g € F(k) so that

9Tg~" = g5 " Ago.
We now establish part (5). First note that F is not commutative so [F,F] is
nontrivial. Let K’ be a separable field extension of K such that T splits over K’.

Therefore, there exists some g; € SLg(K’) so that nggfl is the full diagonal
subgroup of SLg. Moreover, let Ty C T be the central torus of F. Then

91[F,Flgy ' C g1(Zs,(To), Zsi, (To)lgy ' = [ [ SLa,

for some integers dy,ds, ... (that depend on the subgroup ngogfl). Since T C F
has absolute rank d — 1, the rank of [F,F] equals d — 1 — dim(Ty). Moreover, the
torus Ty is central in Zgr,,(To), hence we have

d — 1 — dim(Ty) > rank([Zsr, (To), ZsL,(To)]) = Z(di —1).

?

Together with the above inclusion, we thus get that d — 1 — dim(T) = > _,(d; — 1).
Since [F,F] is semisimple and [], SLg, has no proper semisimple subgroup of the
same rank, we get g;[F,F|g; ' = ][, SLa,. Let Wi,... be the various irreducible
subspaces for the action of [F, F] on the d-dimensional vector space that are defined
over K’ and correspond to the various blocks of ¢;[F,Flg;*. As F is nonabelian
at least one of the subspace, say W1, has dimension > 2. Let W be the sum of W,

and all its Galois images. Then W is invariant under F and is defined over K —
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recall that K’/ K is separable. Since F has no K-rational characters, we see that W
has full dimension. Otherwise the determinant of the restriction of F to W gives
a K-character which is nontrivial since T is a maximal torus — indeed over K’ we
can conjugate T to A the diagonal subgroup, now any subspace of the standard
d-dimensional representation of SLy that is invariant under A and whose weights
sum to zero is trivial. This implies that [F,F] is semisimple and almost K-simple.

In particular, we obtain d; = d; for all ¢, j which gives part (6). O
Define
(6.23) F := the Zariski closure of N(I) N T in SLg.

In particular, F is a smooth group defined over k, see [35, Lemma 11.2.4(ii)].
Put F = f‘o, the connected component of the identity in F.

Since [I' : I'g] < oo, we have that F coincides with the connected component of
the identity in Fp := the Zariski closure of N({)NTp in SL,. Now Fj is a smooth
group defined over K, therefore, F' is also a smooth group defined over K and hence
over k.

Lemma 6.11.
(1) N(I) € F(k) and hence N(1) is Zariski dense in F,
(2) F satisfies the conditions in Lemma .

Proof. For part (1) we note first that the definition (6.23]) implies that
N()NT C F(k) = Ry (F)(1) C G'(1).

Therefore, by we have N C Rk/l(f‘). Taking [-points we get part (1).

We now show that part (1) implies (2). To see this we first note that F is
connected by definition. Next recall that by (6.19) we have E, C M(l) C N(I) for
p-a.e. x. In view of the definition of E,, see7 and the fact that F is finite
index in F we get that F is noncommutative. Moreover, note that F is Zariski open
and closed in F. By the definition of F in we have that F(k) N T is Zariski
dense in F. Together it follows that F(k)NT is Zariski dense in F. Finally by
we have gy ' AP gy € N(I) C F(k). Since AP is cocompact in A, we obtain the last

assumption namely that A N goF(k)g, ' cocompact in A. O
Put
(6.24) H := the Zariski closure of M(l) N I'p in SLg.

Note that H is a smooth group defined over K and hence over k. Put H := H°, the
connected component of the identity in H; then H is also a smooth group defined
over K and hence over k.

Lemma 6.12.
(1) M(l) c H(k), and hence M(l) is Zariski dense in H,
(2) [F,F]=H,
(3) H is almost K -simple.
(4) H(k) 2 ] SL(do, k) where d = ndy.
Proof. Recall from (B-2) that M C Ry ;(SLg) is connected and that M(l) N T is
Zariski dense in M. Since M is connected and [I" : I'p] < oo, we get that

(6.25) M(!) NT'p is Zariski dense in M.



DIAGONAL ACTIONS IN POSITIVE CHARACTERISTIC 31

Therefore, as in the proof of Lemma 1), we have
M(l) NI C H(k) = Ry, (H)(1) C G'(1).

This in view of our preceding discussion implies that M C Ry /l(ﬂ). Since M
is connected and R;,;(H) is a finite index subgrou of Rk/l(I:I), we get that
M C Ry (H). Taking I-points part (1) follows.

