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ABSTRACT. We prove results about orbit closures and equidistribution for the
SL(2,R) action on the moduli space of compact Riemann surfaces, which are anal-
ogous to the theory of unipotent flows. The proofs of the main theorems rely on the
measure classification theorem of [EMi2] and a certain isolation property of closed
SL(2,R) invariant manifolds developed in this paper.

1. INTRODUCTION

Suppose g > 1, and let « = (a1, ..., ;) be a partition of 2¢g — 2, and let H(«) be a
stratum of Abelian differentials, i.e. the space of pairs (M,w) where M is a Riemann
surface and w is a holomorphic 1-form on M whose zeroes have multiplicities a; . . . a,.
The form w defines a canonical flat metric on M with conical singularities at the zeros
of w. Thus we refer to points of H(«) as flat surfaces or translation surfaces. For an
introduction to this subject, see the survey [Zo].

The space H(«) admits an action of the group SL(2,R) which generalizes the action
of SL(2,R) on the space GL(2,R)/SL(2,Z) of flat tori.

Affine measures and manifolds. The area of a translation surface is given by

a(M,w) :%/ wAw.
M

A “unit hyperboloid” H;(«) is defined as a subset of translation surfaces in H(«) of
area one. For a subset N7 C H;(«) we write

RN, = {(M, tw) | (M,w) S Nl, t e R} - H(Oé)

Definition 1.1. An ergodic SL(2,R)-invariant probability measure 14 on H;(«a) is
called affine if the following hold:

(i) The support N of 11 is an suborbitfold of H; («). Locally in period coordinates
(see §5 below), N' = RN; C C" is defined by complex linear equations with

real coeflicients.
1
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(i) Let v be the measure supported on A so that dv = dvyda. Then v is an affine
linear measure in the period coordinates on AV, i.e. it is (up to normalization)
the restriction of Lebesgue measure to the subspace N.

Definition 1.2. We say that any suborbitfold N; for which there exists a measure
vy such that the pair (N, 1) satisfies (i) and (ii) an affine invariant submanifold.

Note that in particular, any affine invariant submanifold is a closed subset of H;(«)
which is invariant under the SL(2,R) action, and which in period coordinates looks
like an affine subspace.

We also consider the entire stratum (o) to be an (improper) affine invariant sub-
manifold.

Notational Conventions. In case there is no confusion, we will often drop the
subscript 1, and denote an affine manifold by A/. Also we will always denote the
affine probability measure supported on N by vy.

Let P C SL(2,R) denote the subgroup (; i) In this paper we prove statements

about the action of P and SL(2,R) on H;(a) which are analogous to the statements
proved in the theory of unipotent flows on homogeneous spaces. For some additional
results in this direction, see also [CE].

The following theorem is the main result of [EMi2]:

Theorem 1.3. Let v be any P-invariant probability measure on Hi(«). Then v is
SL(2,R)-invariant and affine.

Theorem 1.3 is a partial analogue of Ratner’s celebrated measure classification theo-
rem in the theory of unipotent flows, see [Ra6].

2. THE MAIN THEOREMS

2.1. Orbit Closures.

Theorem 2.1. Suppose x € Hi(a). Then, the orbit closure Px = SL(2,R)x is an
affine invariant submanifold of Hi(«).

The analogue of Theorem 2.1 in the theory of unipotent flows is due in full generality
to M. Ratner [Ra7]. See also the discusion in §2.8 below.

Theorem 2.2. Any closed P-invariant subset of Hi(«) is a finite union of affine
wvariant submanifolds.
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2.2. The space of ergodic P-invariant measures.

Theorem 2.3. Let N,, be a sequence of affine manifolds, and suppose vy, — v. Then
v is a probability measure. Furthermore, v is the affine measure vy, where N is the

smallest submanifold with the following property: there exists some ng € N such that
N, C N for all n > ny.

In particular, the space of ergodic P-invariant probability measures on Hi(«) is com-
pact in the weak-star topology.

Remark 2.4. In the setting of unipotent flows, Theorem 2.3 is due to Mozes and
Shah [MS].

We state a direct corollary of Theorem 2.3:

Corollary 2.5. Let M be an affine invariant submanifold, and let N, be a sequence
of affine invariant submanifolds of M such that no infinite subsequence is contained in
any proper affine invariant submanifold of M. Then the sequence of affine measures
Uy, converges to vag.

t .
2.3. Equidistribution for sectors. Let a; = (% @9t>’ rg = (—02181190 (SZ:)I; g)

Theorem 2.6. Suppose © € Hi(a) and let M be the affine invariant submanifold
of minimum dimension which contains x. Then for any ¢ € C.(Hi(a)), and any
interval I C [0,27),

1 (M1
lim — — t= .
im T /0 1/, o(agrer) db d /M Y dvpm

We also have the following uniform version: (cf. [DM4, Theorem 3))

Theorem 2.7. Let M be an affine invariant submanifold. Then for any ¢ € C.(H1())
and any € > 0 there are affine invariant submanifolds Ny, ..., Ny properly contained
in M such that for any compact subset F C M\ (US_|N) there exits Ty so that for
all'T > Ty and any x € F,

1/T L[ (agrgr) dodt / d ‘<
— [ — [ o(asrox — [ pdvy| <e
TJ) ), M

We remark that the analogue of Theorem 2.7 for unipotent flows, due to Dani and
Margulis [DM4] plays a key role in the applications of the theory.

2.4. Equidistribution for Random Walks. Let u be a measure on SL(2,R) which
is compactly supported and is absolutely continuous with respect to the Haar measure.
Even though it is not necessary, for clarity of presentation, we will also assume that
p is SO(2)-bi-invariant. Let p®*) denote the k-fold convolution of p with itself.
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We now state “random walk” analogues of Theorem 2.6 and Theorem 2.7.

Theorem 2.8. Suppose x € Hi(«), and let M be the affine submanifold of minimum
dimension which contains x. Then for any ¢ € C.(Hi()),

lim / o(gz) du® / Y dvp.
’H"Onz SL(2,R) )= M

We also have the following uniform version, similar in spirit to [DM4, Theorem 3]:

Theorem 2.9. Let M be an affine invariant submanifold. Then for any ¢ € C.(Hi(«))
and any € > 0 there are affine invariant submanifolds N, ..., Ny properly contained
in M such that for any compact subset F C M\ (U?zlj\fj) there exits ng so that for
alln > ng and any x € F,

Z/ p(gz) dp! )()—/wdw
SL(2,R) M

2.5. Equidistribution for some Folner sets. Let u, = (1 8).

< €.

0 1

Theorem 2.10. Suppose © € Hi(a) and let M be the affine invariant submanifold of
minimum dimension which contains x. Then for any ¢ € C.(Hi(a)), and any r > 0,

Ill—rgolof/ / (ausz) ds dt = / Y dvp.

We also have the following uniform version (cf. [DM4, Theorem 3)):

Theorem 2.11. Let M be an affine invariant submanifold. Then for any ¢ €
Ce(Hi(e)) and any € > 0 there are affine invariant submanifolds Nu, ..., Ny properly
contained in M such that for any compact subset F' C M\ (ngl./\/j) there exits Tj
so that for all T > Ty and any x € F,

I
— — | plausz)dsdt — | pdvap| <€
T Jy rJo M

2.6. Counting periodic trajectories in rational billiards. Let ) be a rational
polygon, and let N(Q,T') denote the number of cylinders of periodic trajectories of
length at most 7" for the billiard flow on Q). By a theorem of H. Masur [Mas2] [Mas3],
there exist ¢; and ¢y depending on () such that for all ¢ > 1,

cre®t < N(Q,e') < cpe.

As a consequence of Theorem 2.7 we get the following “weak asymptotic formula”
(cf. [AEZ]):



ISOLATION, EQUIDISTRIBUTION AND ORBIT CLOSURES 5

Theorem 2.12. For any rational polygon Q, the exists a constant ¢ = ¢(Q) such that
t

1
lim — [ N(Q,e*)e *ds = c.
t—oo t 0
The constant ¢ in Theorem 2.12 is the Siegel-Veech constant (see [Ve|, [EMZ]) asso-

ciated to the affine invariant submanifold M = SL(2,R)S where S is the flat surface
obtained by unfolding Q).

It is natural to conjecture that the extra averaging on Theorem 2.12 is not necessary,
and one has lim;_,,, N(Q, ¢')e™2 = ¢. This can be shown if one obtains a classification
of the measures invariant under the subgroup NV of SL(2,R). Such a result is in general
beyond the reach of the current methods. However it is known in a few very special

cases, see [EMS], [EMaMo], [CW] and [Ba].

2.7. The Main Proposition and Countability. For a function f : H;(a) — R,

let
1 27

(AH@) =5 | flaursr).

Following the general idea of Margulis, the strategy of the proof is to define a function
which will satisfy a certain inequality involving A;. In fact, the main technical result
of this paper is the following:

Proposition 2.13. Let M C Hi(«) be an affine submanifold. (In this proposition
M = 0 is allowed). Then there exists an SO(2)-invariant function fu : Hi(a) —
[1, 00] with the following properties:

(a) fm(z) = o0 if and only if © € M, and fr is bounded on compact subsets of
Hi(a) \ M. For any € > 0, the set {x : f(x) <L} is a compact subset of
Hi(a) \ M.

(b) There exists b > 0 (depending on M) and for every 0 < ¢ < 1 there exists
to > 0 (depending on M and c) such that for all x € Hi(a) and all t > to,

(Aefm)(x) < efm(x) + 0.
(c) There exists o > 1 such that for all g € SL(2,R) with ||g| < 1 and all
r € Hi(a),

o fam(z) < fulgz) < o fulx).

The proof of Proposition 2.13 consists of §4-§10. It is based on the recurrence prop-
erties of the SL(2,R)-action proved by Athreya in [Ath], and also the fundamental
result of Forni on the uniform hyperbolicity in compact sets of the Teichmiiller geo-
desic flow [Fo, Corollary 2.1].

Remark 2.14. In the case M is empty, a function satistying the conditions of Propo-
sition 2.13 has been constructed in [EMas| and used in [Ath].
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Remark 2.15. In fact, we show that the constant b in Proposition 2.13 (b) depends
only on the “complexity” of M (defined in §8). This is used in §11 for the proof of
the following:

Proposition 2.16. There are at most countably many affine manifolds in each stra-
tum.

Another proof of Proposition 2.16 is given in [Wr], where it is shown that any affine
manifold is defined over a number field.

