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BUNDLE OF A HYPERBOLIC 3-MANIFOLD

AMIR MOHAMMADI AND HEE OH

ABSTRACT. We present a quantitative isolation property of the lifts of
properly immersed geodesic planes in the frame bundle of a geometri-
cally finite hyperbolic 3-manifold. Our estimates are polynomials in the
tight areas and Bowen-Margulis-Sullivan densities of geodesic planes,
with degree given by the modified critical exponents.
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Let H? denote the hyperbolic 3-space, and let G := PSL2(C), which can be
identified with the group Isom™ (H?) of all orientation preserving isometries
of H3. Any complete orientable hyperbolic 3-manifold can be presented as
a quotient M = I'\H? where I is a torsion-free discrete subgroup of G. An
oriented geodesic plane in M is the image of a totally geodesic immersion
of the hyperbolic plane H? C H? equipped with an orientation under the
quotient map H? — T'\H3. In this paper, all geodesic planes are assumed to
be oriented. Set X := I'\G. Via the identification of X with the oriented
frame bundle FM, a geodesic plane in M arises as the image of a unique
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PSLy(R)-orbit under the base point projection map
m: X ~FM — M.

Moreover a properly immersed geodesic plane in M corresponds to a closed
PSLy(R)-orbit in X.

Setting H := PSLy(R), the main goal of this paper is to obtain a quan-
titative isolation result for closed H-orbits in X when I' is a geometrically
finite group. Fix a left invariant Riemannian metric on GG, which projects to
the hyperbolic metric on H3. This induces the distance d on X so that the
canonical projection G — X is a local isometry. We use this Riemannian
structure on G to define the volume of a closed H-orbit in X. For a closed
subset S C X and € > 0, B(S,¢) denotes the e-neighborhood of S.

The case when M is compact. We first state the result for compact
hyperbolic 3-manifolds. In this case, Ratner [24] and Shah [28] indepen-
dently showed that every H-orbit is either compact or dense in X. More-
over, there are only countably many compact H-orbits in X. Mozes and
Shah [22] proved that an infinite sequence of compact H-orbits becomes
equidistributed in X. Our questions concern the following quantitative iso-
lation property: for given compact H-orbits Y and Z in X,

(1) How close can Y approach Z?
(2) Given € > 0, what portion of Y enters into the e-neighborhood of
YA
It turns out that volumes of compact orbits are the only complexity which
measures their quantitative isolation property. The following theorem was
proved by Margulis in an unpublished note:

Theorem 1.1 (Margulis). Let I' be a cocompact lattice in G. For every
1/3 < s < 1, the following hold for any compact H-orbits Y # Z in X :
(1)
d(Y,Z) > a7¥* - Vol(Y)"Y* Vol(Z)~V/*
where ag = (A=) (1=9),

1-s
(2) Forall0<e <1,

my (Y N B(Z,¢)) < at-&*-Vol(Z)
where my denotes the H-invariant probability measure on Y .

In both statements, the implied constants depend only on the injectivity ra-
dius of T\G (see (11.9) and (11.10) for more details).

Remark 1.2. (1) By recent works ([17], [2]), there may be infinitely
many compact H-orbits only when I' is an arithmetic lattice.

(2) Theorem 1.1 for some exponent s is proved in [10, Lemma 10.3]. The
proof in [10] is based on the effective ergodic theorem which relies on
the arithmeticity of I' via uniform spectral gap on compact H-orbits;
the exponent s obtained in their approach however is much smaller
than 1.
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(3) Margulis’ proof does not rely on the arithmeticity of I' and is based
on the construction of a certain function on Y which measures the
distance d(y, Z) for y € Y (cf. (1.13)). A similar function appeared
first in the work of Eskin, Mozes and Margulis in the study of a
quantitative version of the Oppenheim conjecture [12], and later in
several other works (e.g., [11], [4], and [13]).

General geometrically finite case. We now consider a general hyperbolic
3-manifold M = T'\H3. Denote by A C OH? the limit set of I and by core M
the convex core of M, i.e.,

core M =T\ hullA C M

where hull A C H? denotes the convex hull of A. In the rest of the introduc-
tion, we assume that M is geometrically finite, that is, the unit neighborhood
of core M has finite volume.

Let Y € X be a closed H-orbit and Sy = Ay\H2 be the associated
hyperbolic surface, where Ay < H is the stabilizer in H of a point in Y.
We assume that Y is non-elementary, that is, Ay is not virtually cyclic;
otherwise, we cannot expect an isolation phenomenon for Y, as there is a
continuous family of parallel elementary closed H-orbits in general when M
is of infinite volume. It is known that Sy is always geometrically finite [23,
Thm. 4.7].

Let 0 < §(Y) <1 denote the critical exponent of Sy, i.e., the abscissa of
the convergence of the series Zve Ay e~3407(9) for some o € H2. We define
the following modified critical exponent of Y

{6(Y) if Sy has no cusp
y =

1.3
(1.3) 26(Y) —1 otherwise;

note that 0 < 0y < 46(Y) <1, and dy = 1 if and only if Sy has finite area.

In generalizing Theorem 1.1(1), we first observe that the distance d(Y, Z)
between two closed H-orbits Y, Z may be zero, e.g., if they both have cusps
going into the same cuspidal end of X. To remedy this issue, we use the
thick-thin decomposition of core M. For p € M, we denote by injp the
injectivity radius at p. For all € > 0, the e-thick part

(1.4) (core M), := {p € core M :injp > €}

is compact, and for all sufficiently small € > 0, the e-thin part given by
core M — (core M), is contained in finitely many disjoint cuspidal ends, i.e.,
images of horoballs in T\H3. Let Xy C X denote the renormalized frame
bundle RFM (see (2.1)). Using the fact that the projection of X is con-
tained in core M under 7, we define the e-thick part of X, as follows:

X, :={z € Xo:7(x) € (core M).}.

The following theorem extends Theorem 1.1 to all geometrically finite
hyperbolic manifolds:
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FIGURE 1. S NN (core M)

Theorem 1.5. Let M be a geometrically finite hyperbolic 3-manifold. Let
Y # Z be non-elementary closed H-orbits in X, and denote by my the
probability Bowen-Margulis-Sullivan measure on 'Y . For every (%Y < s <y

the following hold.
(1) For all0 < e < 1, we have

1/s
—*/s Vy,e
(1.6) dY N X.,2) > oy ( e Z)

where
e vy, = mingeynx. my(By(y,€)) where By(y,¢e) is the e-ball
around y in the induced metric on'Y .
e area; Z denotes the tight area of Sz relative to M.

1/(6y —s)
¢ oo (52)
(2) Forall0 <e <k 1,
my (Y NB(Z,¢)) < ay, e -area; Z.

where sy is the shadow constant of Y.

In both statements, the implied constants and x depend only on T.

Remark.

(1) We give a proof of a more general version of Theorem 1.5(1) where
Z is allowed to be equal to Y (see Corollary 10.5 for a precise state-
ment).

(2) When X has finite volume, we have dy = 1 and my is H-invariant
so that vy, < €3 Vol(Y)~!. Moreover, the tight area area; Z and
the shadow constant sy are simply the usual area of Sz and a fixed
constant (in fact, 2) respectively. Therefore Theorem 1.5 recovers
Theorem 1.1. Moreover, the exponent x depends only on G as well;
this follows since the proofs of Theorem 9.18 and theorems in Section
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10, of which Theorem 1.5 is a special case, show that x depends only
on sy, py and dy, which are all absolute constants in the finite
volume case.

We now give definitions of the tight area area; Z and the shadow constant
sy for a general geometrically finite case; these are new geometric invariants
introduced in this paper.

Definition 1.7 (Tight area of S). For a properly immersed geodesic plane
S of M, the tight-area of S relative to M is given by

area,(S) := area(S NN (core M))

where N (core M) = {p € M : d(p,q) < inj(q) for some g € core M} is the
tight neighborhood of core M.

We show that area;(S) is finite in Theorem 3.3, by proving that S N
N (core M) is contained in the union of a bounded neighborhood of core(S)
and finitely many cusp-like regions (see Fig.1). We remark that the area of
the intersection S N B(core M, 1) is not finite in general.

Definition 1.8 (Shadow constant of Y'). For a closed H-orbit Y in X, let
Ay C OH? denote the limit set of Ay, {v, : p € H?} the Patterson-Sullivan
density for Ay, and B,(&, ¢) the e-neighborhood of ¢ € OH? with respect to
the Gromov metric at p. The shadow constant of Y is defined as follows:

Vp(Bp(§7€))1/5Y
173y

(1.9) sy = sup
cehy peleAv]0<e</2 € - Vp(Bp(€, 1/2))

where [, Ay] is the union of all geodesics connecting & to a point in Ay-.
We show that sy < oo in Theorem 4.8.

Remark 1.10. If Y is convex cocompact, then for all 0 < ¢ < 1, vy, =<

el2% with the implied constant depending on Y. When Y has a cusp,
log vy,e

Sullivan’s shadow lemma (cf. Proposition 4.11) implies that lim._o Tog e

does not exist.

A hyperbolic 3-manifold M is called conver cocompact acylindrical if
core M is a compact manifold with no essential discs or cylinders which
are not boundary parallel. For such a manifold, there exists a uniform pos-
itive lower bound for §(Y) = dy for all non-elementary closed H-orbits Y
[20]; therefore the dependence of dy can be removed in Theorem 1.5 if one
is content with taking some s which works uniformly for all such orbits.

Examples of X with infinitely many closed H-orbits are provided by the
following theorem which can be deduced from ([20], [21], [3]):

Theorem 1.11. Let My be an arithmetic hyperbolic 3-manifold with a prop-
erly immersed geodesic plane. Any geometrically finite acylindrical hyper-
bolic 3-manifold M which covers My contains infinitely many non-elementary
properly immersed geodesic planes.
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FIGURE 2. Iz(y)

It is easy to construct examples of M satisfying the hypothesis of this
theorem. For instance, if My is an arithmetic hyperbolic 3-manifold with
a properly embedded compact geodesic plane P, My is covered by a geo-
metrically finite acylindrical manifold M whose convex core has boundary
isometric to P.

Finally, we mention the following application of Theorem 1.5 in view of
recent interests in related counting problems [8].

Corollary 1.12. Let Vol(M) < oo, and let N(T) denote the number of
properly immersed totally geodesic planes P in M of area at most T. Then
for any 1/2 < s < 1, we have

N(T) <, TO/D=1 for all T > 1;

see Corollary 10.7 for a detailed information on the dependence of the im-
plied constant.

We remark that when Vol(M) < oo, the heuristics suggest s = dim G/H =
3 in Theorem 1.5 and hence N (T) < T in Corollary 1.12. Indeed, when
I' = PSLy(Z]i]), the asymptotic N (T') ~ ¢- T, as suggested in [26], has been
obtained by Jung [14] based on subtle number theoretic arguments. We
refer to Remark 10.11 for an analogous statement to Corollary 1.12 for a
general geometrically finite manifold.