By we have gM(l)g~! = M(l) for all ¢ € N(I). Hence by part (1)
and Lemma M(l) we obtain that H C F is a normal subgroup of F and hence

of F. Moreover, since E, C M(I) for p-a.e. z, we have H is non-commutative.
As was mentioned above, H is a K-subgroup of F. Hence Lemma [6.11)(2) and

Lemma 5) imply
(6.26) [F,F] c H.
We now show the other inclusion. In view of Lemma [6.11] and Lemma we

have goR(k)['/T is a closed orbit with finite goR/(k)gy *-invariant measure for R =
F,[F, F]. Moreover, by the choice of gy in Lemma [6.9] and Lemma 1) we have

(6.27) w is supported on AgeI'/T" C goF (k)I'/T.
Since E, C [F,F] and any E,-ergodic component of p is supported on a homoge-
neous space gog[F, F](k)T'/T, for some g € F(k) we get that M(l) C [F, F](k). This
completes the proof of part (2) thanks to part (1) and ([6.26]).

The fact that H satisfies parts (3) and (4) now follow from part (2), Lemma
and Lemma [6.10 O

Let us put Ag = AN goH(k)gy ' In view of Lemmas and we see that
goH(k)gy ! has a block structure. Put Cy = goZ(F(k))gy |- Then A” := AgCy is
a cocompact subgroup of A. We have the following.

Lemma 6.13. We can decompose the measure as follows

w= / a.nda
A/Stab(n)

where da is the Haar measure on the compact group A/Stab(n), and n is an Au-
ergodic component of pn which is supported on goH(K)T'/T. Moreover we have

n= /Vz dn(2).

Proof. Recall from ([6.27)) that p is supported on the closed orbit goF(k)I'/T. Hence,
CuNgolgy ! acts trivially on supp(p). Moreover, by Lemma and Lemma 4)
we have that Z(F(k))I'/T is compact. This and the fact that A/A” is compact
implies that
(6.28) A/Au(Cu Ngolgy ')
is a compact group. Therefore the A (Cu N gol'gy Y-ergodic decomposition of p
can be written as

/ a.nda

A/Au(Cungol'gy )

"ndeed in view of the smoothness of H it follows from [6, Prop. A.5.9] that Ry (H) is
connected.
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where 7 is an Ag(CrNgolgy ')-invariant measure on goH(k)I'/T. This implies the
decomposition of p as in the lemma.

For the final claim we note that the above discussion also shows that BA® C P,
where BAH is the c-algebra of Ag-invariant sets. Hence the conditional mea-
sures p” for the Pinsker o-algebra can be obtained by double conditioning, i.e.

wy = )y
for p-a.e. x and quH—a.e. y. Again because of compactness of and the
equivariance properties of the conditional measures it suffices to consider one of the
conditional measure n = ,quH. For the Pinsker conditional measure 1777; we have
considered in a decomposition into ergodic components for the group F,.
These ergodic components have been completely described in Lemma [6.8] The
lemma follows by integration over 7. ([

The following proposition describes the algebraic structure of the group L in
Lemma [6.8 It turns out to be more convenient for us to explicate the structure of
the finite index subgroup

Lp:=M*T(\)(M()NTp)
of L. Note that LT'/T' = LgI'/T.

Proposition 6.14. Let n be as in Lemma[6.19(4). Then there exist
(1) A eollection (I; : 1 < i < n) of closed (not necessarily distinct) subfields of
(2) For everyl <i <mn a connected, simply connected, absolutely almost simple
li-group H; and an isomorphism ¢; : H; x;, k — SLg, (where SLg, is
considered as the ith block subgroup corresponding to the indices (i —1)dy +
1,...,idy)
so that Lp =[]y ¢:(H;(1;)) € H(k)

Proof. In view of (6.25) and Lemma 3) and (4), the groups M and H satisfy
the conditions in [28], §7] for the lattice I'g. Therefore [28, Thm. 7.1], which in turn
relies heavily on [6, 29] 23], implies the following. There exist

(a) a collection (I; : 1 <4 <) of closed subfields of k,

(b) for every 1 < j < n some 1 < i(j) < r and a continuous field embedding
T li(j) — k,

(c) for every 1 < i < r a connected, simply connected, absolutely almost simple
l;-group H; (which is a form of SLy, ),

(d) for every i € {1,...,r} there exists some j € {1,...,n} with i(j) =i,

(e) anisomorphism ¢ : [[;_; HixXr(or_ 1)@k — [[SLa,, with 7 = (71,...,7)

so that Lp = o([T/_, H;(l;)) C H(k).
We now claim
(6.29) r=n.