2.8. Analogy with unipotent flows and historical remarks. In the context of
unipotent flows, i.e. the left-multiplication action of a unipotent subgroup U of a Lie
group G on the space G/T" where I is a lattice in G, the analogue of Theorem 2.1
was conjectured by Raghunathan. In the literature the conjecture was first stated
in the paper [Dan2] and in a more general form in [Mar2] (when the subgroup U
is not necessarily unipotent but generated by unipotent elements). Raghunathan’s
conjecture was eventually proved in full generality by M. Ratner (see [Rad], [Ra5],
[Ra6] and [Ra7]). Earlier it was known in the following cases: (a) G is reductive and
U is horospherical (see [Dan2]); (b) G = SL(3,R) and U = {u(t)} is a one-parameter
unipotent subgroup of G such that u(t) — I has rank 2 for all ¢ # 0, where I is the
identity matrix (see [DM2]); (c¢) G is solvable (see [Stal] and [Sta2]). We remark that
the proof given in [Dan2] is restricted to horospherical U and the proof given in [Stal]
and [Sta2] cannot be applied for nonsolvable G.

However the proof in [DM2] together with the methods developed in [Mar3], [Mar4],
[Mar5] and [DM1] suggest an approach for proving the Raghunathan conjecture in
general by studying the minimal invariant sets, and the limits of orbits of sequences of
points tending to a minimal invariant set. This program was being actively pursued
at the time Ratner’s results were announced (cf. [Sh]).

3. PROOFS OF THE MAIN THEOREMS

In this section we derive all the results of §2.1-§2.6 from Theorem 1.3, Proposition 2.13
and Proposition 2.16.

The proofs are much simpler then the proofs of the analogous results in the theory of
unipotent flows. This is related to Proposition 2.16. In the setting of unipotent flows
there may be continuous families of invariant manifolds (which involve the centralizer
and normalizer of the acting group).

3.1. Random Walks. Many of the arguments work most naturally in the random
walk setting. But first we need to convert Theorem 1.3 and Proposition 2.13 to the
random walk setup.
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Stationary measures. Recall that p is a compactly supported measure on SL(2,R)
which is SO(2)-bi-invariant and is absolutely continuous with respect to Haar mea-
sure. A measure v on H;(«) is called p-stationary if u* v = v, where

kv = / (9+v) dp(g)-
SL(2,R)

Recall that by a theorem of Furstenberg [F1], [F2], restated as [NZ, Theorem 1.4],
p-stationary measures are in one-to-one correspondence with P-invariant measures.
Therefore, Theorem 1.3 can be reformulated as the following:

Theorem 3.1. Any p-stationary measure on Hq(«) is SL(2,R) invariant and affine.

The operator A,. Let A, : C.(Hi(a)) = C.(Hi(a)) denote the linear operator
) = [ flgn)duto)
SL(2,R)

Lemma 3.2. Let foq be as in Proposition 2.13. Then there exists b > 0 and for any
¢ > 0 there exists ng > 0 such that for n > ng, and any x € H;(«),

(AL fa)(@) < efm(z) + 0.

Proof. Since p is assumed to be SO(2)-bi-invariant, we have

1) (AT fao)(x / Ko(t) (As o) () dt

where the compactly supported function K, (t) satisfies K,(t) > 0, [~ K, (t) dt
Also, for any ty > 0 and any € > 0 there exists ng such that for n > ng,

(2) / K,(t)dt <e.

Now let ¢y be as in Proposition 2.13 (b) for ¢/2 instead of ¢. By Proposition 2.13 (c),
there exists R > 0 such that

(3) fm(argx) < Rfpm(x)  when t < .

Then let ny be such that (2) holds with € = ¢/(2R). Then, for n > ny,

1.

oo

(A" fag)(x / Ko (O(Afad) (@) dt+ [ Ku(t)(Afa)(@)dt by (1)

to

< /0 K,(t)(Rfm(x)) dt + /too((c/Q)fM(a:) +b)dt by (3) and Proposition 2.13 (b)

< (¢/2R)Rfm(x) + ((¢/2) fm(x) + ) by (2)
= CfM (l’) +0b.
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Notational conventions. Let

IR
M):EEZM“
k=1

For z € H;(a) let 9§, denote the Dirac measure at x, and let * denote convolution of
measures.

We have the following:

Proposition 3.3. Let N be a (possibly empty) proper affine invariant submanifold.
Then for any € > 0, there exists an open set Qpr containing N with (Qpr.¢)¢ compact
such that for any compact F C Hi(a) \ N there exists ng € N so that for all n > ng
and all v € F, we have

(7™ % 6,) () < €.

Proof. Let fx be the function of Proposition 2.13. Let b > 0 be as in Lemma 3.2,
and let

Qe =1{p: fnlp) > (b+1)/e}°,
where E° denotes the interior of E.

Suppose F' is a compact subset of Hi(a) \ N. Let mp = sup{fy(x) : z € F}. Let
no € N be as in Lemma 3.2 for ¢ = 1/mp. Then, by Lemma 3.2,
1
(A)fv)(z) < — fa(x) +b < 1+, for all n > ng and all = € F.
mg

Equivalently, for all x € F' and all n > ny,

(™ % 6,)(fa) <1+ b,
Thus for any x € F and L > 0 we have

(@) (1) ) ({p < falp) > 1)) < o

Then (4) implies that (7™ * 6,)(Q.) < €. Also, Proposition 2.13 (a) implies that
Q. is a neighborhood of N and

Qne)=A{p : fulp) < (b+1)/e}

is compact. 0

Proof of Theorem 2.8. Suppose this is not the case. Then there exist a ¢ € C.(H1()),
€ >0, z € M and a sequence ny — oo such that

(27 5 6,) () — paa ()] > e

Recall that the space of measures on H;(«) of total mass at most 1 is compact in the
weak star topology. Therefore, after passing to a subsequence if necessary, we may
and will assume that (™) % §, — v where v is some measure on H;(a) (which could
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a priori be the zero measure). Below, we will show that in fact v is the probability
measure v, which leads to a contradiction.

First note that it follows from the definition that v is an p-stationary measure. There-
fore, by Theorem 3.1, v is SL(2,R)-invariant. Also since M is SL(2, R)-invariant we
get supp(r) C M. The measure v need not be ergodic, but by Theorem 1.3, all of its
ergodic components are affine measures supported on affine invariant submanifolds of
M. By Proposition 2.16 there are only countably many affine invariant submanifolds
of M. Therefore, we have the ergodic decomposition:

(5) V= Z ANVN,

NCM

where the sum is over all the affine invariant submanifolds N' C M and ay € [0, 1].
To finish the proof we will show that v is a probability measure, and that a = 0 for

all N C M.

Suppose N’ C M and apply Proposition 3.3 with N and the compact set F' = {z}. We
get for any e > 0, there exists some ng so that if n > ng, then (7™ x5, )((Quc)¢) > 1—e.
Therefore, passing to the limit, we get

v(Qve)) > 1—e

Since € > 0 is arbitrary, this implies that v is a probability measure and v(N) = 0.
Hence ay = v(N) = 0. O

Proof of Theorem 2.3. Since the space of measures of mass at most 1 on H;(«) is
compact in the weak-star topology, the second statement in Theorem 2.3 follows
from the first.

Suppose that vy, — v. We first prove that v is a probability measure. Let . be as
in Proposition 3.3 with M = (). By the random ergodic theorem [Fu, Theorem 3.1],
for a.e x, € N,

(6) lim (2 * 85, )(2,)°) = v ((R0,6)°)-

m—ro0

Choose x,, such that (6) holds. By Proposition 3.3, for all m large enough (depending
on x,),

(™ % 6,,)((R0,0)) 2 1 —e.

Passing to the limit as n — oo, we get
v((Qp)) >1—e

Since € is arbitrary, this shows that v is a probability measure.
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In view of the fact that the v, are invariant under SL(2,R), the same is true of v. As

in (5), let
v = Z AN VN
NCH1(a)

be the ergodic decomposition of v, where ay € [0,1]. By Theorem 1.3, all the
measures vy are affine and by Proposition 2.16, the number of terms in the ergodic
decomposition is countable.

For any affine invariant submanifold N let

XWN) = U {N" C N : N'is an affine invariant submanifold} .
Let N C H;(a) be a submanifold such that v(X(N)) = 0 and v(N) > 0. This
implies ay = v(N).
Let K be a large compact set, such that v(K) > (1 — an/4). Then, v(K NN) >
(3/4)apr. Let € = apr/4, and let Qur . be as in Proposition 3.3. Since KNA and ()¢
are both compact sets, we can choose a continuous compactly supported function ¢
such that 0 < p <1, p=1on KNN and ¢ =0 on (Qu)¢. Then,

v(e) > v(KNN) > (3/4)ay.

Since vy, (¢) — v(p), there exists ng € N such that for n > ng,

N, (0) > an /2.

For each n let x, € N, be a generic point for vy, for the random ergodic theorem
[Fu, Theorem 3.1] i.e.

(7) lim (1™ 6., ) () = vn, () for all @ € Co(Ha(a)).

m—o0

Suppose n > ng. Then, by (7), we get
if m is large enough, then (i x4, )(¢) > ax/4.
Therefore, since 0 < ¢ <1 and ¢ = 0 outside of Qy ¢, we get
if m is large enough, then (7™ x 8, )(Qprc) > ap/4.

Proposition 3.3, applied with € = a,/4 now implies that z,, € A/, which, in view of
the genericity of z,, implies that AV, C N for all n > ng. This implies v(N) = 1, and
since V(X (N)) = 0, we get v = vy, Also, since v(X(N)) = 0, N is the minimal
affine invariant manifold which eventually contains the A/,. O

Lemma 3.4. Given any ¢ € C.(Hi(«)), any affine invariant submanifold M and
any € > 0, there exists a finite collection C of proper affine invariant submanifolds
of M with the following property; if N' is so that |var(p) — va(p)| > €, then there
exists some N € C such that N' C N.
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Proof. Let ¢ and € > 0 be given. We will prove this by inductively choosing N;’s as
follows. Suppose k£ > 0, and put

A, = {N C M : N has codimension k in M and |vn(¢) — va(p)| > €}
Let B; = A, and define
B, = {N € A, : such that A is not contained in any N” € A, with ¢ < k}.
Claim. By, is a finite set for each k.

We will show this inductively. Note that by Corollary 2.5 we have A;, and hence By,
is a finite set. Suppose we have shown {B; : 1 < j < k—1} is a finite set. Let {N;} be
an infinite collection of elements in Bj. By Theorem 2.3 we may pass to subsequence
(which we continue to denote by Aj) such that vy, — v. Theorem 2.3 also implies
that v = vy for some affine invariant submanifold A/, and that there exists some j,
such that A; C N for all j > jo. Note that N has codimension ¢ < k — 1.