Discussion on proofs. We discuss some of the main ingredients of the
proof of Theorem 1.5. First consider the case when X = I'\G is compact
(the account below deviates slightly from Margulis’ original argument). Let
ex be the minimum injectivity radius of points in X. The Lie algebra of G
decomposes as slz(R) @ islo(R). Hence, for each y € Y, the set

Iz(y) ={veishh(R):0 < |v|| <ex, yexp(v) € Z}



7

keeps track of all points of Z N B(y,ex) in the direction transversal to H
(see Fig. 2).

Therefore, the following function fs:Y — [2,00) (0 < s < 1) encodes the
information on the distance d(y, Z):

dvery VN7 i I7(y) # 0 '

s :
Ex otherwise

(1.13) fs(y) = {

A function of this type is referred to as a Margulis function in the literature.
The proof of Theorem 1.1 is based on the following fact: the average of
fs is controlled by the volume of Z, i.e.,

(1.14) my (fs) Ks Vol(Z).

We prove the estimate in (1.14) using the following super-harmonicity
type inequality: for any 1/3 < s < 1, there exist t =t; > 0 and b = bs > 1
such that for all y € Y,

(1.15) Acfs(y) < %fs(y) + b Vol(Z)

where (Afs)(y) = fol fs(yuray)dr, up, = (19), and a; = (et0/2 67‘1/2>.

The proof of (1.15) is based on the inequality (11.1), which is essentially
a lemma in linear algebra. We refer to the Appendix (section 11), where a
more or less complete proof of Theorem 1.1 is given.

For a general geometrically finite hyperbolic manifold, many changes are
required, and several technical difficulties arise. In general, there is no posi-
tive lower bound for the injectivity radius on X, and the shadow constant of
Y appears in the linear algebra lemma (Lemma 5.6). These facts force us to
incorporate the height of y as well as the shadow constant of Y in the defini-
tion of the Margulis function (see Def. 9.1). The correct substitutes for the
volume measures on Y and Z turn out to be the Bowen-Margulis-Sullivan
probability measure my and the tight area of Z respectively.

It is more common in the existing literature on the subject to define the
operator A; using averages over large spheres in H?. Our operator A; however
is defined using averages over expanding horocyclic pieces; this choice is more
amenable to the change of variables and iteration arguments for Patterson-
Sullivan measures. Indeed, for a locally bounded Borel function f on Y N Xy
and for any y € Y N Xj,

1 1
(Acf)(y) = M/_lf(yurat)dﬂy(r)

where p, is the Patterson-Sullivan measure on yU (see (4.2))

When X is compact and hence my is H-invariant, (1.14) follows by simply
integrating (1.15) with respect to my. In general, we resort to Lemma 7.3
the proof of which is based on an iterated version of (1.15) for Aps,, n € N,
for some t3 > 0 as well as on the fact that the Bowen-Margulis-Sullivan
measure my is a;,-ergodic.
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In fact, the main technical result of this paper can be summarized as
follows:

Proposition 1.16. Let " be a geometrically finite subgroup of G. LetY # Z
be non-elementary closed H-orbits in X = T'\G, and set Yy :=Y N Xy. For
any %Y < s < dy, there exist ts > 0 and a locally bounded Borel function
Fs : Yy — (0,00) with the following properties:
(1) For ally € Yy,
dy, Z)™° < sy Fi(y).
(2) Forallye Yy andn > 1,

1
(AntSFs) (y) < 27F8(y) + O[*l(/,s a‘reat(SZ)‘

(3) There exists 1 < o < s, such that for all y € Yo and for all h € H
with ||| > 2 and yh € Yy,

UﬁlFS(y) < Fs(yh) < oF(y).

Finally we mention that the reason that we can take the exponent s
arbitrarily close to dy lies in the two ingredients of our proof: firstly, the
linear algebra lemma (Lemma 5.6) is obtained for all dy /3 < s < dy and
secondly, for any y € Y N Xy, we can find |r| < 1 so that yu, € Xy and
the height of yu, can be lowered to be O(1) by the geodesic flow of time
comparable to the logarithmic height of y; see Lemma 8.4 for the precise
statement.

Organization. We end this introduction with an outline of the paper. In
§2, we fix some notation and conventions to be used throughout the paper.
In §3, we show the finiteness of the tight area of a properly immersed geodesic
plane. In §4, we show the finiteness of the shadow constant of a closed H-
orbit. In §5, we prove a lemma from linear algebra; this lemma is a key
ingredient to prove a local version of our main inequality. §6 is devoted to
the study of the height function in Xg. In §7, the definition of the Markov
operator and a basic property of this operator are discussed. In §8, we prove
the return lemma, and use it to obtain a uniform control on the number of
sheets of Z in a neighborhood of y. In §9, we construct the desired Margulis
function and prove the main inequalities. In §10, we give a proof of Theorem
1.5. In the Appendix (§11), we provide a proof of Theorem 1.1.

Acknowledgement. A.M. would like to thank the Institute for Advanced
Study for its hospitality during the fall of 2019 where part this project was
carried out. We would like to thank the referee for a careful reading of our
paper and for making many useful comments.

2. NOTATION AND PRELIMINARIES

In this section, we review some definitions and introduce notation which
will be used throughout the paper.
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We set G = PSLy(C) ~ Isom™ (H?), and H = PSLy(R). We fix H?> c H?
with an orientation so that {g € G : g(H?) = H?} = H. Let A denote the
following one-parameter subgroup of G:

t/2 0
A= {at— (60 e—t/2> :teR}.

Set Ky = PSU(2) and My the centralizer of A in Ky. We fix a point
o € H? C H? and a unit tangent vector v, € T,(H?) so that their stabilizer
subgroups are Ky and My respectively. The isometric action of G on H3
induces identifications G/Ko = H?, G/My = T'H?, and G = FH? where
T!H?® and FH? denote, respectively, the unit tangent bundle and the ori-
ented frame bundle over H3. Note also that H N Ky = PSO(2) and that
H (o) = H2.

The right translation action of A on G induces the geodesic/frame flow
on T'H3 and FH?, respectively. Let v} € OH® denote the forward and
backward end points of the geodesic given by v,. For g € G, we define

gF = g(v¥) € OHB.
Let I' < G be a discrete torsion-free subgroup. We set
M:=T\H® and X:=T\G~FM.

We denote by m : X — M the base point projection map. Denote by
A = A(T') the limit set of I'. The convex core of M is given by core M =
I\ hull(A). Let X denote the renormalized frame bundle RFM, i.e.,

(2.1) Xo=A{[g] € X : gt e A},

that is, X is the union of all the A-orbits whose projections to M stay
inside core M. We remark that Xy does not surject onto core M in general.

In the whole paper, we assume that I' is geometrically finite, that is,
the unit neighborhood of core M has finite volume. This is equivalent to
the condition that A is the union of the radial limit points and bounded
parabolic limit points: A = AypqqJAsp (cf. [5], [18]). A point £ € A is
called radial if the projection of a geodesic ray toward to £ accumulates on
M = T'\H3, parabolic if it is fixed by a parabolic element of T', and bounded
parabolic if it is parabolic and Stabr (&) acts co-compactly on A — {{}. In
particular, for I' geometrically finite, the set of parabolic limit points A, is
equal to Ay,. For § € Ay, the rank of the free abelian subgroup Stabr(§) is
referred to as the rank of &.

A geometrically finite group I' is called convex cocompact if core M is
compact, or equivalently, if A = A,qq.

We denote by N the expanding horospherical subgroup of G for the action

of A:
N:{usz<1 0>:8€(C}.
s 1
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For £ € A, a horoball 65 C G based at £ is of the form
(2.2) he(T) = gNA(_oo,—1) Ko for some T > 1

where g € G is such that g~ = and A(_ 1) = {a; : —o0 <t < —T}. Its
image 65(0) in H3 is called a horoball in H? based at £. By a horoball b in

X and in M, we mean their respective images of horoballs 65 and 65(0) in
X and M under the corresponding projection maps.

Thick-thin decomposition of Xj. We fix a Riemannian metric d on G
which induces the hyperbolic metric on H?. By abuse of notation, we use d
to denote the distance function on X induced by d, as well as on M. For
a subset S C & and £ > 0, Ba(S,¢) denotes the set {z € & : d(x,5) < e}.
When & is a subgroup of G and S = {e}, we simply write Bg(c) instead of
Ba(S,¢). When there is no room for confusion for the ambient space #, we
omit the subscript #.

For p € M, we denote by inj p the injectivity radius at p € M, that is: the
supremum 7 > 0 such that the projection map H? — M = I'\H? is injective
on the ball Bys(p,r) where p € H? is such that p = [p] = pI. For S ¢ M
and € > 0, we call the subsets {p € S : inj(p) > ¢} and {p € S : inj(p) < ¢}
the e-thick part and the e-thin part of S respectively.

As M is geometrically finite, core M is contained in a union of its e-thick
part (core M), and finitely many disjoint horoballs for all small ¢ > 0 (cf.
[18]). If p = gusa_0 is contained in a horoball he = gNA(_ _77(0), then
inj(p) < e ! for all ¢t > T, this is a standard fact see, e.g., [15, Prop. 5.1].

Let eps > 0 be the supremum of € with respect to which such a decom-
position of core M holds. We call the e)/-thick part of core M the compact
core of M, and denote by Mcpg.

For z = [g] € X, we denote by inj(x) the injectivity radius of mw(x) € M.
For € > 0, we set

X, = {x € Xo : inj(z) > }.
We set ex = eps/2; note that Xy — X,

cx 1s either empty or is contained
in a union of horoballs in X.

Convention. By an absolute constant, we mean a constant which depends
at most on G and I"'.  We will use the notation A < B when the ratio
between the two lies in [C~1,C] for some absolute constant C' > 1. We
write A < B* (resp. A < B*, A < xB) to mean that A < CB¥ (resp.
C'BlE < A<CB:, A<C- B) for some absolute constants C' > 0 and
L > 0.

3. TIGHT AREA OF A PROPERLY IMMERSED GEODESIC PLANE

In this section, we show that the tight area of a properly immersed geo-
desic plane of M is finite.
For a closed subset Q C M, we define the tight neighborhood of QQ by

N(Q) :={p e M :d(p,q) <inj(q) for some q € Q}.
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FiGURE 3. Chimney

We are mainly interested in the tight neighborhood of core M. If M is
convex cocompact, N'(core M) is compact. In order to describe the shape of
N (core M) in the presence of cusps, fix a set &1, -+ , & of I-representatives
of Ap, cf. [18]. Then core M is contained in the union of M and a disjoint
union |J g, of horoballs based at &;s.