Assuming , and after possibly renumbering and replacing I; by 7;(l;) for
1 <i <r=n, we get the proposition.

We now turn to the proof of (6.29). Put A := H(k) N T and recall the notation
A = AN goH(k)gy*. In view of Lemma we can reduce the study of the
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measure p to the study of the measure 7, which is an Ag-ergodic invariant measure
on goH(k)/A. Put

! . 1
H =Ry eor ) (1 50a).
=1

Then H' is a smooth ®!_,l;~group and H'(®!_,1;) = H(k), see [6, Prop. A.5.2].
Moreover, Lp = ¢([];_, H;(l;)) is the group of ®!_,l;-points of a ®!_,l;-subgroup
of H', see [6, Prop. A.5.7]. Define

(6.30) R := the Zariski closure of Ny (Lp) N A in H'.

Put
R =R(®]_11;) C H(k).

Then R C NH k (LB)
In view of (6.20) and Lemma we have the following. For n-a.e. x € H(k)/A
and n¥-a.e. z we have

supp(v.) = gogLA/A = gogLpA/A

for some g € H(k).
Therefore, arguing for each i separately, as in the proof of Lemmal6.9 we get the
following. There is a cocompact subgroup Ay C A and some g1 € H(k) so that

91 '95 "Aligog1 C R,

moreover, Apggogi’ = supp(n).

In particular we have Aj; normalizes the group gog1Lpg; 1 9o ! Recall now that
Ag is a maximal torus in the block diagonal group goH(k)gy*. These and the fact
that Ap; is cocompact in Ay imply that the block structure of Lp and H agree
with each other, i.e. 7 = n. To see this, assume i(j) = 1 for j = 1,2. Let a be an
element in Af; which equals the identity in all the blocks j = 2,...,n and in the
first block it is a diagonal elements which generates an unbounded group. Then
since a normalizes gogi1 Lpg; ! 9o ! we get a contradiction. (I

Corollary 6.15. Ny (Lp)/Z(H(k))Lp is a torsion abelian group.

Proof. In view of Proposition [6.14]it suffices to argue in each SLg,-block separately.
Hence we fix some ¢ € {1,...,n}. First note that H; is an [;-form of SLg,. Sup-
pose now that g € SL(do, k) normalises H;(l;). Since H;(l;) is Zariski dense in
the l;-group H;, see e.g. 26, Ch. 1, Prop. 2.5.3], we thus get that ¢ induces an
l;-automorphism of H;. Extending the scalars from I; to k we see that the automor-
phism is inner, i.e. this automorphism ;(g) belongs to H2d (k). Together it follows
that o;(g) € H2(l;). This automorphism is, moreover, nontrivial if and only if g
is not central in SL4,. Hence, we get a monomorphism g — o(g) from

NSL(do,k) (LB N SL(do, k‘))/Z(SL(do, k))

into H24(1;). This map sends H;(l;) to [H24(1;), H24(1;)] by [26, Ch. 1, Thm. 2.3.1]
and the claims hold true by [26, Ch. 1, Thm. 2.3.1]. O

Let us now complete the proof of Theorem [I.1]
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Proof of Theorem[I_]. Inview of Lemmal6.13|we may and will restrict our attention
to the measure 7 appearing in the statement of that lemma. Similar to the proof

of (6.29), put A := H(k) NT". Define

H/ = R@;';lk/@?:ﬂi (H SLdo) .
i=1
Then H' is a smooth &7 ;l;-group and H'(®?_,1;) = H(k), see [6, Prop. A.5.2].
Moreover, Lp =[]\, H;(l;) is the group of ®!,l;-points of a G, l;-subgroup of
H', see [6, Prop. A.5.7]. Since H(®!_,1;) = H(k), we may view Z(H(k)) as a finite
subgroup of H'(®7_,1;). Define

R := Z(H(k))(the Zariski closure of Ngg()(Lp) N A in H').

Put R = R(®™,l;) c H(k), since H(k) = H'(®(l;)) we have Z(H(k)) C R.
Moreover, R C Ny (Lp), and by Corollary we have

(6.31) [R,R] C Z(H(k))Lp.
In view of (6.20) and Lemma for n-a.e. x € goH(k)/A we have
(6.32) supp(vz) = gogLA/A = gogLpA/A

for some g € H(k) depending on z.

Therefore, arguing as in the proof of Lemma[6.9) we get the following. There is a
cocompact subgroup Ay C Ay containing Z(H(k)) and there is some g1 € H(k) so
that gflgalA’Hgogl C R. We may furthermore require that Aggog1 /T = supp(n).
This gives the following decomposition.