Since vy, — vy, and Nj € B, C Ay, we have |vn(p) — vp(p)| > €. Therefore
N € A, But this is a contradiction to the definition of By since N; C N and
N € By. This completes the proof of the claim.

Now let
C={N:N € By, for 0 < k < dim M}.

This is a finite set which satisfies the conclusion of the lemma. O

Proof of Theorem 2.9. Let ¢ and € > 0 be given, and let C be given by Lemma 3.4.
Write C = {N1,...,N;}. We will show the theorem holds with this choice of the Nj.

Suppose not, then there exists a compact subset FF C K\ U§:1N’j such that for all
mo Z 07

{z € F:|(a"™ % 0,)(¢) — va(p)| > €, for some m > mg} # 0.
Let m,, — oo and {z,} C F be a sequence such that |(7™") % d,.)(p) — va(p)| > e

Since the space of measures on H;(«) of total mass at most 1 is compact in the weak
star topology, after passing to a subsequence if necessary, we may and will assume
that i) %6, — v where v is some measure on M (which could a priori be the zero
measure). We will also assume that z,, — x for some = € F.

Note that that v is SL(2, R)-stationary. Let
v= 3 avin

NCM

be the ergodic decomposition of v, as in (5).

We claim that v is a probability measure and v(N) = 0 for all N € C. To see this,
suppose N € C and apply Proposition 3.3 with A" and F. We get for any ¢ > 0,
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there exists some ng so that if n > ng, then (2™ % §,)((Q)¢) > 1 —eforally € F.
Therefore, passing to the limit, we get

V((QN,E)C) >1—e

Since € > 0 is arbitrary, this implies that v is a probability measure and v(N) = 0.
The claim now follows since C is a finite family.

The claim and Lemma 3.4 imply that |v(¢) — va(@)| < €. This and the definition of
v imply that [(Z™) * &,, ) () — va(p)| < € for all large enough n. This contradicts
the choice of x,, and m,, and completes the proof. O

The only properties of the measures i which were used in this subsection were
Proposition 3.3 and the fact that any limit of the measures g™ %, is SL(2,R)
invariant. In fact, we proved the following theorem, which we will record for future
use:

Theorem 3.5. Suppose {n; : t € R} is a family of probability measures on SL(2,R)
with the following properties:

(a) Proposition 3.3 holds for n, instead of ™ (and t instead of n).
(b) Any weak-star limit of measures of the form m, * 6., as t; — oo is SL(2,R)-
mvariant.

Then,

(i) (¢f. Theorem 2.8) Suppose x € Hi(a), and let M be the smallest affine
invariant submanifold containing x. Then for any ¢ € C.(Hi(a)),

Lim (1 % 32) (i0) = prw ()

(ii) (¢f. Theorem 2.9) Let M be an affine invariant submanifold. Then for
any ¢ € C.(Hi(a)) and any € > 0 there are affine invariant submanifolds
N1, ..., Ny properly contained in M such that for any compact subset F C
M\ (U N;) there exits Ty so that for all T > Ty and any x € F,

|(ne * 02) () — vm(p)| <e.

3.2. Equidistribution for sectors. We define a sequence of probability measures

Yy on SL(2,R) by
@) =+ [ o= [ ot wa
o)== [ — o(asr s.
! tJo 2m )y ’

More generally, if I C [0, 2] is an interval, then we define

1 (1
Uir(e) = - / — / o(asrg) dO ds.
tJo Il J;
We have the following:
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Proposition 3.6. Let N be a (possibly empty) proper affine invariant submanifold.
Then for any € > 0, there exists an open set Qpr . containing N with (Qpr¢)¢ compact
such that for any compact F C Hi(a) \ N there exists tg € R so that for all t > t,
and all x € F', we have

(D01 % 6.) () < .

Proof. This proof is virtually identical to the proof of Proposition 3.3. It is enough
to prove the statement for the case I = [0,27]. Let fu be the function of Proposi-
tion 2.13. Let b > 0 be as in Proposition 2.13 (b), and let

Qnve=A{p: fvlp) > b+ 1)/6}0,
where E° denotes the interior of E.

Suppose F is a compact subset of Hy(a) \ N. Let mp = sup{fy(z) : z € F}. By
Proposition 2.13 (b) with ¢ = ﬁ, there exists ¢; > 0 such that

1
(Aefn)(x) < — fnv(z) + b <140, for allt > t; and all x € F.
mg

By Proposition 2.13 (a) there exists R > 0 such that fy(a;x) < Rfa(x) for 0 <t <.
Now choose g so that t;R/ty < mpg/2. Then, for t > t,

W % 8)(f) = / (Auf)(x)ds = 7 / (A @) ds + / (Aufic) () ds
< () + (B fla) 4 1) < mifv(a) +b< 140

Thus for any z € F', t >ty and L > 0 we have

(8) (Ve 0:)({p s far(p) > L}) < (b+ 1)/L.

Then (8) implies that (9;%d,)(Qn ) < €. Also, Proposition 2.13 (a) implies that
is a neighborhood of A and

Qnve)=1p : falp) < (b+ 1)/}

is compact. 0

Lemma 3.7. Suppose t; — oo, x; € Hi(a), and V4, ; % §,, — v. Then v is invariant
under P (and then by Theorem 1.3 also invariant under SL(2,R)).

1 x*
0 1
the definition it is clear that v is A-invariant. We will show it is also U-invariant;

indeed it suffices to show this for us = (1 S) with 0 < s < 1.

Proof. Let A denote the diagonal subgroup of SL(2,R), and let U = . From

0 1
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First note that for any 0 < 6 < 7/2 we have

cos 6 0
(9) o = go Utang, where go = ( sin @ 1/COS¢9 ) .
1 cos 0 0
Therefore, for all 7 > 0 we have a,gpa;" = (6_2T sinf 1/ cos 9) . We have

(10) ArTg = ArGolians = ArJoly  Ue2r ang Qr-

Fix some 0 < s < 1, and define s, by ¢*" tans, = s. Then, (10) becomes

(11) arrs. = (args.a; ugar.

For any ¢ € C.(Hi(a)) and all  we have

(12) @(1s,702) —(@r702) = ((ts0r702) P07 10,2)+ (0705 0,7) — plar07)).

We compute the contribution from the two parentheses separately. Note that terms
in the first parenthesis are close to each other thanks to (11) and the definition of s, .
The contribution from the second is controlled as the integral over I and a “small”
translate of I are close to each other.

We carry out the computation here. First note that s, — 0 as 7 — oo. Furthermore,
this and (9) imply that a,g,.a ' tends to the identity matrix as 7 — oo. Therefore,
given € > 0, thanks to (11) and the uniform continuity of ¢ we have

[p(usarrow) — p(arrgqs,w)| <€

for all large enough 7 and all x € H;(«). Thus, for large enough n (depending on €
and @), we get

1 (1
(13) —/ —/|<p(usa7rgxn) — p(a;rors, )| df dr < 2e.
twJo | Js

As for the second parentheses on the right side of (12), we have

1 ("1
e / 7l (Qp(aTra-l-sTxn) - SO(CLTTGIL‘”)) de dr <
0

tn III
1 c, [
o(arroxy) 9——/go(aTr9xn) d@‘dTS —“0/ s, dr
k. 1), W )y

< t since s, = O(e™?7) and thus the integral converges.

This, together with (13) and (12), implies |v(usp)—v(p)| < 2¢; the lemma follows. O

Now in view of Proposition 3.6 and Lemma 3.7, Theorem 2.6 and Theorem 2.7 hold
by Theorem 3.5.
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3.3. Equidistribution for some Folner sets. In this subsection, we prove Theo-
rem 2.10 and Theorem 2.11. These theorems can be easily derived from Theorem 2.6
and Theorem 2.7, but we choose to derive them directly from Theorem 3.5.

Fix r > 0, and define a family of probability measures A, on SL(2,R) by

1 t T
Aer(p) = ﬁ/o /0 o(arug) drds

The supports of the measures \;, form a Folner family as ¢ — oo (and r is fixed).
Thus, any limit measure of the measures A, , % d,, is P-invariant (and thus SL(2, R)-
invariant by Theorem 1.3). Therefore it remains to prove:

Proposition 3.8. Let N be a (possibly empty) proper affine invariant submanifold.
Then for any € > 0, there exists an open set Qpr e containing N with (Qpr.¢)¢ compact
such that for any compact F' C Hyi(a) \ N there exists to € R so that for all t > t,
and all v € F, we have

e # 02) () < .

Proof. Tt is enough to prove the statements for » = tan 0.01. We may write as in the
proof of Lemma 3.7

T = JoUtano
and thus
1 -1 -1
QiUtang = AtGy To = (atge ay )atr@

Let I = (0,0.01). Note that a,g, 'a; * remains bounded for 6 € I as t — co. Also, the
derivative of tan € is bounded between two non-zero constants for # € I. Therefore,
by Proposition 2.13 (c), for all ¢ and =z,

()\t,r * (Sx)(fN) < C(ﬁt,l * 5:6)(f/\/)7

where C' depends only on the constant ¢ in Proposition 2.13 (c¢). Therefore, for all ¢
and x,

(At * 02) (fn) < C'(0e % 62) (),
where C" = C'/|I]. Now let

Qne=1{p: fx(p) > Cb+1)/e}’.

The rest of the proof is exactly as in Proposition 3.6. 0

Now Theorem 2.10 and Theorem 2.11 follow from Theorem 3.5.
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3.4. Proofs of Theorem 2.1, Theorem 2.2 and Theorem 2.12.
Proof of Theorem 2.1. This is an immediate consequence of Theorem 2.10. U

Proof of Theorem 2.2. Suppose A C Hi(a) is a closed P-invariant subset. Let Y
denote the set of affine invariant manifolds contained in A, and let Z consist of the
set of maximal elements of Y (i.e. elements of Y which are not properly contained in
another element of Y'). By Theorem 2.1,

A=JnN=UwN
Ney Nez

We now claim that Z is finite. Suppose not, then there exists an infinite sequence N,
of distinct submanifolds in Z. Then by Theorem 2.3 there exists a subsequence N,
such that UN,, = UN where N is another affine invariant manifold which contains all
but finitely many ./\/’nj.. Without loss of generality, we may assume that N, ; C N for
all j.

Since vy, — vy, the union of the A, is dense in N. Since N,, C A and A is
closed, /\/ C A. Therefore N € Y. But /\/nj C N, therefore /\/'n]. ¢ Z. This is a
contradiction. O

Proof of Theorem 2.12. This is a consequence of Theorem 2.6; see [EMas, §3-§5] for
the details. See also [EMaMo, §8] for an axiomatic formulation and an outline of the
argument.