Consider the upper half-space model H? = {(x1,2z2,y) : y > 0} = R? x
R0, and let oo € A;,. Let p: H? — M denote the canonical projection map.
As oo is a bounded parabolic fixed point, there exists a bounded rectangle,
say, I C R? and r > 0 (depending on oo) such that

(1) p(I x {y > r}) D N(hoo Ncore M) and
(2) p(I x {r}) C B(Mepy, R)
where R depends only on M. We call this set €, := I x {y > r} a chimney

for oo (cf. Figure 3).
Note that increasing R if necessary, we have

(3.1) N (core M) C B(Mqpt, R) U < U p(QﬁgJ)
1<i<t

where €, is a chimney for &;.

Definition 3.2. For a properly immersed geodesic plane S of M, we define
the tight-area of S relative to M as follows:

area;(S) := area(S NN (core M)).

Theorem 3.3. For a properly immersed non-elementary geodesic plane S
of M, we have

1 < area;(S) < oo

where the implied multiplicative constant depends only on M.

Proof. Since no horoball can contain a complete geodesic, it follows that S
intersects the compact core Mcp;. Therefore,

area; S > 4 sinh?(ex /2),
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as S N Mcpy contains a hyperbolic disk of radius ex (see Section 2). This
implies the lower bound.

We now turn to the proof of the upper bound. We use the notation in
(3.1). Fix a geodesic plane P C H3 which covers S and let A = Stabr(P).
Fix a Dirichlet domain D in P for the action of A. As A\P is geometrically
finite, the Dirichlet domain is a finite sided polygon; hence, D N hull(A)
has finite area, and the set D — hull(A) is a disjoint union of finitely many
flares, where a flare is a region bounded by three geodesics as shown in
Figure 4. Fixing a flare F' C D — hull(A), it suffices to show that {x €
F : p(x) € N(core M)} has finite area. As S is properly immersed, the set
{x € F:d(p(x), Mcpt) < R} is bounded. Therefore, fixing a chimney €, as
above, it suffices to show that the set {x € F': p(x) € &} = FNI'¢, has
finite area.

Without loss of generality, we may assume §; = co. We will denote by
OF the intersection of the closure of F' and OP, and let F. C F denote the
e-neighborhood of OF in the Euclidean metric in the unit disc model of P
(cf. Figure 4).

Fix g9 > 0 so that

(3.4) F.on{z € D :d(p(x), Mcpt) < R} = 0;

such ¢ exists, as S is a proper immersion. Writing €, = I x {y > r} as
above, let Hy, :=R? x {y > 7}, and set I, := Stabp(00).
We claim that

(3.5) #{vHoo : Fryjo N 7€ # 0} < 0.

Suppose not. Since I'H is closed in the space of all horoballs in H?, there
exists a sequence of distinct v;(c0) € T'(c0) such that F, |, N 7€ # 0 and
the size of the horoballs v; Hs goes to 0 in the Euclidean metric in the ball
model of H3. Note that if oo has rank 2, then T'no(I x {r}) = R? x {r}
and that if oo has rank 1, then I'oo(I X {r}) contains a region between
two parallel horocycles in R? x {r}. Since P N 7;€ # 0, it follows that
PNv;(Too(I x{r})) # 0. Moreover, if i is large enough so that the Euclidean
size of v;Hy is smaller than £o/2, the condition F /5 N7;Cs # 0 implies
that F., N7 (Coo(I x {r})) # 0. This yields a contradiction to (3.4) since
p(I x {r}) is contained in the R-neighborhood of My, proving the claim.
By Claim 3.5, it is now enough to show that, fixing a horoball yH., the
intersection F;, N YI's€s has finite area. Suppose that F;j, N Y€ is
unbounded in P; otherwise the claim is clear. Without loss of generality,
we may assume y = e, by replacing P by v !'P if necessary. If oo ¢ 0P,
then F., N I'xw€s, being contained in P N H, is a bounded subset of P;
contradiction. Therefore, co € 9P. Then, as F;, N's€s C Fr, N Hy is
unbounded, we have co € 9F. Since F is a flare, it follows that co is not a
limit point for A. This implies that the rank of co in A, is 1 [23, Lem. 6.2].
Therefore I'so € is contained in a subset of the form 7' x {y > r} where
T is a strip between two parallel lines L1, Ly in R?. Since oo is not a limit
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FIGURE 4. Flare F and F,

point for A, the vertical plane P is not parallel to the L;. Therefore, the
intersection F;, NI's @, being a subset of PN (T x{y > r}), is contained in
a cusp-like region, isometric to {(z,y) € H? : y > r} and z is also bounded
from above and below (recall that P is not parallel to the L;). This finishes
the proof. ([l

The proof of the above theorem demonstrates that the portion of S, es-
pecially of the flares of S, staying in the tight neighborhood of core M can
go to infinity only in cusp-like shapes, by visiting the chimneys of horoballs
of core M (Fig. 1). This is not true any more if we replace the tight neigh-
borhood of core M by the unit neighborhood of core M. More precisely if A
contains a parabolic limit point of rank one which is not stabilized by any
element of 71(S), then some region of S with infinite area can stay inside
the unit neighborhood of core M. This situation may be compared to the
presence of divergent geodesics in finite area setting.

4. SHADOW CONSTANTS

In this section, fixing a closed non-elementary H-orbit Y in X, we recall
the definition of Patterson-Sullivan measures j, on horocycles in Y, and
relate its density with the shadow constant sy, which we show is a finite
number.

Set Ay := Stabg(yo) to be the stabilizer of a point yo € Y’; note that
despite the notation, Ay is uniquely determined up to a conjugation by an
element of H. As I' is geometrically finite and Y = Hyy is a closed orbit,
the subgroup Ay is a geometrically finite subgroup of H, [23, Thm. 4.7].
We denote by Ay C OH? the limit set of Ay. Let 0 < §(Y) < 1 denote the
critical exponent of Ay, or equivalently, the Hausdorff dimension of Ay.

We denote by {v, = vy, : p € H?} the Patterson-Sullivan density for Ay,
normalized so that |v,| = 1. This means that the collection {1}, } consists of
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Borel measures on Ay satisfying that for all v € Ay, p,q € H?, £ € Ay,

By (0 _ =608 0)) Vg ¢y _ o=5(V)8c(an)
O = and - L(E) = 0
where f¢(-,-) denotes the Busemann function. In the sequel we will refer to
the first identity above as I'-conformality of {v,}.
As Ay is geometrically finite, there exists a unique Patterson-Sullivan
density up to a constant multiple.

PS-measures on U-orbits. Set

U::{ur:<1 0):r€R}:NﬁH
r 1

which is the expanding horocylic subgroup of H. Using the parametrization
r — u,, we may identify U with R. Note that for all r,t € R,

A_tUrQt = Upty.

For any h € H, the restriction of the visual map g +— ¢+ is a diffeomor-
phism between hU and OH? — {h~}. Using this diffeomorphism, we can
define a measure ppy on hU:

(4.1) dpny (huy) = eé(Y)ﬁ(hur)‘i’ (P»hur(P))dyp(hur)-&-;

this is independent of the choice of p € H2. We simply write duy(r) for
dppy (huy). Note that these measures depend on the U-orbits but not on
the individual points. By the Ay-invariance and the conformal property of
the PS-density, we have

(4.2) A (0) = djup(0)

for any v € Ay and for any bounded Borel set O C R; therefore 1,(O) is
well-defined for y € Ay \H.
For any y € Ay \H and any t € R, we have:

(4'3) Ny([_et7 et]) = ea(y)tﬂyaﬂs([_L 1])
Set
(4.4) Yy = {[h] € Ay\H : h* € Ay}

where h* = limy_, 4 has(0).

Shadow constant. As in the introduction, we define the modified critical
exponent of Y:

(4.5) P {5(Y) if Y is convex cocompact

26(Y) —1 otherwise.
If Y has a cusp, then §(Y) > 1/2, and hence 0 < dy < (V) < 1.

Define
1/6y

phy ([=7,7])
4.6 = su ;
(46) Py yGYo,OI<)7"§2 T py([—1,1])1/0v
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the range 0 < r < 2 is motivated by our applications later, see e.g., (7.13).
Recall the shadow constant sy = supg..<i/9 sy (€) in (1.8) where

1/6
(4.7) @)= sp  —pBEDV
cehy peleAy] € Vp(Bp(€,1/2))1/0v
where [€, Ay] is the union of all geodesics connecting £ to a point in Ay, and
By(&, ) is as in (4.10).
The rest of this section is devoted to the proof of the following theorem
using a uniform version of Sullivan’s shadow lemma.

Theorem 4.8. We have
Sy X py < 00.

In principle, this definition of sy involves making a choice of Ay =
Staby (yo), i-e., the choice of yg € Y, as Ay is the limit set of Ay. However
we observe the following:

Lemma 4.9. The constant sy is independent of the choice of yo € Y.

Proof. Let y = yoh™! € Y for h € H. Define s} similar to sy using A}, =
Staby(y) = hAyh~! and put v, := hyvp-1, for each p € H2. If € € Ay,
then
d((hvh_l)*yz’)) d((hy)*uh_lp)
v/ ") = = ho
P *“h~lp
e OW)Be(y " (b p)h D) _ o —=0(Y)Bre(hy ™ h ™ (p).p)

drysvp—1
he) = 2 ()

thflp

Since the limit set of Ay is given by hAy, this implies that the family {v,, :
p € H?} is the Patterson-Sullivan density for A}.. Now for any 0 < e <1
and & € Ay, we have

Vip(Bhrp(h€,€)) = huvp(Bpp(hé, €)) = vp(h ™' Bup(h€, €)) = vp(By(&, €)).
It follows that sy = s . O

Shadow lemma. Consider the associated hyperbolic plane and its convex
core:

Sy := Ay\H? and core(Sy) := Ay\ hull(Ay).
We denote by Cy the compact core of Sy, defined as the minimal connected
surface whose complement in core(Sy) is a union of disjoint cusps. If Sy is
convex cocompact, then Cy = Sy. Let

dy := max{1, diam(Cy)}.