(6.33) n= / a7’ da,
A /Al

where

e da is the Haar measure on the compact group Ay /Af,
e 1/ is an Aj-invariant and ergodic probability measure on gjR/A’ where
A':=RNA and g} = gog1-

Note that we have implicitly identified here g\ R/A’ with gjRA/A (which in turn
itself has already been implicitly identified with gjRT'/T").
We now further investigate the measure n’. In view of (6.32) we can write

(6.34) n = / vy dn'(x),
goR/A

where v, is the ghgLpg~* g(’)fl—invariant measure on gygLpA’/A’ where we write
x as x = ghgA'/A’ for g € R.

Since Lp is normal in R, we get that n’ is gL Bg(’)*l—invariant. Moreover, since
Z(H(k)) C Ay, we also have ' is Z(H(k))-invariant. Finally since LgA/A is
closed in H(k)/A we have that Z(H(k))LpA’ is a closed subgroup of R. Let
L'y = Z(H(k))Lp. We define ] as the push forward of ' under the canonical
quotient map from gjR/A’ into gyR/LgA’, and similarly 74 as the push forward
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to goR/ Lz A’. With this we obtain from (6.34) that for vz, = vy ar/a/

n = / gL dny(gLpA")
G\ R/LpA

= / . ( / haviy dh) dify(g L5 A)
goR/ LA’ Z(H(k))

(6.35) ~ [ e[, b aneepa)
R/L),A Z(H(k))

for a (gf) ! Agzgb-invariant and ergodic probability probability measure np on P =
R/L'zA’. We note that the measure defined by the inner integral in is
actually homogeneous. Furthermore, by Corollarywe know that P = R/Ly A’
is a torsion abelian group.

We claim that

(6.36) the image of (g) ' A%ggp in P is compact and in particular closed.

Assuming (6.36)), let us finish the proof. Indeed, (6.36]) implies that np equals the
Haar measure on a coset of

((ob) ™" Aragh ) LA/ L’
This together with (6.33)finish the proof.

We now prove (6.36). Let {s1,...,s,} C (g)) " Alzg( be a subset which generates
a cocompact subgroup of (gf) ! A%g6. By Corollary there exists some m € N
so that s* € Z(H(k))Lp = L'z for all 1 < ¢ <r. Let D be the group generated
by {s7,...,s™}. Then D is cocompact in (gj) ' A%;96 and the natural orbit map
from (gf) "t Alzgi to P factors through the natural map from (gf)) ! A%z94/D to P.
These maps are continuous and (gj) "t Afyg4/D is compact, thus follows. [

7. JOINING CLASSIFICATION

7.1. On the group generated by certain commutators. A key to the classifi-
cation of joinings is the following simple general fact about a rank two k-torus. Let
G denotes a connected, simply connected, absolutely almost simple group defined
over a local field k with char(k) > 3. Let A : G2, — G be an algebraic monomor-
phisms defined over k; let A = A\(G2,). Fix a maximal k-split, k-torus S C G so
that A C S. Further, let T D S be a maximal torus of G which is defined over k.
Put ® := ®(T,G), P := 1 ®(S,G), and & := ; ®(A,G). For ¥ C & set

(7.1) HP) :={a € ®(T,G): aja € V}.
Proposition 7.1. The group G is generated by the commutators [V ), V)] where
a, B run over all linearly independent pairs in ®.

We need the following lemma from [13, Lemma 4.2], see also [10, Lemma 9.6].

Lemma 7.2. Let § € ® and §' € 9([6]). Then there exist some 3 € ® and some
B € 9([B]) with the following properties.

(1) {B,8} is a linearly independent subset of ®.

(2) &' —p €.
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Proof. Let k be the algebraic closure of k. Let
T={aecR®X*(T): ola € R},

where X*(T) denotes the group of characters of T.

Let g’ be the k-span of {ga/, [gar, 95/] : @, 8" € ®\ T}. Tt follows easily from the
Jacobi identity (cf. the proof of [13, Lemma 4.2] for details) that g’ is an ideal of g.
Recall that A = A\(G2)). Therefore, ® has at least two linearly independent roots,
and g’ is not central. Since g has no proper non-central ideals, we have g’ = g.