We note that since we do not have a convergence theorem for averages of the form

1 27
lim —/ o(agrozr) db
0

t—oo 27

and therefore we do not know that e.g. assumption (C) of [EMaMo, Theorem 8.2] is
satisfied. But by Theorem 2.6 we do have convergence for the averages

1 t 1 2
tliglo n /0 o /0 o(asrgx) db ds.
Since we also have an extra average on the right-hand side of Theorem 2.12, the proof
goes through virtually without modifications. 0

4. RECURRENCE PROPERTIES

Recall that for a function f: H;(a) = R,

@) =5 [ famaa).
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Theorem 4.1. There exists a continuous, proper, SO(2)-invariant function u :
Hi(a) = [2,00) such that

(i) There exists m € R such that for all x € Hi(«) and allt >0,
(14) e u(z) < ulaww) < e™u(x)

(ii) There exists constants to > 0, 77 > 0 and b > 0 such that for all t > to and all
z € Hi(a) we have

(15) Aw(x) < éu(x) +b, withé=e ™

We state some consequences of Theorem 4.1, from [Ath]:

Theorem 4.2. For any p > 0, there exists a compact K, C Hi(«) such that for any
SL(2,R)-invariant probability measure p,

n(K,) > 1—p.

Theorem 4.3. Let K, be as in Theorem 4.2. Then, if p > 0 is sufficiently small,
there exists a constant m” > 0 such that for all x € H,(«) there exists 6 € [0, 27] and
T < m"logu(z) such that v’ = a,rex € K.
Theorem 4.4. For x € Hi(«) and a compact set K, C Hi(«) define

Ti(t) ={0 €[0,2n] : {7 €[0,t] : a;rox € K. }| > t/2},
and

I»(t) = [0, 2] \ Zy (1)

Then, there exists some n; > 0, a compact subset K,, and constants Lo > 0 and
1o > 0 such that for any t > 0,
(16) if logu(x) < Lo + not, then |Iy(t)| < e” ™.
Theorem 4.4 is not formally stated in [Ath], but is a combination of [Ath, Theorem

2.2] and [Ath, Theorem 2.3]. (In the proof of [Ath, Theorem 2.3], one should use
[Ath, Theorem 2.2] to control the distribution of 7).

5. PERIOD COORDINATES AND THE KONTSEVICH-ZORICH COCYCLE

Let ¥ C M denote the set of zeroes of w. Let {~1,...,7} denote a symplectic Z-basis
for the relative homology group H;(M,¥,7Z). We can define a map ® : H(a) — C*

by
(M) = (/w/w)

The map ® (which depends on a choice of the basis {v1,...,7,}) is a local co-
ordinate system on (M,w). Alternatively, we may think of the cohomology class
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w] € HY(M,X,C) as a local coordinate on the stratum H(a). We will call these
coordinates period coordinates.

The SL(2,R)-action and the Kontsevich-Zorich cocycle. We write ®(M,w)
a b

d
is linear. We choose some fundamental domain for the action of the mapping class
group, and think of the dynamics on the fundamental domain. Then, the SL(2,R)
action becomes

1 ... Tn a b Ty ... Tnp
v <y1 A yn) g (C d) (yl .. yn> <g> LU),

where A(g,z) € Sp(2¢g,Z) x R"! is the Kontsevich-Zorich cocycle. Thus, A(g,z)
is change of basis one needs to perform to return the point gx to the fundamental
domain. It can be interpreted as the monodromy of the Gauss-Manin connection
(restricted to the orbit of SL(2,R)).

as a 2 X n matrix . The action of g = € SL(2,R) in these coordinates

6. THE HODGE NORM

Let M be a Riemann surface. By definition, M has a complex structure. Let H,,
denote the set of holomorphic 1-forms on M. One can define Hodge inner product on

HMby '
? _
(w,m) —5/ w A1),
M

We have a natural map r : H'(M,R) — Hx which sends a cohomology class \ €
H'(M,R) to the holomorphic 1-form r(A\) € Hx such that the real part of 7()\) (which
is a harmonic 1-form) represents A. We can thus define the Hodge inner product on
H'(M,R) by (A1, Aa) = (r(A\1),7(X2)). We have

(A1, A2) Z/ A1 A ¥y,
X

where * denotes the Hodge star operator, and we choose harmonic representatives of
A1 and x\s to evaluate the integral. We denote the associated norm by || - ||57. This
is the Hodge norm, see [FK].

If 2 = (M,w) € Hi(a), we will often write || - ||, to denote the Hodge norm || - |5/
on on H'(M,R). Since || - ||, depends only on M, we have ||A|[r. = ||\, for all
A € H'(M,R) and all k € SO(2).

Let E(z) = span{R(w), I(w)}.

For any v € E(z) and any point y in the SL(2,R) orbit of z, the Hodge norm ||v||,
of v at y can be explicitly computed. In fact, the following elementary lemma holds:
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Lemma 6.1. Suppose x € Hq(«a), g = (ZH 312) € SL(2,R),
21 Q22

v=R(w)+ I (w) € E(x).

Let
(17) ( Uy Us ) = ( V1 V2 ) aip Q2 -
Q21 Q22
Then,
(18) [Vllge = It + w32,
Proof. Let
(19) C1 = alliﬁ(w) + CL123(OJ) Cy = agl‘ﬁ(w) + &223(&])

By the definition of the SL(2,R) action, ¢; + icy is holomorphic on gx. Therefore, by
the definition of the Hodge star operator, at gz,

*C1 = Ca, *Cy = —C1q.
Therefore,
lerll2, = e1 Axer = e1 A ey = (det g)R(w) AT(w) = 1,
where for the last equality we used the fact that = € H;(«). Similarly, we get
(20) lellge =1, leallge =1, {e1,¢2)g0 = 0.
Write
v =vRW) + 1J(w) = urcy + ugcs.

Then, in view of (19), u; and us are given by (17). The equation (18) follows from
(20). O

On the complementary subspace to E(x) there is no explicit formula comparable to
Lemma 6.1. However, we have the following fundamental result due to Forni [Fo,
Corollary 2.1}, see also [FoMZ, Corollary 2.1]:

Lemma 6.2. There exists a continuous function A : Hi(a) — (0,1) such that; for
any ¢ € H'(M,R) with ¢ AN E(z) =0, any x € Hi(«) and any t > 0 we have

lelloe™® < Jlellas < llefloe™
where By(x) = [} Aa,x)dr.
Let Z;(t) and Zy(t) be as in Theorem 4.4. Now compactness of K, and Lemma 6.2
imply that:
(21) there exists 7o > 0 such that if ¢ > ¢y and 0 € Z;(t), then S (rex) < (1 — n2)t.
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7. EXPANSION ON AVERAGE OF THE HODGE NORM.

We let p : HY(M,2,R) — H'(M,R) denote the natural projection. Let M; be an
affine invariant suborbitfold of H;(«) and let M = RM; be as above. Then M is

given by complex linear coordinated in period coordinates and is GL-invariant. We
let L denote this subspace in H'(M, %, R).

Recall that H'(M,R) is endowed with a natural symplectic structure given by the
wedge product on de Rham cohomology and also the Hodge inner product. It is shown
in [AEM] that the wedge product restricted to p(L) is non-degenerate. Therefore,
there exists an SL(2, R)-invariant complement for p(L) in H'(M,R) which we denote
by p(L)*.

We will use the following elementary lemma with d = 2, 3:

Lemma 7.1. Let V' be a d-dimensional vector space on which SL(2,R) acts irre-
ducibly, and let || - || be any SO(2)-invariant norm on V. Then there exists do(d) > 0
(depending on d), such that for any 6 < do(d) any t >0 and any v € V,

1 /27r do e kat
— <
2m Jo o Marev|® ~ [lof°”

Proof. This is a special case of [EMM, Lemma 5.1]. O

where kg = kq(0) > 0.

The space H'(z) and the function ,. For z = (M,w), let
H'(z)={ve H'(M,C) : vAw+wAD =0}
We have, for any z = (M, w),
H'(M,C) = Rw @ H'(z).
For v € H'(M, C), let

.
)= .

Then ¢, (v) > 1, and ¢, (v) is bounded if v is bounded away from Rw.

UHx

where v = MAw + v, A € R, v' € H'(z).

7.1. Absolute Cohomology. Fix some ¢ < 0.1min(n,n9,00(2),00(3)). For g =
(CCL 2) and v € H'(M,C), we write

(22) gv = aR(v) +bTI(v) +i(cR(v) +dI(v)).
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Lemma 7.2. There exists Cy > 0 such that for all x = (M,w) € Hi(a), allt >0
and all v € H' (M, C) we have

1 [ do _ Co  Vu(v)%k(z,1)
@ o g < min | P )
T Jo  (larovllaprys) [ v]|2 l[o]|3

where

(a) k(x,t) < Cy for some Cy > 1 and for all x and all t, and
(b) There exists C >0, n >0, Ly > 0 and ny > 0 such that

k(z,t) < Ce ™, provided logu(x) < Lo + not

Proof. For © = (M,w) € H;i(«) we have an SL(2, R)-invariant and Hodge-orthogonal
decomposition

HY(M,R) = E(z) & H'\(M,R)",
where E(z) = span{R(w),J(w)} and H'(M,R)*(z) = {c € HY(M,R) : cAE(z) = 0}.
For a subspace V. C HY(M,R), let Vo C H'(M,C) denote its complexification. Then,
we have

(24) HY(M,C) = Ec(z) + H'(M,R)Z(z).
Note that H'(M,R)&(x) € H'(z). We can write
V= Aw+u+w,
where A € R, u € Ec(z) N H'(z), w € HY(M,R)g(x). Since u € Ec(x), we may write
u = uR(w) + u2I(w) + i(uaR(w) + ugJI(w)).
Since v € H'(z),
(25) iy + g = 0.

Recall that the Hilbert-Schmidt norm || - ||gs of a matrix is the square root of the
sum of the squares of the entries. Then,

A+un ure -1
) (A7) )

([lasro(Aw + ©)ayrp ) = by Lemma 6.1 and (22)

U21 S
Uy U 2
(26) = X2+ ||(ayro) ( 1 12) (arrg)™" by (25).
U21 U2 HS
Since the decomposition (24) is Hodge orthogonal, it follows that for all ¢ and all 0,
(27) (Hatr@v”atmx)2 =X + (HatTGuHatreﬂf)g + (”atTQwHat?“eI)z‘
By (26), (25) and Lemma 7.1,
1 [ do
2%) o o < e a2
2m 0 (Hatr@u”atreﬂc) /
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where k3 > 0. We now claim that

(29) 1 /2” db < Ka(x,t)

2r Jo Nargw]? = Jwl7?

where kg(x,t) is bounded and

k(x,t) < Ce™™, provided log u(x) < Ly + not.