We can write core(Sy ) as the disjoint union of the compact core Cy := Cy
and finitely many cusps, say, C1,...,Cy,. Fix a Dirichlet domain Fy C H?
for Ay containing the base point o. For each C;, 0 < ¢ < m, choose the lift
Cic Fy N hull(Ay) so that Ay\Ayéi = (;. In particular, 8Cy intersects
C; in an interval for i > 1. Let & € Ay be the base point of the horodisc
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C’i, ie., & = 8@ N OH2. Let Fe, C OH? — {&} be a minimal closed interval
so that Ay — {&} C Staba, (&) Fg,.
For p € H?, let d,, denote the Gromov distance on OH?: for ¢ # n € OH?,

dy(&, ) = e~ PePD+5n(P0))/2
where ¢ is any point on the geodesic connecting £ and 7. The diameter of
(OH2,d,,) is equal to 1.
For any h € H, we have dy(§,n) = dp)(h(&), h(n)). For § € OH?, and
r >0, set
(4.10) By(&,r) = {n € OH? : dy(n, €) <r}
as was defined in the introduction. Also, denote by V(p, &, r) the set of all

n € OH? such that the distance between p and the orthogonal projection of
7 onto the geodesic [p, ) is at least r. Note that

V(p,&,t) = By(é, 7=);
see ([27, Lemma 2.5] and the discussion following that lemma). Therefore,
V(p,&,r+1) C By(&,e™") CV(p,&r—1) forallr>1.

The following is a uniform version of Sullivan’s shadow lemma [29]. The
proof of this proposition is similar to the proof of [27, Thm. 3.2]; since the
dependence on the multiplicative constant is important to us, we give a
sketch of the proof while making the dependence of constants explicit.

Proposition 4.11. There exists a constant ¢ < e*® such that for all € €
Ay, pe Cy, andt >0,
1. Vp(th)ﬂye—é(Y)t+(1—5(Y))d(ftAy(p)) < v,(V(p,&,1))
<ec- ,,p(F&)6*5(Y)t+(1*5(Y))d(§t,AY(p))

where

o {&} is the unit speed geodesic ray [p, &) so that al(p~7 &) =t;

o [y, = OH? if & € Ay Co, and Fy, = Fy, if & € Ay C; for 1 <i<m;

L4 ﬁY = infneAy,qeé‘O Vq(Bq(Ua e_dy))'

Proof. Let p, £ € Ay and & be as in the statement. By the 6(Y")-conformality
of the PS density, we have

Vp(v(p7 &, t)) = e—(S(Y)tV& (V(pv g, t))
Therefore it suffices to show
e (V(p.€.0)) = vp(F,) - (=70 Ve 2 0)
while making the dependence of the implied constant explicit.
Claim A. If & € Ay Cy, then

(412) v inf vp(B(n, e ™)) < v, (V(p,&,1) < " [y |
ney

where the implied constants are absolute.
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First note that this implies the claim in the proposition if & € Ay Ch.
Indeed d(&;, Ay (p)) < dy and Fy, = OH? in this case. Moreover, by (4.12),
we have

e By e <up(V(p,€,0) = el (V(p, &) < e e

where we also used |v,| = e*® (recall that p € Cp). Thus the claim in the
proposition follows in this case. 3

We now turn to the proof of Claim A. As & € Ay (Y, there exists v € Ay
such that d(&;,vp) < dy. Hence

e MW e, (V(p,&,1) < vp(V(p,£,0)) = 1p(V(7 ', 776 1)
< PN e (V(p, €,1)).

The upper bound in (4.12) follows from the first inequality, while the

lower bound follows from the second inequality; indeed

V(y ey ) = V(v 16, 0)
and the latter contains B,(y~1¢,e%), since d(p,y~1&) < dy and dy > 1.

Claim B. Let ¢ be a parabolic limit point in Ay. Assume that for some
1> 1, & € C; for all large t.

We claim:
(4.13) ve, (V(p, €, 1)) = v (Fy) - 300D Ay (p)+dy)
and
(4.14) ve,(OHZ — V(p, £,1)) = vy(Fy) - 17 0DEAy () +dy)

where here and in what follows implied constants are of the form e®*®

unless otherwise is stated explicitly.
Let s; > 0 be such that &, € C;. Then for all ¢t > s;,

|d(&, Ay (p)) — (t — si)| < dy.
Hence for (4.13), it suffices to show

(4.15) ve, V(p,&,t)) < 6(1—(5(Y))(t—8i)l/p(F€)'
Note that if we set Ay = Staba,, (£),
ve, V(p,&,t)) < > ve, (VF).-

YEAY e YFeNV (p,2,t)#0
Let F, 5* denote the image of F; on the horocycle based at £ passing through

p via the inverse of the visual map. Since p € Cp, there exists v € Ayg¢ so
that v is contained in the closure of Cp. Hence,

diamFy < dy = max{l, diam(Cp)}.

We now apply [27, Lemma 2.9] with K = F¢ and let K3 be as in loc.
cit. By the definition of K3 given in the proof of [27, Lemma 2.9], we have
K3 < diamF, 5* where the implied constant is absolute. In view of [27, Lemma
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2.9], thus, if v € Ay is so that vFeNV (p, &, t) # 0, then d(p,yp) > 2t —kdy,
where k is absolute. In consequence,

Vgt(V(p,g,t)) = Z l/gt(’ng)
V€AY ¢,d(p,yp) >2t

where the implied constant is absolute.
Now we use the fact that if d(p, yp) > 2t, then for all n € Fp,

|Bn('7_1ftyft) —d(p,yp) + 2t| < diaurnFék <dy
(cf. proof of [27, Lemma 2.9]). Since
ve,(VFe) = / dve, = / 6_5(}/)5“/77(575:’7&))(1”& (),

and)u&(Fg) = %Mty (F), we deduce, with multiplicative constant =
5(Y)dy
€ )

V€AY ¢,d(pyp) 22t V€AY ¢,d(pyp) 22t

YEAY ¢,d(p,yp)>2t
= py(Fe)ell 0!

using a,, == #{v € Ay :n < d(p,yp) <n+1} =< ¢"/2 in the last estimate.
This proves (4.13).
The estimate (4.14) follows similarly now using

Vﬁt(8H2 - V(p7§7t)) = Z Vﬁt(’YF)
V€AY ¢,d(p,yp) <2t

and Zfﬁo ape= 00 = ((1-26(Y))t,

Note that when ¢ is a parabolic limit point, (4.13) holds with multiplica-
tive constant < e*? (see the proof of [27, Prop. 3.4]).

As for the remaining case, i.e., £ is a radial limit point but & € AyC; for

some 4, one can prove that (4.13) holds with multiplicative constant =< exdy
(see the proof of [27, Lemma 3.6]). O

Proposition 4.16. Fiz p = py € Cy. There exists Ry = e*% such that for
all y € Yy, we have

R;Iﬁye(l—é(Y))d(Cym(y)),yp, < py([-1,1]) < Rye(l—é(Y))d(er(y))‘,,p‘
where m denotes the base point projection Ay \H = T1(Sy) — Sy.

Proof. The following argument is a slight modification of the proof of [19,
Prop. 5.1]. Since the map y +— g, [—1, 1] is continuous on Yy and {[h] € Y :
h~ is a radial limit point of Ay} is dense in Y, it suffices to prove the claim
for y = [h], assuming that A~ is a radial limit point for Ay-.



19

Recall that p,([—1,1]) = T py, ,([—e 7t e7]) for all t € R. Let t > 0
be the minimal number so that m(ya_¢) € Cy; this exists as h™ is a radial
limit point. Then

(4.17) d(m(y), Cy) < d(w(y), 7(ya—)) < dy +d(w(y), Cy).

Set & = ha—_¢(0). Then
Hya_; [_e_t7 e_t] = Vg (V (& h+7 t))
(cf. [27, Lemma 4.4)).

Since ya_; € Cy, Fy, = OH?. So vg, (F,) = |ve,| < |vp| up to a multi-

plicative constant e*® . Therefore, for some implied constant =< e*¥ we

have
BY6—5(Y)t+(1—5(Y))d(7r(y)77r(ya7t))‘,/p‘ < v, (V (&, h+,t)) <
6—5(Y)t+(1—5(Y))d(7r(y)ﬂr(yaft))|V |
-

This estimate and (4.17), therefore, imply that
/Bye(lfts(Y))d(ﬂ(y),Cy)‘Vp| < py([~1,1]) < 6(1*5(Y))d(ﬂ(y),0y)|yp|

*dy

with the implied constant =< e**¥, proving the claim. O

We use the following result, essentially obtained by Schapira-Maucourant
([29], [19]):

Corollary 4.18. Fix p > 0. Then for all 0 < ¢ < p,

—2 H ([_876])
7S S L)

where Ry is as in Proposition 4.16.

Proof. By (4.3), we have p,([—¢,¢]) = Eé(Y),uya_logE([—l, 1]). Hence the case
when Y is convex cocompact follows from Proposition 4.16.

Now suppose that Y has a cusp. Let y € Y. Using the triangle inequal-
ity, we get that d(m(ya_iogc), Cy) — d(7(y),Cy) < |loge|. Therefore, by
Proposition 4.16, we have

< max{l, p2} ’ R%/ ’ 5;1 < 00,

uyal:yhz[gjgl—];,l]) < RZp7L. (1Y) (d(m(ya— 105 £),Cy ) —d(r(y),Cy))

- R Byt ifo<e <1
T RE -y ) ife >0 ‘

As a consequence, we have
() RS - By ifo<e<1
207y (-11)) = | R2, B2 ifp>landl<e<p

Recall from (4.5) that éy = 6(Y) when Y is cocompact and dy = 2§(Y") — 1
otherwise. The above thus establishes the upper bound.
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By choosing y € Yy such that d(7(ya_iege), Cy) — d(7(y),Cy) = |loge|,
we get the lower bound. O

Theorem 4.8 follows from the following:

Proposition 4.19. We have
(1) for any 0 <e <1/2,0 < sy(e) < oc.
(2) sy < py < 6*dy/5y/3;1/5Y'

Proof. Let y € Yy and h € H be so that y = [h]. Fix 0 < r < 2. Recall

iy ([=r,7]) = / ¢ PPy MOMR) gy, ().

Since |B,,,+ (h(0), huy(0))| < d(0,ur(0)), we have

B, (o) hun(0)) _

with the implied constant independent of all 0 < r < 2.
Since do(u,t, ") = dpo)((huy)™, hT) where e is the identity (recall that
v =e™T), we have

Vo) Biio) (W, <5 <ty ([=7,7]) < Vo) (Biio) (0 7555))

for some ¢ > 1 independent of r and h.
This implies that

py([—e/¢ e/ ¢]) < Uno)(Buo)(h T, €)) < py([—Ce, de])
as well as
py([—¢/c,e/c]) Vn(o)(Bh(o) (R, €)) py([—Ce, ce])

1y (=012, 012]) & ) B (W5 1/2)) 2 iy (=17 2), 1/2)])
where ¢ > 1 is independent of 0 < e < 1/2 and h € H.
First note that by Corollary 4.18, we have
py([=1/(2¢),1/(2)]) <o py[=1,1] =< puy([= /2, /2)).
Similarly, using Corollary 4.18, for any 0 < & < 1/2, we have

(=) /1) =o pyl—Ae, ] =y ([~'e, <)
the choice of the constant 4 here is motivated by the definitions of py and
sy in (4.6) and (4.7), respectively.
Altogether we conclude that
Vh(o) (Bh(o) (h+7 E)) - :U’y([_46a 45])
g%y Vh(o) (Bh(o) (h+> 1/2)) (45)6)/:“2/([_17 1])
Taking supremum over 0 < £ < 1/2 and h € H with h* € Ay, we conclude

that sy =< py.
The last claim follows from Corollary 4.18. (|
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5. LINEAR ALGEBRA LEMMA

The goal of this section is to prove the linear algebra lemma (Lemma 5.6)
and its slight variant (Lemma 5.13).