In particular, we get that

gs C Z Jor + Z [ga’vgﬁ’]~

a’'€®\T o ,B'eP\T
Since ¢’ € T, the above implies that g5 C ), 6/6@\1’[9&”%’]' But for every

o/, B, we have that [go/, 95/] C gar4p hence ¢’ = o'+ 3’ for some o/, 5 € 2\ Y. In
particular, since 5’ € T, it holds that 3 := | A is linearly independent from §. O

Proof of Proposition[7.d} Since the statement of the proposition is on the level of
algebraic groups, the validity of the statement over the algebraic closure k of k
implies that of the statement when the groups are considered as algebraic groups
over k. Over k, we can write for every o € ®

Vi = H Uy
8’ €d([a])

with each Uy a one parameter unipotent group over k.

Since the group G is absolutely almost simple, in particular semisimple, the root
groups Uy for ' € ® generate. Therefore to prove the proposition it is enough to
show that for every 6’ € ®, one can find a and 8 in ®, linearly independent, so that

(72) Uys C [V[a],V[ﬁ]]

Let 3,3’ be as in Lemma applied to § := §’|a, and &', and let o/ = ¢ — 8’ and
a = o'|a. In particular, o and § are linearly independent.

Recall that char(k) # 2,3, hence by [4), §4.3] irregular commutation relations do
not occur. This means in particular that

[Uar, Ug'] = Uargpr

(cf. also [3} §2.5]). But Uy C Vi), Ug: C Vig), and by definition o’ + 8" = §'.
Equation (|7.2)) and hence the proposition follows.
|

7.2. The main entropy inequality and the invariance group of the leafwise
measures. From now on, we use the notation from Theorem [I.2] In particular,
for i = 1,2, G; denotes a connected, simply connected, absolutely almost simple
group defined over k. We put G; = G;(k) and G = G; x G3. Recall also that
char(k) > 3.

Suppose fixed two algebraic monomorphisms \; : G2, — G; defined over k;
let A; = \;(G2) and A; = A;(k). For i = 1,2 we fix a maximal k-split, k-torus
S; C G; so that A; C S;, and set ;P; := k(b(Si, Gi), and 61' = k(I)(A,',Gi).

Define A to be the smooth k-group so that

A(R) = {(\(r), Aa(r)) 1 7 € G (R)?}
for any algebra R/k; let A := A(k).
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Let

b = k(I)(A,Gl X GQ)
Using the natural homomorphisms from A to A, for i = 1,2 we can view ; ®(A;, G;)
as subsets of ® and moreover we have that

O =, D(A1,G1) UpP(As, Go).
For each o € ®, we can write the coarse Lyapunov group Viog € G1 X G2 as a
product Vi1, x V2, with V{/; C Gy; by convention if a ¢ ® then Vi, = {1}. For
1 = 1,2 we fix a maximal, compact, open subgroup &; C G; and put & := &; x &,.
Recall that p denotes an ergodic joining for the action of A; on (X;, m;) for
i=1,2.

Proposition C (Cf. [13], §3). Let a = (a1,a2) € A and let ¥ C ® be a positively
closed subset. Put
W=Vy CWg q,(a)

Then W = W1 x Wy where W; C G; fori=1,2 and
(7.3) h.(a, W) < hy,, (a1, W) + h,(a, {id} x Wa).
Furthermore, the following hold.

(1) If the equality holds in (7.3)), then Wi is the smallest algebraic subgroup of

Wy which contains w1 (supp(py’) N ®).

(2) The equality hoﬁlds for W =Wg ,q,(a).

(3) For every o € ®, the equality holds for W = Vi,).
Proof. The main inequality followﬁ from [13, Prop. 3.1].

Parts (2) and (3) follow from [I3, Prop. 3.3 and Cor. 3.4].
To see part (1), first note that by [I4, Prop. 6.2] we have

1 (WZ)

is a (Zariski closed) subgroup which is normalized by a and contains 71 (supp(s)))).
Part (1) now follows from [I3 Prop. 3.2]. O

Corollary 7.3. For any o € ®, we have that ; (S;La] N QS) is Zariski dense in
7i(Viap) fori=1,2.

Proof. In view of Proposition (3)7 this is a direct consequence of Proposi-
tion (1) and the definition of S\. O

Fix an element a = (a1,a2) € A that is regular with respect to ®, that is:
afa) # 1 for any o € &. We denote the Pinsker o-algebra, P,, simply by P.
Disintegrate u as follows.

(7.4) u=/Xqu du(z),

where p” denotes the P-conditional measure for pu-almost every = € X.

Similar to , define
Hy:={9€ G xGo:gul =ul}.
We have aH,a~ ' = Hg, for all a € A and p-a.e. x, see (6.7)).

2The arguments in [I3] generalize to the setting at hand without a change.
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Lemma 7.4. For u-a.e. =, and any linearly independent o, B € ® the measure u.
s a.s. invariant under [Sg[ca},&[f]], i.e. [Sg[ga],&,[cﬂ]] C Hy.