Assuming (29), we have

1‘/% do
21 Jo  (llasrovl|agrea)®/?

R B ( 1 I L )cw by (27)
— min , ,
=27 J, 372 (arrgtllacrse)??” ([arsw ] acrgs) 2 Y

oo 1 1/27r db 1(/% db
min —_—, — —_—
- 2721 Joo (laroullame=)?’?" 21 Jo  (lacrowl|a,ree )/
1 e ™t gy(x t))
< min ’ by (28) and (29).
— 5/27 6/27 5/2
(A Pl (!

Since we must have either A\ > ||v]|./3, or ||u||z > ||v||./3 or ||w]||+ > ||v||./3, we have
for all z, t,

, ( 1 e kst Hg([E,t)) < (3max(1, e "t ky(z,t)))%/? < Co

mn .
6/27 5/27? 6/2 5/2 — 6/2
NP ) (fw]df o]l o]l

where for the last estimate we used the fact that both k3 and k4 are bounded functions.
Also, we have ||u+w]||; = ¥, (v) 7 ||v||z, hence either ||u|| > ¥.(v) 7 |v||./2 or ||w||, >
Y. (v)7|v||l./2, and therefore, for all x, t,

mm< 1 ekt @(x,t)) . (o(0)"/2 max(e ™!, (e, )72 _ tha(0)" (2, t)

NPl w2 J? 7

V]l o]
Therefore, (23) holds. This completes the proof of the lemma, assuming (29).

It remains to prove (29). Let Ly and 1 be as in Theorem 4.4, and suppose log u(x) <
Lo + not. We have

/% db _/ db +/ db
o (larewlame)’?  Jr (larswllama)? ~ Jrye (larswlar)®?

Using (16), (21) and Lemma 6.2 we get

/ de e~ Mmtelt/2
< .
7o) (19w |laree)®? = [J0]|%/2
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Also,
df / df )
< since ||z > [R(2)]]
/Il (l|atr9wl|atrem)6/2 T (t) (Hm(atré’w)nazmx)dﬂ
df
— by (22
/Il (EE TSR v (22)
o~ (1=Bu(re2))t/2
S/ 57 by Lemma 6.2
@ [|R(row)|x
27 d0
< bt/ / < by (21)
0 [[R(rew)]x
ERp——— / u do
0 | cosOR(w) + sin O I (w)|*
0267772(%/2

since the integral converges.
[w]]*72

These estimates imply (29) for the case when logu(z) < Lo + not. If = is arbitrary,
note that

lairowl|agryz = [|[R(asrow)l|acrge since [|z]| > [|R(2)]]
= ||e*(cos 8 R(w) + sin 0 F(w))]|aprge by (22)
= €'|| cos 0 R(w) + sin 0 T(w) | ayrpz
> || cos @ R(w) + sin 6 J(w)]||,. by Lemma 6.2.

Therefore,

1 /2“ db - 1 /2“ de
21 Jo  (llarowllaye)”? = 27 Jo | cos R (w) + sin 0 I(w)]|3/
Cy

5/2

since the integral converges
[[w]]2

This completes the proof of (29) for arbitrary x. OJ

7.2. The Modified Hodge Norm. For the application in §7.3, we will need to
consider a modification of the Hodge norm in the thin part of moduli space.

The classes c¢,, *c,. Let a be a homology class in H;(X,R). We can define the
cohomology class *c, € H'(X,R) so that for all w € H'(X,R),

/w_/ NS
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Then,
/ xco N\ ¥xcg = I(a, ),
X

where I(-,-) denotes algebraic intersection number. We have, for any w € H'(X,R),

(w,ca>:/w/\*ca:/w.
X o

We note that xc, is a purely topological construction which depends only on «, but
¢, depends also on the complex structure of X.

Fix €, > 0 (the Margulis constant) so that any two curves of hyperbolic length less
than e, must be disjoint.

Let a be a simple closed curve on a Riemann surface X. Let ¢,(c) denote the length
of the geodesic representative of « in the hyperbolic metric which is in the conformal
class of X. We recall the following:

Theorem 7.3. [ABEM, Theorem 3.1] For any constant D > 1 there exists a constant
¢ > 1 such that for any simple closed curve o with £, (o) < D,

(30) L1u(0)'? < Jleall < cla(o)2.
C

Furthermore, if £,(0) < €y and (3 is the shortest simple closed curve crossing c, then

1
La(0)7 < legll < clalo) ™.

Short bases. Suppose (X,w) € Hi(a). Fix €; < ¢y and let ay, ..., be the curves
with hyperbolic length less than ¢; on X. For 1 < ¢ < k, let 3; be the shortest
curve in the flat metric defined by w with i(ay, 8;) = 1. We can pick simple closed
curves v,, 1 <r < 2g — 2k on X so that the hyperbolic length of each ~, is bounded
by a constant L depending only on the genus, and so that the «;, 3; and 7; are a
symplectic basis S for H;(X,R). We will call such a basis short.

We now define a modification of the Hodge norm, which is similar to the one used
in [ABEM]. The modified norm is defined on the tangent space to the space of
pairs (X,w) where X is a Riemann surface and w is a holomorphic 1-form on X.
Unlike the Hodge norm, the modified Hodge norm will depend not only on the com-
plex structure on X but also on the choice of a holomorphic 1-form w on X. Let
{Oéi, Bia /yr}lgiSkJSTSQg_Qk be a short basis for (X, w).

We can write any 6 € H'(X,R) as

k k 2g—2k

(31> 0= Z ai(*cai) + Z bié@i<0)1/2(*cﬁi) + Z Ui(*C%)7

=1 r=1
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where o denotes the hyperbolic metric in the conformal class of X, and for a curve «
on X, ¢, (o) denotes the length of « in the metric . We then define

k k 2g—2k
(32) 101" = 1]l + <Z|ai| S IESY Iur|> :
i=1 i=1 r=1

From (32) we have for 1 <i <k,

(33) [ *ca )" ~ 1,
as long as «; has no flat annulus in the metric defined by w. Similarly, we have
1

/A ~
(34) s~ 2eall = s
In addition, in view of Theorem 7.3, if v is any other moderate length curve on X,
| *cy||” = || *cy|| = O(1). Thus, if B is a short basis associated to w, then for any
v € B,
(35) Ext, (@)"/? ~ || ¢, | < [lxc, "

(By Ext,(w) we mean the extremal length of v in X, the conformal structure defined
by w).

Remark. From the construction, we see that the modified Hodge norm is greater
than the Hodge norm. Also, if the flat length of shortest curve in the flat metric
defined by w is greater than €, then for any cohomology class A, for some C' depending
on ¢; and the genus,

(36) A" < ClIALL
i.e. the modified Hodge norm is within a multiplicative constant of the Hodge norm.

From the defintion, we have the following:

Lemma 7.4. There exists a constant C' > 1 depending only on the genus such that
for any t >0, any v € Hi(«) and any A € H' (M, R),

Ce AL < IAG,. < Ce AL

atx

Proof. From the definition of || - ||”,
(37) CHAI I < Crlugp() ™2 |IA,

where C' depends only on the genus, and ¢j,,(x) is the hyperbolic length of the shortest
closed curve on x. It is well known that for very short curves, the hyperbolic length
is comparable to the extremal length, see e.g. [Maskit]. It follows immediately from
Kerckhoft’s formula for the Teichmiiller distance that

e Ext, (z) < Ext, () < * Ext, ().
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Therefore,

(38) Coe™ yp(1) < lyp(arw) < Coe® by (),

where Cy depends only on the genus. Now the lemma follows immediately from (37),
(38) and Lemma 6.2. O

One annoying feature of our definition is that for a fixed absolute cohomology class
A, [[A]Z is not a continuous function of z, as x varies in a Teichmiiller disk, due
to the dependence on the choice of short basis. To remedy this, we pick a positive
continuous SO(2)-bi-invariant function ¢ on SL(2,R) supported on a neighborhood
of the identity e such that fSL(Q,R) ®(g)dg = 1, and define

IAIL = Al + / a5 010 .

Then, it follows from Lemma 7.4 that for a fixed A, log ||A||%, is uniformly continuous

as x varies in a Teichmiiller disk. In fact, there is a constant mg such that for all
r € Hi(a), all A € HY(M,R) and all ¢ > 0,

(39) e Al < Al < €™ AL

7.3. Relative cohomology. For ¢ € HY(M,X,R) and z = (M,w) € Hi(a), let
pz(c) denote the harmonic representative of p(c), where p : H(M, 3, R) — H'(M,R)
is the natural map. We view p,(c) as an element of H'(M, 3, R). Then, (similarly to
[EMR]) we define the Hodge norm on H'(M, X, R) as

L (e=p.(0)

2,2

lellz = Nl + >

(2,2/)eXxXE

)

where 7, ./ is any path connecting the zeroes z and 2’ of w. Since ¢ — p,(c) represents
the zero class in absolute cohomology, the integral does not depend on the choice of
7..... Note that the ||- ||’ norm on H'(M, %, R) is invariant under the action of SO(2).

As above, we pick a positive continuous SO(2)-bi-invariant function ¢ on SL(2,R)
supported on a neighborhood of the identity e such that fSL(2 ®) ¢(g)dg = 1, and

define
(40 A= [ Il olo) s
SL(2,R)
Then, the || - || norm on H*(M, X, R) is also invariant under the action of SO(2).
Notational warning. If A is an absolute cohomology class, then ||A||, denotes the

Hodge norm of A at x defined in §6. If, however A is a relative cohomology class, then
|Al|z is defined in (40). We hope the meaning will be clear from the context.
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We will use the following crude version of Lemma 6.2 (much more accurate versions
are possible, especially in compact sets, see e.g. [EMR]).

Lemma 7.5. There exists a constant m' > mg > 0 such that for any x € Hy(«), any
A€ HY(M,X,R) and any t > 0,

e ™M e < M lare < €™ JI Al

Proof. We remark that this proof fails if we use the standard Hodge norm on abso-
lute homology. It is enough to prove the statement assuming 0 < ¢t < 1, since the
statement for arbitrary ¢ then follows by iteration. It is also enough to check this for
the case when p(\) = *c,, where + is an element of a short basis.

Let aq,...,a, be the curves with hyperbolic length less than ¢,. For 1 < k < n,
let Bx be the shortest curve with i(ay, Br) = 1, where i(-,-) denotes the geometric
intersection number. Let ., 1 < r < 29 — 2k be moderate length curves on X so
that the o, §; and ~; are a symplectic basis S for H;(X,R). Then S is a short basis
for x = (M, w).