In this section, it is more convenient to identify G as SO(Q)° for the
quadratic form

Q(x1, o, x3,24) = 2w124 — x% — x%

As Q has signature (1, 3), PSLy(C) ~ SO(Q)° as real Lie groups. We con-
sider the standard representation of G on the space R* of row vectors and
denote the Euclidean norm on R* by || - ||. We have

H = Stabg(es) ~ SO(1,2)°,
A= {a; = diag(e’,1,1,e7 ) : t e R} < H and

1 00 0
1 00
2o 01

Set
V :=Rej; ® Reg @ Rey.

Then the restriction of the standard representation of G to H induces a
representation of H on V', which is isomorphic to the adjoint representation
of H on its Lie algebra sly(R); in particular, it is irreducible.

Note that for each t > 0, Res = {v € V : va; = v}, Rey is the subspace of
all vectors with eigenvalues > 1, and Rey is the subspace of all vectors with
eigenvalues < 1.

Let p:V — Rey @Reg and pT : V — Re; denote the natural projections.
Writing v = vie; + voea + v4eq, a direct computation yields that for any
reR,

(5.1) p(vuy) = (v1 + vor + ”42—’”2)61 + (vg 4 var)eq and
pt(ou) = (v1 + var + B ey
For a unit vector v € V and ¢ > 0, define
D(v,e) ={r € [-1,1] : [Ip(vur)|| < };

D¥(v,e) = {r € [-1,1] : [lp" (vu,)|| < e}.

Lemma 5.2. For all 0 < e < 1/2 and a unit vector v € V, we have
{(D(v,e)) < e and (D% (v,e)) < e/?

where ¢ denotes the Lebesgue measure on R.

Proof. Since we are allowed to choose the implied constant in the statement,
it suffices to prove the lemma for 0 < ¢ < 0.01.
Writing v = vie1 + voes + v4eq4, we have

UD(v,e)) < Hr € [=1,1] : [u1 + var + 2| < & and |vg + var| < €}



22 AMIR MOHAMMADI AND HEE OH

If |vg| > 0.01, then
U(D(v,e)) < {r € [-1,1] : |va + var| < e} < 200e.

If |vg] < 0.01 but 0.1 < |ve| < 1, then for r € [—1, 1], we have |vy 4+ v4r| >
0.09, and hence for all £ < 0.01,

U(D(v,e)) < l{r e[-1,1] : Jva+vgr| < e} =0.

Now consider the case when |vs| < 0.01 and |ve| < 0.1. Then, since ||v|| =1,
we get that |vi| > 0.7. Hence for all r € [—1,1], |v1 + var + v47%/2| > 0.5.
In consequence, for all € < 1/2,

((D(v,e)) < t{r e [=1,1]: Jv; +vor + v1?/2| < e} =0,

proving the estimate on D(v, ). To estimate DT (v, €), observe that p* (vu,.) =

(v1 +vor+ v42r2 )e1 is a polynomial map of degree at most 2. Moreover, since
|lv]| = 1, we have

max{|vi], |ve|, |va|} > 1.
Therefore, sup,¢_q 1] [I[p" (vur)|| > 1. The claim about D (v, €) now follows
using Lagrange’s interpolation, see [7] for a more general statement. ([

For the rest of this section, we fix a closed non-elementary H-orbit Y.

Lemma 5.3. There exists an absolute constant by > 0 for which the follow-
ing holds: for any y € Yy and 0 < e < 1, we have

(5.4) s (D)) < bopyY &%y ([=1,1]),
and
(5.5) evsﬁ_l’“‘y(m”’g” < bopy €7 Py ([-1,1))

where py is given as in (4.6).

Proof. By (5.1), each set D(v,e) and Dt (v,e) consists of at most 2 inter-
vals. By Lemma 5.2, D(v,€) (resp. DV (v,¢)) may be covered by < 1 many
intervals of length e (resp. €'/2). Therefore (5.4) (resp. (5.5)) follows from
the definition of py. O

We use Lemma 5.3 to prove the following lemma which will be crucial in
the sequel.

Lemma 5.6 (Linear algebra lemma). For any ‘%Y <s<dy,1<p<2, and
t > 0, we have

(5.7) sup
y€Yp,veV,||v]|=1 My([_Pa pD —p HvuTatHS

1 p 1 p%s/ye_((sY_s)t/4
< -r 0000000000
/ d:“y(r) — bO (5Y - S)

where by > 2 is an absolute constant.
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Proof. We first claim that it suffices to prove the claim for p = 1. Indeed,
let t, =t —logp and let y, = ya_1og,, and for every v € V, let v, =
Va_1ogp. Recall also that i, [—r,7] = p?)pyq g, =T/P,7/p) and that Yy
is A-invariant. Thus,

! / L )= / ! dyiy ()
i) )y TomaalF ) = o)) ), Toacogpyran, I 24

1 1 1
_ 48(Y) —s
= PO, | / dpuy, (r)
e (T ) )y Toaran, e

where v, = v,/[|v,||.

Since |lv,|| 7% < 1 (with absolute implied constants for 1 < p < 2) and Yy
is A-invariant, it thus suffices to prove the lemma for p = 1.

Fix 0 < s < §y and t > 0. We observe that for all » € R,

(5.8) lvurae]| > p(vw,)|| and  [loura]| > €' lp* (vu,)|-

For simplicity, set 8, := m The inequality (5.4) and the first

estimate in (5.8) imply that for any 0 < ¢ < 1 and any unit vector v € V,
we have

8, / lourar|~*duy(r) < bopy™ € - (e/2)
€D(v,e)—D(v,e/2)
< 2b0p6y dy—s.

We write D(v,¢) = |Uyo, D(v,e/2%)—D(v,e/28+1). Now applying the above
estimate for each £/2% and summing up the geometric series, we get that for
any 0 <e <1,

s 2bopy %
(5.9) 8, /@(M) fourar|~dpy (r) < =22

Moreover, using (5.5) and the first estimate in (5.8) again, for any xk > 0,
we have

AU ol diay(r) < 2By /2~
reD*(v,k)—D(v,e)
Finally, the definition of D (v, k) and the second estimate in (5.8) imply
Gy a Jourar|~*dpy () < 5.
€[-1,1]-D+(v,x)

Combining (5.9), (5.10), and (5.11) and using the inequality ;== <

s) —

Vz—sv we deduce that for any 0 < ¢,k < 1,

' 200PY’ (5 Sy /2 t
51// vurat ||~ dpy(r) < P — <€ L T ) :
-1 y — 8
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Let ¢ = e t/% and k = 2. As 0y /3 < s < dy, we have e=8/2 < els=dv)/4,
This yields:

e~y =s)t/a,

1 _s 6?)0p5y
By / [ourar|| = dpy(r) < ===
-1 Yy — S

as we claimed. O

We will extend the upper bound in Lemma 5.6 to all unit vectors v € e;G,
based on the fact that the vectors in e;G are projectively away from the H-
invariant point corresponding to Res.

Lemma 5.12. There exists an absolute constant by > 1 such that for any
vector v € e1G C R4,

[l < buffor]]

where vy is the projection of v € R* to V = Re; ® Rey @ Rey.

Proof. Since Q(e1) = 0 and G = SO(Q)°, we have Q(e;g) = 0 for every
g € G. Since Q(e3) = —1, the set {||v||"'v : v € e1G} is a compact subset
of the unit sphere in R* not containing 4es. Therefore there exists an
absolute constant 0 < 1 < 1 such that if we write v = v1 + res € e1G, then
|7| < nllv||. Therefore ||v1||? = [Jv||* —r? > (1 —n?)||v||?>. Hence it suffices to
set by = (1 —n?)~1/2, O

Lemma 5.13 (Linear algebra lemma II). For any ‘%Y <s<dy, 1 <p<2,
and t > 0, we have

Sy —(6y —s)t/4

1 /P 1 djin () < bob Py €
sup py(r) < boby
yevoweerGllull=1 ty ([0, 1) J_p loural|s (6y —s)

where by > 2 and by > 1 are absolute constants as in Lemmas 5.6 and 5.12
respectively.

Proof. Let v € e1G be a unit vector, and write v = vy + v1 where vy € Reg
and v; € V. Since eg is H-invariant, we have vh = vg + vih € Reg @ V for
all h € H. Therefore,

1 P 1 1 o )
e I e e o D M e e

baplY oGy —s)t/4
OpY(;Y —5 |lvi]|™* by Lemma 5.6
bab Oy ,—(6y—s)t/4
- 1pée 5 |lv]|7° by Lemma 5.12.
v —
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6. HEIGHT FUNCTION w

In this section we define the height function w : Xy — (0,00) and show
that w(x) is comparable to the reciprocal of the injectivity radius at x.

For this purpose, we continue to realize G as SO(Q)° acting on R* by the
standard representation, as in Section 5. Observe that Q(e;) = 0 and the
stabilizer of e; in G is equal to MyN.

Fixing a set of I'-representatives 1, -+ , & in Ay, choose elements g; € G
so that g; = & and [le1g; '|| = 1; this is possible since {g € G : g~ = &} is
a conjugate of AMyN.

Set

(6.1) v; == e1g; " € e1G.
Note that
Stabg (&) = giA]\/.l'oNgi_1 and Stabg(v;) = giMoNgi_l.
By Witt’s theorem, we have that for each i,
{v e R* — {0} : Q(v) = 0} = v;G ~ g;MyNg; '\G.

Lemma 6.2. For each 1 < i < {, the orbit v;I' is a closed (and hence
discrete) subset of R*.

Proof. The condition & € Ay, implies that T'\I'g; MoN is a closed subset of
X. Equivalently, I'g; Mo N as well as I'g; Mo N g, Lis closed in G. Therefore,
its inverse g;MoNg; T is a closed subset of G. In consequence, v;I' C R* is
a closed subset of v;G = {v € R* — {0} : Q(v) = 0}.