Proof. By Lemma for every o € ® and p-a.e. z, we have that u” is invariant

under L[ga], and hence by Lemma is invariant under I for any positively

closed ¥ C ®. By Lemma we have therefore that for any linearly independent

a, 3 € ® the measure p” is a.s. invariant under [Sg[ca],Sf ]}. (]

Recall that & = &; x &5 is a compact, open subgroup of G = G; X G5. Define
Q, :=({g € H, NG : g is unipotent}).

Corollary 7.5. For p-a.e. z, m;(Q,) is Zariski dense in G; and 7;(Hz) is un-
bounded fori=1,2.

Proof. For any z, let L; , denote the Zariski closure of m;(Q,) in G;. Let o, 8 € d be
two linearly independent roots. By Corollary a.s. T; (Sg[ﬂa] N (’5) is Zariski dense
in 7;(V[q)) and similarly for 3, for i = 1,2. By Lemmal|7.4 [Sg[ga] ﬂQi,S&B] N&| C 9,.
It follows that
7i([Via), Vig)]) C Lie

for any two linearly independent «, 3 € ®. The first part of the claim follows using
Proposition

For the second, by Lemma 7.4/ and Lemmathere is an o € ® such that L[Ea] is
non trivial. If Ig[ca] would be bounded on a set of positive measure its diameter would
be a monotone increasing measurable function under an appropriate subsemigroup
of A, in contradiction to Poincare recurrence. O

7.3. Proof of Theorem Let X’ € X be a conull subset so that the conclu-
sions of Lemma and Corollary hold true on X'.

By Corollary [7.5], for all z € X’ the group Q, satisfies the conditions in Theo-
rem A.2 in Section [3.1} Therefore, there are two possibilities to consider.
Case 1: There is a subset X” C X’ with p(X"”) > 0 so that for all x € X" and
1 =1,2, the following holds. There are
subfields k; , C k,
ki,x'groups Hi,x,
k-isomorphism ¢; , : H; o Xg, , kK — Gy, and
open, compact subgroups Q; » C ¢; 4 (Hm(km)),
so that Q1 ; X Oz, C Q.
Lemma 7.6. For every x € X" and every h € Q1 , define

Fo(h) == {v(h, v~ 1 v e H,}.

(1) For every h € Qi ,» we have F(h) C H,.
(2) There exists an element h € Q1 , such that Fg¥(h) is unbounded.

Proof. Part (1) is immediate since Q, 1 X {1} C Q,.
We now prove part (2). Let {v,} C H, be a sequence so that m1(v,) — 00, see
Corollary Let
Un = ('Un,la Un,Q) = (T:L,lsn,lrn,la T;L,23n,2rn,2)

be the Cartan decomposition of v,. Then s, ;1 — 0.
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Passing to a subsequence, if necessary, we assume that
e {r,:} and {r; ;} converge for i = 1,2, moreover,
o P .= {g € Gy {s,;llgsn,l} is bounded} is a proper parabolic k-subgroup

of Gl.
Since Q ; is Zariski density in the k-group G, there exists some h € Q; , which
does not lie in r~'Pr where 7,1 — r. The claim in part (2) holds for this h. O

Proof of Theorem[I.3: Case 1. Let x € X", and let h and F,(h) be as in part (2)
of Lemma [7.6] Suppose {(gn,1)} C F,(h) is an unbounded sequence. By part (1)
of that Lemma we have

(7.5) (gn,1) € H, for all n.
Recall from Lemma [3.5] that
(7.6) Tiw(ul) = my for i = 1,2,

Since G is connected, simply connected, and absolutely almost simple, it follows
from the generalized Mautner phenomenon, [26, Ch. 1, Thm. 2.3.1, Ch. 2, Thm.
7.2], that (X71,m1) is ergodic for the action of the unbounded group ({g,}).

This together with and implies that u? = m; x ma, see e.g. the
argument in Case 1 of the proof of [I7, Prop. 4.3].

Since pu(X") > 0 and p is A-ergodic, we get that u = my X mo. O

The rest of this section is devoted to the analysis of the following case.