We now claim that for any curve v € §, and any i, j

I
¢

ij

(41) < Oyl

where C'is a universal constant, and (;; is the path connecting the zeroes z; and z;
of w and minimizing the hyperbolic distance. (Of course since %7 is harmonic, only
the homotopy class of (;; matters in the integral on the right hand side of (41)).

It is enough to prove (41) for the oy and the S; (the estimate for other v € S follows
from a compactness argument).

We can find a collar region around a4 as follows: take two annuli {z, : 1 >
|zi| > [tk|"/?} and {wp : 1 > wy > |tx|"/?} and identify the inner boundaries via
the map wy = t;/zx. (This coordinate system is used in e.g. [Fa, Chapter 3], also
[Masl], [Fo], [Wo, §3] and elsewhere). The hyperbolic metric o in the collar region
is approximately |dz|/(|z||1log |z||). Then ¢,,(c) ~ 1/|logti|. By [Fa, Chapter 3] any
holomorphic 1-form w can be written in the collar region as

ar(zx + tr/ 2k, te) &
2 ks

(ao(zk + te/ 2k, ) +

where ag and a; are holomorphic in both variables. (We assume here that the limit
surface on the boundary of Teichmiiller space is fixed). This implies that as ¢, — 0,

W= (% 4 () + O(tk/zg)) dz,

where h is a holomorphic function which remains bounded as ¢, — 0, and the implied
constant is bounded as t; — 0. (Note that when |z;| > [tg|'/2, |ti/22] < 1). Now
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from the condition fak xcg, = 1 we see that on the collar of ay,

Ok;j
(2)z;

(42) oo -+ i 405, = ( T huge) + 0<tj/z§>) oz,

where the hy; are holomorphic and bounded as ¢t; — 0. (We use the notation d;; = 1
if k = j and zero otherwise). Also from the condition |, 5, ¥Cay, = 1 we have

. { Ok;
(43) Cay, +1 *Coy, = “Tgtﬂ (Z_j + Skj(Zj) + O(tj/z,z)) de,
where s;; also remains holomorphic and is bounded as t; — 0.
Then, on the collar of o,
Ojk

*Coy, = Tog tj|dlog |zj|2 + bounded 1-form

and thus,

= 0(1).

[
C..

]

Also, on the collar of «;,
S
*Cg, = 2%:61 arg |z;| + bounded 1-form

and so

— 0(1).

/ *Cﬂk
¢

ij

By Theorem 7.3,
I cal” = O(1)  and || s [|" = ||+ cpll = b, (0)? > 1.

Thus, (41) holds for *cg, and *c,,, and therefore for any v € S. By the definition of
|- 1|, (41) holds for any A € H'(M, ¥, R). For 0 <t <1, let §; denote the harmonic
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representative of p(A) on g;z. Then, for 0 <t < 1,

”)\Hgtx Hp Hgtx >\ et
< ClpI, EEROIRS Sy IRCAS CD)
ij 'YF

sc*|rAu;+Z / (6, — o)
7 'Yij

< C|IA[I; +CZ M) 15,2 + I by (41)
,J

yed Py by (39)

Therefore, there exists m’ such that for 0 < ¢ <1 and any A € H(M, %, R),
IMlgiw < €™ [IA[lo-

This implies the lemma for all ¢. U

In the sequel we will need to have a control of the matrix coefficients of the cocycle.
Let z € Hy(a) and t € R we let A(x,t) = A(x,a;) denote the cocycle. Using the map
p above we may write

(44) Az, t) = ( ] ZEZ?Q )

(Note that the action of the cocycle on kerp is trivial.)

The following is an immediate corollary of Lemma 7.5:

Lemma 7.6. There is some m' € N such that for all x € Hi(a) and all g € SL(2,R)

we have
U (,1)]] < e,
where
(45) U@t =  sup ”Px@') ~ Paa(O)l]

ceH(M,%,R) Ip(o)l7,
Note that since p,(c) — Pa,a(c) € kerp, |[p2(c) — Paz(c)|y s independent of y.
Suppose L C H'(M, 3, R) is a subspace such that p(L) C H'(M,R) is symplectic (in
the sense that the intersection form restricted to p(L) is non-degenerate). Let p(L)*

denote the symplectic complement of p(L) in H*(M,R). Suppose x € H;(«a). For
any ¢ € H'(M, 3, R) we may write

c=h+cd+wv,
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where h is harmonic with p(h) € p(L)*, v € L and ¢’ € ker p. This decomposition is
not unique since for u € LNKker p, we can replace ¢’ by ¢ +u and v by v—u. We denote
the ¢ with smallest possible || - ||, norm by ¢;. Thus, we have the decomposition
(46) c=pzr(c)+ ¢ +v,

where p, 1(c) is the harmonic representative at = of pp(c) = w1 (p(c)), ¢ € kerp,

v € L, and ¢} has minimal norm.

Define v, 1, : H'(M,%,R) — R by

v (€)= max{||c, |z, (2 (e)l5)?} if max{[|c [l lpe(c)],} <1
w 1 otherwise.

We record (without proof) some simple properties of v, .

Lemma 7.7. We have
(a) vy r(c) =0 if an only if c € L.
(b) Forve L, vy (c+v) = v, (v).
(c) Forv' € kerp, v, (c) — |V']lz S ver(c+v") <wvgr(c)+ ||V

In view of Lemma 7.7, for an affine subspace £ = vy + L of H'(M,X,R), we can

define v, ,(c) to be v, 1(c — vp).
Extend v, » to H'(M, %, C) by

Vg r(c1 +ico) = max{v, c(c1), v c(c2)}

For an affine subspace £ C HY(M, %, R), let Lc € HY(M,X,C) denote the complex-
ification C ® L. We use the notation (here we are working in period coordinates)

d'(z,Lc) = Ve r(z —0)

where v is any vector in L¢ (and the choice of v does not matter by Lemma 7.7 (b)).
Note that d'(-, £) is defined only if £ = vy + L where p(L) is symplectic. We think
of d'(x,L) as measuring the distance between = and Lo C HY(M,C). In view of
Lemma 7.5, we have for all ¢ > 0

(47) e (x, L) < d(apx, a, L) < e™d (z, L).

Lemma 7.8. Let the notation be as above. Then, there exists constants Cy > 0,
Lo >0, n5>0,n3 >0, ty >0 and continuous functions k1 : Hi(a) x RT — R™ and
b: Rt — R such that

o k1(x,t) < Coe™ for all v € Hi(a) and all t > 0
o ki(x,t) < e ™ for all x € Hi(a) and t >t} with logu(z) < Lo + njt,
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so that for any affine subspace L C H'(M,X,R) such that for all x = (M,w) € L,
E(z) = span(R(w), I(w)) is contained in the linear part of L, we have

[ db ! (x,t)

4 il
(48) 21 Jo  d(agrez, ayreLc)® — d'(x, Lc)d

+b(t)

Proof. We may assume that

(49) d'(z, Lc) = vy, (v) = max(||v'||., (Ip(v)][;)'?),

where

(50) v =p.(v)+2, p) € p(Le)t, Lis the linear part of £, and v’ € ker p.

Suppose d'(z, L) = v, £(v) > Se7™*. Then we have the crude estimate
d'(agroz, a;rg L) ™0 < d'(agrox, agro L)™' < 2™

and thus (48) holds with b(t) = 2e¢°™*. Hence, we may assume that v, ¢(v) < 2e=3m".
Then,
" ([[p(arov) [fyrge) 7 < €O p(0) 1yrp0) 2 by (22)
< om0 ()2 by (39

/ .
™'y, £ (v) since m’ > mg > 1

VARVAN

(51)

2.
Let us introduce the notation, for u € ker p,

llu|l; = inf{|ju —w]|, : w e LNkerp}.
Then

(52)  d'(arom, amraLe) = max((||p(arev)||h,re) > o0 — Pasrye(@irov) |lasryc)-

But,

|argv — Pasrge(airov) |ayrge =
= llars (v + 92 () = Parrga(@:r9v) |larrec by (50)
= [Jairgv’ + pa(a:m9v) — Payrea (@700 ayrer
> ||aroV ||agror — 1Pz (@irov) — Payrgz(asrgv)|| by the reverse triangle inequality
> ||arov'|laproc — [|U (roz, t)|[[[p(acrov) by (45)
(53)

!
atrox

> ||larov||ayror — eZm,th(atmv)H by Lemma 7.6.
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Therefore,

d (agrex, a;reLlc) =

= max (([p(r00) [frye) % 16700 = Parrye (@1790) acrs ) by (52)
1

> 5 (lar00 = Pacrye (@090l + (Ip(amav) ) ?)
1 /

> = (laerovlasrae = €™ 1p(@r90) [y + (1p(@r00) [fyr,i)?) by (53)

1 o
= 5 (st ooz + (1p(arsn)loyrye) /(1 = e (lp(aerov)lryrye) 7))

1 1
> 5 (oot lome + S(lptasron) o)) by (51)
> 1 !/ 1 1/2 : / >
=z 5 (laerovlamoc + 5 (lIp(arrov)llacros) since || - [|" = [ - |
However, since the action of the cocycle on ker p is trivial, v" € ker p and L is invariant,
laerov'lawec = [|asrav’||.
Then,
I db

— <
2r Jo  d'(awror, asroLc)?

< ! /27r4 i ( L L )d9
— min )
~ 27 Jo larev)[1°” llacrop(v)|[°/2

<t (1/27r dp 1/27r db )d@
min | — T o TIRNIT )
B 21 Jo  lagrev'||®” 21 Jo  |lagrep(v)||9/?

—ka (&)t s 5/2 t
< 4min (6 = min(Co, Ibr(p(v)&)/z ~(z, ))) by Lemma 7.1 and Lemma 7.2
Il Ip(v)][2

Let n, > 0 be a constant to be chosen later. Suppose logu(z) < Lo + njt. By
Theorem 4.3 there exists 6 € [0,27] and 7 < m”logu(x) such that 2’ = a,rpr € K,,.
Then,

",/

7 < m" Lo +m" gt

Then, for any v,
()l < €™ [lp(v)llzr < Coe™ [[p(v)]ler < Coe™ 27 [p(v)],
Therefore, by Lemma 7.2 (b),

K x,t _ m m!! m/'n! _ _ _
W < e M Coe @D mor D Lotm i) (|1 () |1 )70/2 < =AY (|[p(0)[|1) 072,
P\V)||z
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provided (6/2)m/ny < n/2 and t{, is sufficiently large.