It remains to show that v;I" does not accumulate on 0. Suppose on the
contrary that there exists an infinite sequence v;7, converging to 0 for some
v¢ € I'. Using the Iwasawa decomposition G = ¢;NAKy, we may write
Ve = gingag, k¢ with ny € N, t, € R and k¢ € K. Since

virye = €' (e1ky),
the assumption that v;yy — 0 implies that t;, — —oo.
On the other hand, as & € Ayp, Stabr(§) =1I'N giAMONgi_1 contains a
parabolic element, say, 7/ # e. Note that ng := g; l’y’ g; is then an element

of N and hence a unipotent element, as any parabolic element of AMyN
belongs to N in the group G ~ PSLs(C). Now observe that, as NV is abelian,

’YZI’YIW = kg_la—t,_; (nzlg;17/gin£)at5ké = kg_l(a—tmoat,_;)ke-

Since ty — —o0, the sequence a_;,nopa, converges to e. Since {k:[l} is a
bounded sequence, it follows that, up to passing to a subsequence, 7, lfy’ Ve is
an infinite sequence converging to e, contradicting the discreteness of I'.  [J

Definition 6.3 (Height function). Define the height function w : X —
[2,00) by

w(x) = lnglfgiewi(a:)
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where

wi(z) = maIg({Q, vang_l} for any g € G with = = [g];
e

this is well-defined by Lemma 6.2.
If T has no parabolic elements, we define w(x) = 2 for all 2 € Xj.

By the definition of €x, X is contained in the union of X, and U§:1[1j
where b; is a horoball based at §;.

Fix T; > 0 so that b; = [g;]NA(_oo, -1, Ko-

Set 6]' = ngA(foo,ij]KO-
The following is an immediate consequence of the thick-thin decomposi-
tion of M:

Lemma 6.4. Ifb]ﬂ*ybzyé@forsomel <4,j <fland~€el, theni=j,
~ € Stabg(&;) = Stabb;, and hence f)j ~h;.

Lemma 6.5. For all1 <i,j </ and~ € I' such that 6]- £ ~b;,

(6.6) inf [|v;vh| > no
q<h;

where Mo 1= Minj<,,<¢ e Tm,

Proof. Let ¢ € b; and v € I. Using G = 9;NAKy, write v¢ = gjuask €
g;NAKy. Then [lv;vq|| = e®. Hence if [lv;vg|| < o, then s < —Tj. So
vq € b;. Therefore b; N yh; # (Z) By Lemma 6.4, h; = ~vh;. O

Proposition 6.7. There is an absolute constant o > 2 such that for all
x € Xo,

(6.8) 2 - inj(z) < w(z)™' < ¢ - inj(z).

Proof. Fixing 1 < j </, it suffices to show the claim for all x € Xo N b;.
Let g € giua_k € bh; be so that x = [g], where ua_tk € NA(_, 1,1 Ko.
Note that

wila) ™" < gl = llerg (giua—ik)| = lerua—ik] = e~
In view of the definition of w and w;, this together with Lemma 6.5 implies
that
w(zr) = wi(x) = €.

Since inj(z) =< e, this finishes proof. O

7. MARKOV OPERATORS

In this section we define a Markov operator A; and prove Proposition
7.5 which relates the average my (F') of a locally bounded, log-continuous,
Borel function F on Yy with a super-harmonic type inequality for A;F'. This
proposition will serve as a main tool in our approach to prove Theorem 1.5.

Fix a closed non-elementary H-orbit Y in X.
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Bowen-Margulis-Sullivan measure my. We denote by my the Bowen-
Margulis-Sullivan probability measure on Ay\H = T!(Sy), which is the
unique probability measure of maximal entropy (that is §(Y")) for the ge-
odesic flow. We will also use the same notation my to denote the push-
forward of the measure to Y via the map Stabgy(yo)\H — Y given by
[h] = yoh. Considered as a measure on Y, my is well-defined, independent
of the choice of yg € Y.

Recall the definition of Yy in (4.4); note that Yy = suppmy. In the
following, all of our Borel functions are assumed to be defined everywhere
in their domains. By a locally bounded function, we mean a function which
is bounded on every compact subset.

Definition 7.1 (Markov Operator). Let t € R and p > 0. For a locally
bounded Borel function v : Yy — R, we define

(7.2) (o) (4) == N_lpp]) / " G ) dpny(r).

We set Ay := As 1.

Note that A, is a locally bounded Borel function on Yp. Although
limy, 00 Apt () = my (¢) for any ¢ € C.(Yp) and any t > 0 [23], the Margulis
function F we will be constructing is not a continuous function on Yj, and
hence we cannot use such an equidistribution statement to control my (F).
We will use the following lemma instead:

Lemma 7.3. Let F : Yy — [2,00) be a locally bounded Borel function.
Assume that there exist some t >0 and D > 0 such that

(7.4) limsup A F(y) < D  forally € Yp.

n—oo
Then
my (F) < 8D.

Proof. For every k > 2, let Fy : Yy — [2,00) be given by

F(y) :== min{F(y), k}.
As Fy, is bounded, it belongs to L!(Yy, my). Since the action of A is mixing

for my by the work of Babillot [1], we have my is a;-ergodic for each ¢ # 0.
Hence, by the Birkhoff ergodic theorem, for my-a.e. y € Yy, we have

N
1
lim — Fy(yant) = [ F .
dm 3 Ftyend) = [ Fedmy
Therefore, using Egorov’s theorem, for every € > 0, there exist N. > 1 and a

measurable subset Y C Yy with my (Y/) > 1 —&? such that for every y € Y/
and all N > N, we have

1Y 1
Nsz(yant) > 2/Fk dmy .
n=1
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Now by the maximal ergodic theorem [16, App. A.1], if £ is small enough,
there exists a measurable subset Yz C Y/ with m(Yz) > 1 — ¢ so that for all
y € Y, we have

pyfr € [-1,1) s yu, € Y} > gy ([-1,1]).
Altogether, if y € Y. and N > N., we have

N 1 N
¥ AnFi(y) = M/l ¥ D Fryuran)dpy(r) > }l/Fk dmy .
n=1 - n=1

Fix y € Y.. By the hypothesis (7.4), there exists ny = ng(y) such that for
all n > ng, we have

Therefore, we deduce that for all sufficiently large N > 1,

70 N
}*/Fk dmy < (Z AntFi(y) + ) AntFk(y)> < f 2D,
n=1

n=ng+1

By sending N — oo, we get that for all k > 2,
/Fk dmy < 8D.

Since {Fj : k = 3,4,..} is an increasing sequence of positive functions
converging to F' point-wise, the monotone convergence theorem implies

/dey = lim Fk dmy < 8D
k—o0
as we claimed. O

We remark that in [12], the Markov operator A, was defined using the
integral over the translates SO(2)a;, whereas we use the integral over the
translates U[_, ,ja: of a horocyclic piece. The proof of the following propo-
sition, which is an analogue of [12, §5.3], is the main reason for our digres-
sion from their definition, as the handling of the PS-measure on U is more
manageable than that of the PS-measure on SO(2) in performing change of
variables.

Proposition 7.5. Let F': Yy — [2,00) be a locally bounded Borel function
satisfying the following properties:
(a) There exists o > 2 such that for all h € By (2) and y € Yo,
o 'F(y) < F(yh) < oF(y).
(b) There existt > 2 and Doy > 0 such that for ally € Yy and 1 < p < 2,
AL Fly) < 80;3 F(y) + Dy

where py is as in (4.6).
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Then
my (F) < 64Dop2Y .

In view of Lemma 7.3, Proposition 7.5 is an immediate consequence of
the following:

Proposition 7.6. Let F' be as in Proposition 7.5. Then for all y € Yy and
n > 1, we have

1 5
(7.7) AntF(y) < 5 Fy) + 8DopY
Proof. The main step of the proof is the following estimate.
Claim: For any 1 < p < 3,5 € Yy and n € N, we have
(78) A(n_i_l)t’pF(y) S %Ant7p+e—ntF(y) + ﬁ

where D := 4D0p§)’; recall that e™™ < 1/2.
Let us first assume this claim and prove the proposition. We observe

o X7t <1/2 (as t > 2),

o (80p5YY)_1 <1/2, and

e Dy < D.
Using the assumption (b) of Proposition 7.5 with p,, = 1—1—2;:11 e It (n > 2),
we deduce that for any n > 2,

AntF(y) < QTl—lAt7pnF(y) + D(l + % +eee 2n1—2)
i ((8op)) I F(y) + Do) + DL+ 5+ + hy)
(7.9) < LF(y)+2D

IN

which establishes the proposition.
We now prove the claim (7.8). For y € Y and p > 0, set

by(p) := py([—p, p]) and by = by(1).

To ease the notation, we prove (7.8) with p = 1; the proof in general is
similar. By assumption (a) and (b) of Proposition 7.5, we have

CoOo 1
(7.10) mﬂwyww+ms(é[f@www»+m

where ¢o = (80p§,y)_1.
Set pp, := e ™. Let {[rj — pn,7j + pn] : j € J} be a covering of
(=1, 1] N supp(py)
with r; € [—1,1] Nsupp(py) and with multiplicity bounded by 2. For each
J € J, let zj := yu,,;. Then

(7.11) Z bz, (pn) = Zﬂy([rj — PnsTj + pn]) < 2by(2).
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Moreover, we get

1
A F(y) = . / X F(yuragq1ye)dpy(r)
y P

Pn

1
<o 3 [ Puadn )
'y .
J

—Pn

1 P
(712) = F Z/ F(zjanture”tat)duzj (T’)
Y _

j e
We now make the change of variables s = re™. In view of (7.12), we have

A1)t F (y) < ™ Z b]
Yo

1
/F(zjantusat)dNZjant(S)'
-1

Zjant

Applying (7.10) with the base point z;a,:, we get from the above that
1 b, (pn)COU !

(7.13)  ApiF(y) P / F(2zjanius)dpiz;a,, (5)+

S i
by j sz ant —1

1
EZij(Pn)DO-
J

By (7.11), we have é Zj bz; (pn)Do < D.
Therefore, reversing the change of variable, i.e., now letting » = e s,
we get from (7.13) the following:

1 pn .
AmineF (y) < g Z COJ/ F(zjurant)dpz;(r) + D
7 —Pn
2 1+pn N
<207 [ Plyuandiy(r) + D
by J-(1+pn)
Y
Since
2¢cooby, (2 _ by, (2 1
sup —— == o2 _ (4py") " sup yb( ) < 3
y€Yo Y yeYo Yy
we get
1 .
A1) (y) < §Ant,l+pnF(y) +D.
The proof is complete. O

8. RETURN LEMMA AND NUMBER OF NEARBY SHEETS

We fix closed non-elementary H-orbits Y and Z in X. Since Z is closed,
a fixed ball around y € Yj intersects only finitely many sheets of Z (Fig.
2). The aim of this section is to show that the number of sheets of Z
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in B(y,inj(y)) is controlled by the tight area of Sz with a multiplicative
constant depending on py and Jy.

The main ingredient is a return lemma which says that for any y € Yj,
there exists some point in {yu, € Yy : r € [—1,1]} whose minimum return
time to a fixed compact subset under the geodesic flow is comparable to
log(w(y)) (see Lemma 8.4).