Case 2: Replacing X’ by a conull subset, which we continue to denote by X', we
have the following. For every x € X’ there are

e a subfield &, C k and a continuous embedding 7, : k, — k,
e a k,-group H,, and
e a k®k-isomorphism ¢, : Hy XA, (k,) (k@k) — G1]] G2 where as in ,
Az, (ka) ={(c, 7a(c)) : c € Ky}
so that Q. is an open subset of the image under ¢, of H,(k;) with the latter
considered as a subset of the k@ k-points of Hy XA, (x,) (k@ k) using the injection
of rings A, : k, — k@ k. Moreover, A, (k;) is unique, and H, and ¢, are unique
up to unique isomorphisms.
Let us further recall that

(7.7) k., = the field of quotients of the ring generated by {tr(p(g)) : g € Q. },

where p denotes the non-constant irreducible representation occurring as subquo-
tient of the adjoint representation of G39.
Put E, := ¢, (Hw(k‘z)) C G1 x Gos.

Proposition 7.7.

(1) There is a subfield k' C k and an embedding 7 : k' — k so that A, (ky) =
AL (k") on a conull subset of X.
(2) The map x — E, is an A-equivariant Borel map on a conull subset of X.

Proof. In view of (7.7) and the fact that © — Q, is a Borel map, we get that
x +— A, (k;) is a Borel map, see the proof of Lemma 1).
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To see the other claims in part (1), first recall that aH,a= ! = H,, for all a € A
and p-a.e. © € X. Hence, for any a € A there exists some finite index subgroup
Q(a) C Qg so that

(7.8) aQ.(a)a ™ C Qua.
Therefore, the same arguments as in the proof of Lemma [6.6(1) applies here and

finishes the proof of part (1), see (6.13) and (6.14).

We now turn to the proof of part (2). Put

G’ = Riar/a, (k) (G1 HG2)§

This is a A, (k')-group.
Now, part (1), the fact that ¢, is an isomorphism, and the universal property
of the restriction of scalars functor, see [6, §A.5], imply that

E, = (Rk@k/AT(k’)(pr)(Hx))(AT(k/))'

Hence, using [26, Ch. 1, Prop. 2.5.3], we get that E, is identified with the A, (k')-
points of the Zariski closure of Q, in the A, (k')-group G'.

Since the map = — Q. is Borel, we thus get that  — FE, is a Borel map.

To see the A-equivariance, first recall from that aQ,(a)a™! is an open
subgroup of Q,,. Using [26l Ch. 1, Prop. 2.5.3|, thus, we get that E,, is the
Zariski closure of aQ,(a)a™t in G'(A,(k")). On the other hand, this Zariski closure
equals aFya~!; the claim follows. O

Lemma 7.8. For py-a.e. x € X we have E, C H, and E, is not compact.

Proof. We first recall from [3I, Thm. T| that since H, is connected, simply con-
nected, and absolutely almost simple, any open and unbounded subgroup of E,
equals F,. Since Q, C H, is an open subgroup of F,, thus, both assertions in the
lemma will follow if we show that H, N E, is unbounded for py-a.e. x € X.
However, the proof of Corollary shows that for some o € ®, we have that
9, N Ig[ca] is non-trivial. Since x — FE, is an A equivariant map, using Poincare
recurrence as in Corollary it follows that H, N E, is unbounded. (I

Proof of Theorem Case 2. The argument is similar to the proof of Theorem|[I.1}
Step 1. Let

(7.9) u? = /X V.l (2)

be the ergodic decomposition of u” with respect to E,.
As before, k @ k is a A, (k')-algebra. Put

G’ = Reer/a. o) (G1 ] G2)-

This is a connected group defined over A, (k'), [6, §A5]. Moreover, I'; x I's is a
lattice in G’ (A, (K')) = G1(k) x Ga(k) = G x Gy =G.

Applying Theorem B in Section we conclude that for p¥-a.e. z the measure
v, is described as follows. There exist

(1) I, = (k)9 where ¢, = p™=, p = char(k), and n, > 1,
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(2) a connected A, (l.)-subgroup M, of Ra_ (x)/a,.)(G’) so that
MZ(AT(IZ)) n (Pl X Fg)
is Zariski dense in M, and
(3) an element g, € G; x Ga,

such that v, is the g, L.g !-invariant probability Haar measure on the closed orbit
g-L.(T'1 xT'3)/(T'1 x I'y) with

L. =MF\)(M.(A-(1.)) N (1 x I'y))

where

e the closure is with respect to the Hausdorff topology, and
e )\.:G,, — M, is a noncentral A,(l,)-homomorphism, M} (),) is defined
in (3.9), and E, C M} (\,).
Arguing as in the proof of Lemma there exists a triple (ly, [Mo], [M3 (Mo)])
so that

(L, [ML], (M (X)]) = (lo, [Mo], [Mg"(Ao)]) for p-a.e. z and p”-a.e. z.

z

Put LO = MJ()\())(M()(AT(Z())) N (Fl X Fg))