Let v be as defined in (49). Note that = + v € L¢, and p(v) is (symplectically)
orthogonal to p(L¢). Let w = a,rpv. Then, since L is invariant, p(w) is sympectically
orthogonal to p(L¢). Therefore, 1,1, (p(w)) = 1. Also, by definition, the subspace
E(2) varies continuously with z’, hence for any y € L¢,

lim s (p(w) = 1.

Since we are assuming that d'(2/, Lc) is small (in fact d'(z, Lc) < Se™™* and 7 < t),
we conclude that 1, (p(w)) is uniformly bounded. Therefore,
wx(p(,u))zS/Z < e6'176(6/2)27- < e(n/4)t

provided 7 is small enough.  Thus, we get, for ¢ > t{ and = € H;(«) so that
logu(z) < Lo + njt,

1 /27r do A (6k2(6)t ef(n/ll)t )
— < 4min ,
2 Jo - d'(airow, ayre L) 15 " (llp()I7)°"

The estimate (48) now follows. O

8. THE SETS Ji m

Fix p > 0 so that Theorem 4.2 and Theorem 4.3 hold. Let K, be as in Theorem 4.2.
and let XK' ={z+v : x € Koo and |[v]|; < 1}. Then, K’ is a compact subset of

Hi(a). We lift K’ to a compact subset of Teichmiiller space , which we also denote
by K.

Definition 8.1 (Complexity). For an affine invariant submanifold M C H;(«a), let
n(M) denote the smallest integer such that M N K’ is contained in a union of at
most n(M) affine subspaces. We call n(M) the “complexity” of M.

Since M is closed and K’ is compact, n(M) is always finite. Clearly n(M) depends
also on the choice of K, but since K is fixed once and for all, we drop this dependence
from the notation.

Lemma 8.2. Let M be an affine manifold, and let M be the lift of M to Teichmiiller
space. Let
Jem(@) ={L : d(L,z) <u(x)™, L is an affine subspace tangent to M }.

Then, there exists k > 0, depending only on o such that for any affine manifold
M C Hl (Od),
| Tk ()] < n(M)

where |Ji m(x)| denotes the cardinality of Jy m(z), and n(M) is as in Definition 8.1.
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Proof. Let
B'(z,r) ={x+h+v : hharmonic, v € ker p, max(||A]}/?, ||v|.) < r}

For every z € H;(«a), there exists r(z) > 0 such that B'(z,r(z)) is embedded (in
the sense that the projection from Teichmiiller space to Moduli space, restricted to
B'(z,r(x)) is injective). Let 1y = inf,ex, 7(x). By compactness of K,, 79 > 0. Then,
choose ky so that

" /

(54) 2mem —ko < Tp.
where m” be as in Theorem 4.3, and m’ is as in (47).

We now claim that for any k > ko and any = € H,(«), B'(x,u(z)~*) is embedded.
Suppose not, then there exist x* € H;(a) and @y, 2o € B'(z,u(z)™*) such that zo =
vz, for some v in the mapping class group. Write

x; =+ h; +v;, h; harmonic, v; € ker p, max (|| ||Y/2, ||vill.) < u(z) ™"

By Theorem 4.3 there exists 0 € [0,27] and 7 < m”logu(zx) such that 2’ = a,rgx €
K,.

Let x; = a;tpz;. Then, by Lemma 7.5 we have

i{27 ||Uz||a:’) < G_m/TU(CL’)_kO < u(x)m'm“—ko < 2mm’—k0 <71y

where for the last estimate we used (54) and the fact that w(z) > 2. Thus, both
x} and 2, belong to B'(2’,ry), which is embedded by construction, contradicting the
fact that o), = ya}. Thus, B'(z,u(x)~*) is embedded.

max (|||

Now suppose L € Jy m(x), so that
d(x, L) <u(x)™"
Write L' = a,19L. Then, by (47),
d'(z', L) < e™Tu(x)™F < u()™ ™ u(z)™F < r,

Hence, £’ intersects B'(2’,7y). Furthermore, since B'(z',70) and B'(x,u(x)*) are
embedded, there is a one-to-one map between subspaces contained in Jjy r¢(z) and
subspaces intersecting B'(z2/, o).

Since 2’ € K,, and 9 < 1, B'(2,ry) C K'. Hence, there are at most n(M) possibili-
ties for £', and hence at most n(M) possibilities for L. O

9. STANDARD RECURRENCE LEMMAS

Lemma 9.1. For every o > 1 there exists a constant ¢y = co(o) > 0 such that the
following holds: Suppose X is a space on which SL(2,R) acts, and suppose f : X —
2, 00] is an SO(2)-invariant function with the following properties:
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(a) There exist o > 1 such that for all0 <t <1 and all z € X,
(55) o~ f(z) < flaw) < o f(2).
(b) There exists T > 0 and b= b(7) > 0 such that for all x € X,
A f(x) < cof(z) + bo.
Then,

(i) For all c <1 there exists ty > 0 (depending on o, and ¢) and b > 0 (depending
only on by, ¢y and o) such that for allt >ty and all z € X,

(Aef)(x) < cf(x) +b
(ii) There exists B > 0 (depending only on cy, by and o) such that for all v € X,
there exits Ty = To(x, co, by, o) such that for all t > T,

(Acf)(z) < B.

For completeness, we include the proof of this lemma. It is essentially taken from
[EMM, §5.3|, specialized to the case G = SL(2,R). The basic observation is the
following standard fact from hyperbolic geometry:

Lemma 9.2. There exist absolute constants 0 < ¢’ < 1 and § > 0 such that for any
t >0, any 7 >0 and any z € H, for at least §'-fraction of ¢ € [0, 27],

(56) t+s—0 <d(argasz,z) <t+s,
where d(-,-) is the hyperbolic distance in H, normalized so that d(as;rgz, z) = t.

Corollary 9.3. Suppose f : X — [1,00] satisfies (55). Then, there exists o' > 1
depending only on o such that for anyt >0, s >0 and any v € X,

(57) (Arpsf)(2) < 0'(AAs f) ().
Outline of proof. Fix x € H;(«). For g € SL(2,R), let f,(g9) = f(gx), and let
27
= / f(grex) do
0

Then, f, : H — [2, oc] is a spherically symmetric function, i.e. f,(g) depends only on
d(g - 0,0) where o is the origin of H.

We have

21
(58) (AAsf)(z 27r/ ! / flarpasrox) do df = / fx AT pAs).

By Lemma 9.2, for at least ¢'-fraction of ¢ € [0, 27], (56) holds. Then, by (55), for at
least ¢'-fraction of ¢ € [0, 27],

fz(atTd)as) 2 Ul_lfx(at+s)



36 ALEX ESKIN, MARYAM MIRZAKHANI, AND AMIR MOHAMMADI

where 01 = 01(0,9) > 1. Plugging in to (58), we get
(A AS) () > (807 ") falars) = (607 ) (A f) (@),

as required. O

Proof of Lemma 9.1. Let co(0) be such that k = coo’ < 1, where o’ is as in Corol-
lary 9.3. Then, for any s € R and for all z,

(Asirf)(x) < 0" As(Af) () by (57)
< d'A(cof(z) + bo) by condition (b)
= k(Asf)(z) + o'by since o'cy = K.

Iterating this we get, for n € N
(Apr f)(z) < K" f(x) + 0'bg + ka'bg + - - + K" Lo'by < K" f(z) + B,

where B = ‘f_ﬂ Since k < 1, K"f(xz) — 0 as n — oo. Therefore both (i) and (ii)

K

follow for ¢ € 7N. The general case of both (i) and (ii) then follows by applying again
condition (a). O

10. CONSTRUCTION OF THE FUNCTION

Note that by Jensen’s inequality, for 0 < e < 1,

(59) A(f) < (AS)"
Also, we will repeatedly use inequality
(60) (a+0) <a+ b

valid for e <1, a >0, b > 0.

Fix an affine invariant submanifold M, and let k be as in Lemma 8.2. For ¢ > 0, let
> Az, L), if Jm(a) £ 0
Sme(x) = ¢ LTk m(2)
0 otherwise.

where 6 > 0 is as in Lemma 7.8.

Proposition 10.1. Suppose M C Hi(«) is an affine manifold and 0 < ¢ < 1. For
e>0and X\ >0, let

fa(e) = spme()u(@)'? + hu(z).
Then, fam is SO(2)-invariant, and f(z) = +oo if and only if v € M. Also, if € is
sufficiently small (depending on «) and X is sufficiently large (depending on «, ¢ and
n(M)), there exists t; > 0 (depending on n(M) and c) such that for all t > t; we
have

(61) Arfm(z) < cfmlz) +0b,
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where b = b(a, n(M)).

The proof of Proposition 10.1 will use Lemma 9.1. Thus, in order to prove Proposi-
tion 10.1, it is enough to show that fu satisfies conditions (a) and (b) of Lemma 9.1.
We start with the following:

Claim 10.2. For € > 0 sufficiently small, and X\ > 0 sufficiently large, fi satisfies

condition (a) of Lemma 9.1, with o = o(k,m, m’).

Proof of Claim 10.2. We will choose € < 1/(2kd). Suppose x € H;(a) and 0 <t < 1.
We consider three sets of subspaces:

A ={Le Jym(x) : aiL € Jpm(arx)},

AQ = {E - Jk,M(.T) : atﬁ Q/ Jk,f\/l(atx)}>

Ay ={LE& Jem(z) : al € Jm(arx)}.
Let
Siz) =Y d(z,L).