Return lemma. We use the notation of section 6.

Recall that Lie(G) = isla(R) @sla(R). We define a norm || - || on Lie(G) us-
ing an inner product with respect to which sl (R) and isla(R) are orthogonal
to each other. Given a vector w € Lie(G), we write

w = ilm(w) + Re(w) € isla(R) & slz(R).

Since the exponential map Lie(G) — G defines a local diffeomorphism, there
exists an absolute constant ¢; > 2 satisfying the following two properties:

(1) for all z € X, and all w = ilm(w) + Re(w) € Lie(G) with |Jw|| <

max(1,ex),
(8.1) cr wll < d(z, 2 exp(ilm(w)) exp(Re(w))) < e1fw];
(2) If d(z,2") < ex/c1, then ' = zexp(ilm(w))exp(Re(w)) for some
w € Lie(G).

We choose an absolute constant dx > 24 so that
Xey C{zr e Xp:w(x) <dx}.
Let Dy := D1(Y) be given by

(8.2) D =« <%b7; + Clx>

where £ is defined by Bopéyylﬁ(SY/Q =1/2,0<n < 1lisasin (6.6), « >1is
as in (6.8), and ¢; is as in (8.1). We note that by increasing by if necessary,
we may and will assume that x € (0,1). Moreover we put 79 = % when Y is
convex cocompact.

Define
(83) Ky ={y € Yo:w(y) < Di/(c10)}.

Note that X., NYy C Ky.

The choices of the above parameters are motivated by our applications
in the following lemmas. Indeed the choice of k is used in (8.6). The
multiplicative parameter ¢, which features in the definitions of D and Ky,
is tailored so that we may utilize Lemma 8.10 in the proof of Lemma 8.13.

Lemma 8.4 (Return lemma). For every y € Yy, there exists some |r| <1
so that yura_y € Ky where t = log(now(y)/6).

Proof. Let y € Yo — Ky. By the definition of w, there exist 1 <14 < ¢ and
g € b; so that y = [g] and

w(y) = wi(y),
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see §6 for the notation. Set v := v;g. Then

17! = wiy) = w(y).

Let us write v = w+seg where w € V and s € R. Recall from Lemma 5.12
that there exists by > 1 so that

[v

(8.5) lwll = by o]l
Let k > 0 be as used in (8.2). Then (5.5) implies that
(5.6) (D (727, 1)) < L1ty ([=1,1]).
Therefore, there exists r € supp(py) N ([—1, 1] — D*(”z’;—”, m)) This means
that yu, € Yy, moreover, we have, using (8.5),
lp* (vur)l| = [[p* (wur) || > Kllw]| = Kby o]

Set ¢ := log(now(y)/6). Then

rby Hof| - 2 = bt wllet < [lpt (vur )|

< JJourag]| < fJous et < 2|o]| - 220

where we use ||vu,|| < 2[jv|| in the last inequality.
Hence, using the fact that w(y) = |Jv]| =",

b71
% S ||UU7'at|| e ||U’igurat|| S T]?()

This in particular implies that gura; € h;. By Lemma 6.5, whenever veTl
and 1 < j </ satisfy that b; # vbh;, we have

|vjvgurar| > no;

note that ¢ = j is allowed.
This and the above upper bound thus imply

wyurar) = [vigurar]| ™.
Therefore,
601
w(yuray) < — < D1 /(c1a)
K1o
proving the claim. O

Number of nearby sheets. Recalling that sly(C) = sla(R) @ isla(R),
we set V = isly(R) and consider the action of H on V via the adjoint
representation; so v - h = h™'vh for v € V and h € H. We use the relation
g(expv)h = ghexp(v - h) which is valid for all g € G,v € V,h € H.

If D > a/2 for o as in Proposition 6.7, then D~lw(y)~t < £ inj(y).

Definition 8.7. Fory € Yy and D > «/2, we define
(88)  Iz(y,D)={veV —{0}: vl < D~'w(y)~", yexp(v) € Z}.
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Since V is the orthogonal complement to Lie(H), the set Iz(y, D) can
be understood as the number of sheets of Z in the ball around y of radius
D w(y) "

It turns out that #Iz(y, D) can be controlled in terms of the tight area
of Sz, uniformly over all y € Yy for an appropriate D > 1.

Notation 8.9. We set
Tz = area(Sy).

Theorem 3.3 shows that 1 < 77 < 0o where the implied constant depends
only on M.
We begin with the following lemma:

Lemma 8.10. With ¢; > 2 and a > 2 given respectively in (8.1) and (6.7),
we have that for all y € Yy,

(8.11) #Iz(y,cr0) <K w(y)3TZ.

Proof. Let ¢; > 1 and a be the absolute constants given in (8.1) and (6.7)
respectively. It follows that for any y € Y and v € Iz(y, a),

(8.12) d(y,yexp(v)) < affoll < er(cra) ™t wly) ™t < § - inj(y).
It follows that for each v € Iz(y, c1), inj(y expv) > inj(y)/2. Hence the

balls Bz (yexpv,inj(y)/2), v € Iz(y, cicr) are disjoint from each other, and
hence

#15(y,0)-Vol(Bi (e, nj(y)/2)) = Vol{ | Bz(yexpov, inj(y)/2) : v € Iz(y, ) }.
On the other hand, if we set p, := min{1, inj(y)/2}, then

ﬂ({U Bz(yexpu,py) v € IZ(y,cla)}> C Sz NN (core(M)).
Therefore
#17(y, 1) < Vol(Br (e, py)) "+ 7z < py 1z < w(y)’7z;

we have used that 27(coshr — 1) > 3 for all » > 0 and Proposition 6.7
respectively in the last two estimates. O

Let D; be as in (8.2). By the choice of , we have D; < p? (see the
discussion following (8.2)).

Lemma 8.13 (Number of sheets). For D; = D1(Y) < p? as in (8.2), we
have

sup #17(y,D1) < co - py - 72
y€Yo

where ¢y > 2 is an absolute constant.
Proof. Let Ky be as in (8.3):
Ky ={y€Yy:w(y) < (cia) Dy}
If y € Ky, then, by Lemma 8.10,
#15(y, D) < #Iz(y,c1a) < D3ty < pSrz.
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Now suppose that y € Yy — Ky. By Lemma 8.4, there exist |r| < 1 and
t = log(no - w(y)/6), where 0 < 19 < 11is as in (6.6), such that

yurar € Ky .
We claim that if v € Iz(y, D1), then v(uyat) € Iz(yuras, cr). Firstly,
note that, plugging ¢ = log(np - w(y)/6) and using 0 < n < 1,
lo(uran)] < 3efffo]] = *22gHEL < wo(y) - o]l
Hence for v € I7(y, D1), as w(y)|v| < Di%,
[o(urar)|| < w(y) - llv]] < DT < (cra) ™ wlyura) ™

where we used the fact that (cia) ™Dy > w(yu,ay).

Since y(exp v)urar = (yurar) exp(v(urar)) € Z, this implies that v(urat) €
Iz (yuray, c1er). Therefore the map v — v(uyay) is an injective map from
I;(y, D1) into Iz(yuras, cicr). Consequently,

#17(y, D1) < #1z(yuray, cra) < py - 77.
This finishes the proof. O

9. MARGULIS FUNCTION: CONSTRUCTION AND ESTIMATE

Throughout this section, we fix closed non-elementary H-orbits Y, Z in

X and 5
?Y§8<5y.

In this section, we define a family of Margulis functions Fy y = F; ) y,z,
A > 1 and show that the hypothesis of Proposition 7.5 is satisfied for a
certain choice of A, which we will denote by As. As a consequence, we will
get an estimate on my (Fj »,) in Theorem 9.18.

We set

Iz(y) = {v €V — {0} : lo]| < DT w(y) ™", yexp(v) € Z}
for Dy > 1 as given in Lemma 8.13.

Definition 9.1 (Margulis function). (1) Define f; = fovz : Yo —
(0,00) by

fy) = {zvgz(y) ol =" it T2(y) # 0
w(y)® otherwise.
(2) For A > 1, define Fs \ = F, \y,z : Yo — (0,00) as follows:
(9-2) Foa(y) = fs() + A w(y)®.
Note that for all y € Yp

(9.3) w(y)® < fs(y) < .

Since Y and Z are closed orbits, both fs and Fj ) are locally bounded.
Moreover, they are also Borel functions. Indeed, w?® is continuous on Y,
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and fs is continuous on the open subset {y € Yy : Iz(y) # 0} as well as on
its complement.

In this section, we specify choices of parameters ts and As; so that the
average A; Iy ), satisfies the hypothesis of Proposition 7.5 with controlled
size of the additive term (Lemma 9.14).

Notation 9.4 (Parameters). (1) For 0 < c <1, define t(c,s) >0 by
boby ngy e—(Oy —s)t(c,s)/4
(Oy — )

where by and by are given in Lemma 5.185.
(2) ForO<c<1andt >0, define A(t,c,s) >0 by

=C

2ts

At, e, 8) := (2c0D1p6Y¢Z) ¢
where ¢y is given by (8.13).

As it is evident from the above, the definition of ¢(c, s) is motivated by the
linear algebra lemma 5.13. Indeed, for any vector v € e;G and t > t(c, s),
we have we have

1 o1 »
(9.5) sup dpy(r) < cllo]] ™.

1<p<2 Hy[=p, p] J—, |lvurat|®

The choice of A(t, ¢, s) is to control the additive difference between fq(yu,raz)
and ;) lvurae]| = uniformly over all r € [~1,1] such that yu, € Yo,
so that we will get:

Acfoly) < e fuly) + 252 u(y)?
(see Lemma 9.11, (9.15) and (9.16)).
Markov operator for the height function. In this subsection, we use
notation from section 6.
It will be convenient to introduce the following notation:
Notation 9.6. Let Q C G be a compact subset.
(1) Let dg > 1 be the infimum of all d > 1 such that for all g € Q and
v e R,
(9.7) Aol < [logll < dflv]|.
Note that dg =< maxgeq ||g]|, up to an absolute multiplicative con-
stant.
(2) We also define cg > 1 to be the infimum of all ¢ > 1 such that for
any ¢ € Xg, g € Q with zg € Xg, and for all 1 <7</
(9.8) clwi(r) < wi(zg) < cwi(z).

We note that cg =< maxgeq||g|| up to an absolute multiplicative
constant.
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Lemma 9.9. For any 0 < ¢ < 1/2 and t > t(c, s), there exists Dy < e so
that for ally € Yy and 1 < p < 2,

A pw(y)® < c-w(y)® + Ds.

Proof. Let t > t(c,s). We compare w(yura;) and w(y) for r € [-2,2].
Setting
Q = {aru, : |r| <2,|7] < t},

we have cg < et.