Step 2. One of the following holds
(a) Lo = Gl X GQ, or
(b) ’/TZ‘(LQ) = Gl and ker(m|L0) C C(Gl X Gg) for i = 1,2
To see this, first note that by Lemma we have m ul = m; for p-ae. v € X
and 7 = 1,2. This, together with (7.9), implies that

My = Tiwpll, = / misv, dul (2) for p-a.e. x.
X

Since v, is invariant under E,, the projection m;,(v) is invariant under m;(E,).
By Lemma the group m;(E;) is an unbounded subgroup of G; for i = 1,2.
Since G is simply connected, m; is m;(E;) ergodic, see |26 Ch. 1, Thm. 2.3.1,
Ch. 2, Thm. 7.2]. Therefore,

TV, = m; for pf-a.e. 2.

In particular, we get that m;(g.Log; ') = G; for uF-a.e. z and i = 1,2.

Since G; is absolutely almost simple, any proper normal subgroup of G;, as an
abstract group, is central [26, Ch. 1, Thm. 1.5.6]. This implies that one of the
following holds.

L] L():GlXGQ,OI‘
e 7;(Lo) = G; and ker(m;|r,) C C(Gy1 x Gg) for i =1,2.

as we claimed.
If Ly = G x G, we are done with the proof. Hence, our standing assumption for
the rest of the argument is that (b) above holds.

Step 3. The assertion in (b) also holds for My and M (\o) in place of Ly.
Let us first show this for M. Since Lo C My we have

Wi(Mo) = Gl for i = 1,2
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Therefore, as above, either My = G x G3 or (b) holds for My. Assume to the
contrary that My = G X G3. Recall that \g : G,, — My is a noncentral homo-
morphism. Since G; is connected, simply connected, and absolutely almost simple
for i = 1,2, using |26, Ch. 1, Prop. 1.5.4 and Thm. 2.3.1], we have that either

[] MS_(/\()) = G1 X GQ, or
e M (\o) C G; for some i = 1,2.

However, since M (\o) C Lo, the above contradict our assumption that (b) holds.
We now turn to the proof of the claim for MJ()\O). Since My # G x G2 and
My (No) C My, the claim follows if we show that

To see this note that A\o(lg) C Mo(Xo). Since (b) holds for My, we have m;(Ao(l))
is unbounded for ¢ = 1, 2. Therefore, (|7.10)) follows from [26, Ch. 1, Prop. 1.5.4 and
Thm. 2.3.1].

Let us record the following corollaries of the above discussion for later use. Since
(b) holds for M (\o), Lo, and My, we have

(7.11) Nea,xa, (M) C CMy

where C := Z(G1 x G2)
We also have

7.12 M (X\o) is a finite index subgroup of Ly and of Mj.
0

Step 4. Both
MS—()\O)(Fl X Fg)/(rl X Fg) and Mo(Fl X FQ)/(Fl X Fg)

are closed orbits with probability, invariant, Haar measures. In particular, v, is the
Haar measure on the closed orbit

9xMy (Ao)(T1 x T2)/(T'y x Ty).

Indeed, let A := My N (I'y x I'y). Then by and Step 1., A is a lattice in
My, as was claimed for M.

Using (7.12)), once more, we have AN M (o) has finite index in A. This implies
that A N M, (\o) is a lattice in My (\o), hence, the claim for M+ (\o).

Step 5. We are now in a position to finish the proof. In view of (7.11)), (7.12)
and Step 4., we can argue as in the proof of Lemma see in particular (6.21)),
and get the following. Let C’ := C'N (F1 X FQ). The decomposition

u:/vzdu

yields the Borel map f(x) = g,C’' My from a conull subset of X to Gy x Go/C’' M.
Moreover, f is an A-equivariant map.
Hence, it follows from Lemma. [3.3] that there exists some

go € FiXA?(I)) (Gl X GQ/O/MO)

so that f,u is the A-invariant measure on the compact orbit Agg.
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By Lemma and (7.12) we have Mg ()\o) is a normal and finite index subgroup

of My; furthermore, C’ is a finite group. Therefore, arguing as we did to complete
the proof Theorem after (6.34), we get that there is some g1 € M so that

/ axv da
A/ANgog1 My (Mo)gy "go "

where da is the probability Haar measure on the compact group

AJAN gogi My (No)gr ot

and v is the is the probability Haar measure on the closed orbit

gog1 M (Xo)(T'y x T'2)/(T'y x Ty).

Hence, Theorem 2) holds with ¥ = gog1 M (Mo)g; "5 O
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