LEA;
Then,
Sme(x) = Si(x) + Sa(2) sme(arr) = Si(arx) + Ss(awx).
For £ € Ay, by (47),
e (2, £)™C < d'(agx, a L) < ™ Cd (2, L),
and thus
eS8 (2) < Sy(ayx) < €908 (x)
Then, using (14),
e’m/65’m/251(x)u(:c)1/2 < Sl(ata:)u(at:c)l/Q < eml€5+m/251(:v)u(x)l/2.
Suppose £ € Ay U Ag. Then, by (14) and (47),
d(z,L) > Cu(z)™",

where C' = O(1) (depending only on k, m and m’), and thus, for i = 2,3, and using
Lemma 8.2,

Si(apr) < Cn(M)u(z)™F and  Si(z) < Cn(M)u(aux) <, 1=2,3
Now choose € > 0 so that ked < 1/2 and A > 0 so that A > 10Ce™n(M). Then,
Si(awr)u(ax)’? < (0.0 u(z) and  Si(z)u(z)Y? < (0.1) u(a.x), i=2,3
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Then,
Fular) = Si(agw)u(a)? 4 Ss(aw)u(a,x)? + Mu(a,r)
< emerm28) (p)u(x)? + (0.1)Au(z) + e Au(x) by (14) and (47)
(em™eOtm/2 L (0.1) 4+ ™) (Sy (z)u(x)? + Au(z))
< (€™M 4 (0.0) + €M) fua(x

IN

~—  ——

In the same way,
() = Si(@)u(@)? + Sy()u(z)? + \u(z)
< et (aur)u(ax)V? + (0.1)Mu(az) + e™Mu(a,z) by (14) and (47)
< (e FM2 L (0.1) + ™) (S (a)u(ax)? + Au(aur))
< (€M 4 (0.1) 4 €™) fa(ag).
0

We now begin the verification of condition (b) of Lemma 9.1. The first step is the
following;:

Claim 10.3. Suppose € is sufficiently small (depending on k, §). Then there exist
ts >0 and b > 0 such that for all x € Hi(a) and all t > to,

(62) At(SM,eul/Q)(x) < K1 (ZE, t)661/2SM’6(1‘)U<I)1/2 + K1 (.T, t>61~)1/25/\4,6<x)+
+ bs(t)n(M)u(x),
where ¢ = e and ky(x,t) is as in Lemma 7.8.
Proof of Claim 10.3. In this proof, the b;(¢) denote constants depending on ¢. Choose
e > 0 so that 2ked < 1. Suppose ¢t > 0 is fixed. Let J'(x) C Jym(z) be the subset
J(z)={L : amrel € Jym(arrez) for all 0 < 6 < 27}
Suppose L C J'(z). For 0 <7 <t and 0 <60 < 2, let

&(aTT@x) = d/(CLTTQE, CLTTQ‘%‘)ié.

Then,
AE) () < (Al)*(2) by (59)
< (Ko, t)le(z) 4 b(t))* by Lemma 7.8
(63) < ky(z, 1)U (2)* + b(t)* by (60)
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We have, at the point z,
Ay(L5u’?) < (ALE)YV2(Apu)'? by Cauchy-Schwartz

< [(ma(, 0 Le(@)* + ba(tyu()] 2 (Eu(z) + )2 by (63) and (15)

< [ ) o) + i (8)Pule) 2 (@ Pu(@) 2 +012) by (60)

= ky(z, ) Lo (x) (e Pu(z)V? 4+ b/?)

4 by ()2 2u(x) + by (1) 20" () V2
< ke (2, )l () (@ 2u(x) V2 + bV +
+ by ()Y2(E? + b u(x) since u(x) > 1

(64)

= iy (0, 1) 20 () u()? + Ry (2, 1) D200 ()4

+ by (t)u(x).
For 0 <7 <tand 0 <0 <2m, let
h(a,rgz) = Z d'(a;r9L, ayrer) ™ Z le(arror)S
LeJ'(z) LeJ (z)

Then, h(a,m9x) < Spme(arrpx). Summing (64) over £ € J'(z) and using Lemma 8.2
we get

(65) A (hu'/?)(z) < ky(x, )¢ 2h(x)u(x)Y? + k(2 )Y *h(z) + by(t)n(M)u(x)

We now need to estimate the contribution of subspaces not in J'(z). Suppose 0 <
0 < 2w, and suppose

arol € Jppm(arrex), but L & J(x).

Then, either £ & Jx m(z) or for some 0 < ¢ < 27, ayrg L & Jim(argx). Then in
either case, for some 7/ € {0,t} and some 0 < 0" < 27, aprg L & Jp m(arrgx). Hence

d'(aprgr, aprgL) > u(aprgs) ™"
Then, by (47) and (14),
d'(x, L) > bo(7") tu(z) ™ > bo(t) tu(z)F
and thus, for all § € [0, 2], by (14) and (47),
d'(ayrex, aroL) > bo(t) 2u(z) .

Hence, using (14) again,

(66) d'(ayroz, ayre L)~ Cu(amrez)? < by (t)u(x) 2 < by (t)u(z),
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where for the last estimate we used ked < 1/2. Thus, for all 0 < 6 < 27,

SM7€<CLtT9$)U(CLtT9$)1/2 < h(atr,gx)u(at?“@:v)1/2 + |J(a,rez)|by (t)u(z) using (66)

< h(agrox)u(amror)? + by (H)n(M)u(z) using Lemma 8.2.
Hence,
Ay(speu'?) (@) < Ad(hut?) () + by (H)n(M)u(z)
< ky(z, )2 h(x)u(z)Y? + ky(z,t)DY2h(x) + bs(t)n(M)u(z) using (65)
< kiy (2, 1) 25 pqe () u() Y2 4 Ky (2, £) DY 25 01 () + bs(t)n(M)u(z) since h < spqc
U

Proof of Proposition 10.1. Let ¢ be as in Claim 10.2, and let ¢y = co(o) be as in
Lemma 9.1. Let Lo, 1), n3, m’, § be as in Lemma 7.8. Suppose € > 0 is small enough
so that

1
(67) em'd < §f],
where 7) is as in Theorem 4.1. We also assume that ¢ > 0 is small enough so that
1
(68) em'd < 5 min(ns, 7;)

where 73 is in Lemma 7.8. Choose ty > 0 so that Theorem 4.1 holds for ¢ > t,, and
so that e™™0 < (0.1)co. Since k) (z,t) < €™ we can also, in view of (67) make sure
that for ¢t > t,

(69) ky (2, 1) ™2 < (0.1)cg

Let t5 > 0 be such that Claim 10.3 holds. By (68), there exists t3 > 0 so that for
t >3,

(70) Ky (, 1) DY < e™OUpL/2 < (0.1) et/
By Lemma 7.8 there exists 7 > max(to, ta, t3) such that for all x with logu(z) <
Lo +my,
ke (z, 7)Y < (0.1)¢y < (0.1)cqu(z) 2.
If logu(z) > Lo + njy7, then u(x)/? > /27 and therefore, since 7 > t3, by (70),
ko (2, 7)DY2 < e™OTHY2 < (0.1)coe™™/? < (0.1)cou(z) 2.
Thus, for all z € H;(a),
(71) Ky (z, 7)DY% < (0.1)cou(x) 2.
Thus, substituting (69) and (71) into (62), we get, for all x € H;(«),
(72) Ar(speu?) () < (0.2)co saq.e(@)u(z)? 4 by(T)n(M)u(z).
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Choose
A > 10b3(7)n(M)/co.

Then, in view of (72), we have

(73) Ar(speu?) () < (0.2)co sppe()u’? + (0.1)co u(x).

Finally, since ¢ < (0.1)cg, we have

A (@) = Ar(saecu)(z) + A () (o)
< 1(0.2)cosape(@)u’? + (0.1)codu(z)] + (0.1)coAu(z) + Ab by (73) and (15)
< (0.2)cofm(z) + b where by = \b.

Thus, condition (b) of Lemma 9.1 holds for f. In view of Lemma 9.1 this completes
the proof of Proposition 10.1. U

11. COUNTABILITY

The following lemma is standard:

Lemma 11.1. Suppose SL(2,R) acts on a space X, and suppose there exists a proper
function f : X — [1,00] such that for all ¢ < 1 there exists ty > 0 and b > 0 such
that for allt >ty and all x € X,

Af(z) <cf(x) +0,
and also for some o > 1 all0 <t <1 andallx € X,
o f(z) < flaw) < of ().

Suppose  is an ergodic SL(2,R)-invariant measure on X, such that p({f < co}) > 0.
Then,

(74) / fdu < B,
X
where B depends only on b, ¢ and o.

Proof. For n € N, let f,, = min(f,n). By the Moore ergodicity theorem, the action
of A={a; : t € R} on X is ergodic. Then, by the Birkhoff ergodic theorem, there
exists a point oy € X such that for almost all € [0,27] and all n € N,

A
(75) lim —/ folagrgxe) dt = | fndv
0 X

Therefore for each n there exists a subset E,, C [0,27] such that the convergence in
(75) is uniform over § € FE,,. Then there exists T,, > 0 such that for all T' > T,,,

1 [T 1
(76) = / Folagromo) dt > = / f,dv for 0 € E,,.
T/, 2 /s
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We integrate (76) over 6 € [0,27]. Then for all " > T,,,

1 T 2w 1
(77) T/o </0 fulagrexg) d@) dt > Z/an dv

But, by Lemma 9.1 (ii), for sufficiently large T', the integral in parenthesis on the left
hand side of (77) is bounded above by B’ = B’(¢, b, o). Therefore, for all n,

/fngw'
X

Taking the limit as n — oo we get that f € L*(X, u) and (74) holds. O

Proof of Proposition 2.16. Let X4(«) denote the set of affine manifolds of dimension
d. It enough to show that each Xy(«) is countable.

For an affine subspace £ C H'(M,X,R) whose linear part is L, let H; : p(L) —
ker p/(L N ker p) denote the linear map such that for v € p(L), v+ H(v) € L. For
an affine manifold M, let

H(M) = sup |[[Hm,|x

reMNK’
where we use the notation M, for the affine subspace tangent to M at x.

For an integer R > 0, let
Xapr(a) ={M e X4(a) : n(M) < R and H(M) < R}.
Since Xq(o) = Up-; Xa,r(c), it is enough to show that each Xy r(c) is finite.

Let K’ be as in the definition Definition 8.1 of n(-) and let Lg(K’) denote the set
of (unordered) < R-tuples of d dimensional affine subspaces intersecting K’. Then
Lr(K') is compact, and we have the map ¢ : Xy g — Lr(K’) which takes the affine
manifold M to the (minimal) set of affine subspaces containing M N K.

Suppose M; € X, gr(a) is an infinite sequence, with M; # My, for j # k. Then,
M;NK" # MnNK' for j #k (If M;N K" = M;N K’ then by the ergodicity of
the SL(2,R) action, M; = My).

Since Lr(K") is compact, after passing to a subsequence, we may assume that ¢(M;)
converges. Therefore,

(78) hd(M;NK' M;;1NK') -0 asj— oo,

where hd(-,-) denotes the Hausdorff distance. Then, because of (78) and the bound
on HM), for all x € M1 N K, d'(z, M;) — 0. Therefore, there exists a sequence
T; — oo such that we have

(79) iy () > Ty forall z € M; N K’



ISOLATION, EQUIDISTRIBUTION AND ORBIT CLOSURES 43

Let p; be the affine SL(2,R)-invariant probability measure whose support is M;.
Then, by Proposition 10.1 and Lemma 11.1, we have for all j,

/ fMj+1 d:uj < B,
Hi()

where B is independent of j. But, since p;(M,;NK") > p > 1/2, this is a contradiction
to (79). Therefore, X4 gr(c) is finite. O
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