Let 19 be as in Lemma 6.5. Fix 0 < nx < min{ex,no} so that

-1
nx <ex and 7y >  sup  w(y);
yEXsXﬂYO

We consider two cases.
Case 1: w(y) < 2cq/nx. In this case, for h € Q with yh € Yj,

w(yh) < 2c4/nx.
2t

Hence, the claim in this case follows if we choose Dy = 202Q /nx < e,
Case 2: w(y) > 2cq/nx. By the definition of w, there exists 1 <14 < £ such
that

wi(y) > 2cqg/nx, and hence y € b;.
By the definition of cg, see (9.8), we have

wi(yh) > 2/nx, and hence yh €b;

for all h € @ with yh € Yy. Choose gp € G so that y = [go]. In view of
Lemma 6.5, see in particular (6.6), and since nx < 7o there exists v € I’
such that simultaneously for all A € ) with yh € Yy,

w(yh) = wi(yh) = [lvivgoh] ™"
Since v; = e1g; - € e1G (see (6.1)), we may apply Lemma 5.13 (linear
algebra lemma II) and deduce:
Aupol)* = o [ ()
2 - s
g py([=p, p)) J—p Nviyuras™"
boby pf}s/Ye—(éy—s)tM
- (Oy —s)
in the last inequality we used the fact that ¢ > ¢(c,s). The proof is now
complete. ([l

1

[oir[|7* < e~ w(y)®;

Log-continuity of F ). The following log-continuity lemma with a control
on the multiplicative constant o is the first hypothesis in Proposition 7.5.

Lemma 9.10 (Log-continuity lemma). There ezists 2 < o < p§ so that
the following holds: for every A > 1z, we have

U_lps,)\(y) < Fs,)\(yh) < UFS,)\(y)
for ally € Yy and all h € By (2) so that yh € Y.
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Let ¢y be as in Lemma 8.13. Recall from Theorem 3.3 that 7, > 63(,
replacing ¢g by its multiple (which we continue to denote by ¢p) if necessary
we assume that cogrz > 1.

We first obtain the following estimate for f on nearby points:

Lemma 9.11. Let Q C H be a compact subset. For anyy € Yy and h € @
such that yh € Yy, we have

fs(yh) < Z [oh|| =% + (cocqdoDip$Tz) w(y)®
vElZ(y)
where ¢y is as above and the sum is understood as 0 when Iz(y) = 0.

Proof. Let y € Yp and h € Q with yh € Y. If Iz(yh) = 0, then by (9.8), we
have
fs(yh) = w(yh)® < cqu(y)’
proving the claim; recall that co7z > 1.
Now suppose that Iz(yh) # (). Setting

e := (doDiw(y)) ",
we write
(9.12) flyhy= D> el + >l
velz(yh),||lv]|<e velz (yh),||v]|=e
Since #1Iz(yh) < cop$-7z by Lemma 8.13, we have
(9.13) ST el < (p$ra)e < (codgDipbr)w ()’
velz(yh),||lv]|=e
Thus, if there is no v € Iz(yh) with [|v]| < ¢, then the lemma follows from
(9.12).
If v € Iz(yh) satisfies ||v]| < e, then
loh™"|| < dge = Dy tw(y) ™"
in particular, vh=! € Iz(y). Therefore, by setting v = vh ™1,
Yool DD WAl
velz (yh),|lv]|<e v'ElZ(y)
Together with (9.13), this finishes the proof. O
Proof of Lemma 9.10. Since By(2)~! = By(2), it suffices to show the
inequality <. By Lemma 9.11, applied with @ = Bg(2), ¢ := cp,(2) and
d := dp,,(2), we have that for all h € By (1) with yh € Yy, we have

fswh) < > lvh] ™ + (cocdD1p§7z) w(y)®
velz(y)
<d Z HUHiS + coclep?/TZw(y)S.
velz(y)
where we used the definition of d.
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Recall from Theorem 3.3 that eg( <717 < Xand that D] < p%/.
If Iz(y) =0, then

Fya(yh) < pymz0(y)® + Aw(y)® < pyiw(y)®
<Py (fs(y) + M (y)*) < PYFsa(y)-
If I7(y) # 0, then
Foa(yh) < d- fo(y) + cocdD1pSmz0(y)* + Aw(yh)®
< fi(y) + Py Aw(y)® < pYFua(y).
This finishes the upper bound. The lower bound can be obtained similarly.

Main inequality. We will apply the following lemma to obtain the second
hypothesis of Proposition 7.5 for ¢ := (80p5YY)*1 <1/2.

Lemma 9.14 (Main inequality). Let 0 < ¢ < 1/2. For t > t(c/2,s) and
A = A(t, ¢, 8), we have the following: for any y € Yy and 1 < p < 2, we have

AtpFsa(y) < cFsa(y) + AD2
where Dy < €2t is as in Lemma 9.9.

Proof. The following argument is based on comparing the values of fs(yu,ay)
and fs(y) for r € [-2,2] such that yu,a; € Yp.
Let Q :={aru, : |r| <2,|7| < t}. Then

chet and deet

where c¢g and dg are as in (9.6). Hence, by Lemma 9.11, we have that for
any |r| < 2 such that yu,a; € Yo,

(9‘15) fs(yurat) < Z Hvuratuis + CODlpgTZw(y)sths
velz(y)

where ¢y is as in Lemma 9.11.

By averaging (9.15) over [—p, p] with respect to p,, and applying (9.5),
we get

(9.16) Atpfs(y) < c- fs(y) + coDipymzw(y)®e®
e foly) + Foly)®.
Then by Lemma 9.9 and (9.16), we have
At pFsa(y) = Arpfs(y) + At prw(y)®

<c fs(y) + Qw®)® + Sw(y)® + ADy
=c- FS,,\(y) + ADs.
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By Theorem 4.8, we have sy < py. For the sake of simplicity of notation,
we put

1/(6y—s 1/(6y—s
(9.17) OCY,53:< Sy )/(Y )x< Py >/(Y ).

(5y—8 (5y—8

We are now in a position to apply Proposition 7.5 to get the following
estimate:

Theorem 9.18 (Margulis function on average). There exists As > 1 such
that

my (Fs ) < 043*/757'2.

Proof. Let 1 < o < p} be given by Lemma 9.10. Let ¢ := (80p§5}“)_1 <
1/2, ts == t(c,s) and A\s := A(ts,c,s) be given by (9.4). Then in view of
Lemmas 9.10 and 9.14, Fj ), satisfies the conditions of Proposition 7.5 with
t =ty and Dy = A\;Ds, where Dy < €' is given in Lemma 9.9. Therefore

(9.19) my (Fyz,) < 642pY Da.
Since
28y \4 * s
Oy —s)ts — (80(17;}1,)1f54 ) < (55i5> and A\ = (200D1p?/7'z) 8225 )
we get
)\spg/YDQ < p))k/e4tSTZ < a;’,sTZ-
Combining this with (9.19) finishes the proof. O

10. QUANTITATIVE ISOLATION OF A CLOSED ORBIT

In this section, we deduce Theorem 1.5 from Theorem 9.18. Let Y, Z be
non-elementary closed H-orbits in X. We allow the case Y = Z as well. Let
%/ < s < dy.

Recall the definitions of fs = fs v,z and F, \ = F§ ) y,z from Definition
9.1. Let Ag be given by Theorem 9.18. Using the log-continuity lemma for
F; 5, (Lemma 9.10), we first deduce the following estimate:

Proposition 10.1. For any 0 < e <ex and y € Yy N X, we have
O%(/’STZ
my (B(y,€))

Proof. Let y € Yy N X.. Then inj(y) > ¢ and hence yBy(e) = B(y,¢). For
all h € By (ex), Fsa,(y) < 0F;, (yh) for some constant o < p$- by Lemma
9.10. By applying Theorem 9.18, we get

fs,Y,Z(y) < Fs,)\s (y) <

7 oyt For @)dmy (1) g omy(Fip,) o,z
my (B(y,€)) — my(B(y,¢)) my(B(y,€))
0

Fs,AS (y) <
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Recall from (6.8) that for all € X,

(10.2) 2 - inj(z) < w(z)™' < ¢ - inj(z).

Using the next lemma, we will be able to use the estimate for fsy 7
obtained in Proposition 10.1 to deduce a lower bound for d(y, Z).

Lemma 10.3. (1) Lety € Yy and z € Z — By (y,inj(y)). If d(y,z) <
TéDl inj(y), then
dly,z)° <ecifsyz(y)
where ¢; > 1 is as in (8.1).
(2) If Y # Z, then for any y € Y,
d(y, ) < py fsyvz(y).

Proof. As Z is closed and d(y, z) < m inj(y) < %inj(y), the hypothesis
z € Z — By(y,inj(y)) and the choice of ¢; implies that z is of the form
yexp(v) exp(v') with v € isla(R) — {0} and v’ € sla(R).
In particular yexp(v) = zexp(—v') € Z. Moreover, by (8.1),
oll < o+ |l < crd(y, 2) < Dy inj(y)/(20) < (Drw(y)) ™
It follows that v € Iz(y, D1). Therefore
(10.4) Ay, 2)* < e~ < eallol < e1fo(w),

proving (1).

We now turn to the proof of (2); suppose thus that Y # Z. Then there
exists z € Z such that d(y, Z) = d(y, z). In view of (1), it suffices to consider
the case when d(y, z) > WllDl inj(y).

Since s < 1, w(y)® < fs(y), and Dy < p2-, we get
d(y,»)”* < 2ac1 Dy inj(y)~* < 20°c1 Diw(y)® < pY fivz(y)
where we also used (10.2). The proof is complete. O
Theorem 1.5(1) is a special case of the following theorem:

Theorem 10.5 (Isolation in distance). For any 0 < e < ex, y € Yo N X,
and z € Z, at least one of the following holds:

(1) z € By(y,e) = yBg(e,e), or

(2) d(y,z) > Ck;:/smy(BQ/, eNYor, Vs where ays is as given in (9.17).
Proof. As y € X, inj(y) > €. Suppose that z ¢ By (y,e). We first observe
that since my (B(y,¢))"/* < & and py? > a;’;/s, we have

€ —92 —x/ 1
Sac D > P> oy my(Bly.€) /s,

Therefore, if d(y,z) > ma, then (2) holds in view of the fact that
TZ 2 8%(.
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If d(y,z) < 201011D1€ < 2acllD1 inj(y), then by Lemma 10.3, d(y,z)"* <
c1fs(y). Hence applying Proposition 10.1, we conclude
a3 T7
d(y,2)" < <o——>——
(y ) fS(y) my(B(y,e))
which finishes the proof in this case as well. [l

The following theorem is Theorem 1.5(2):

Theorem 10.6 (Isolation in measure). Let 0 < ¢ < ex. LetY # Z. We
have

my{y €Y+ d(y.2) < ¢} < af,7ze".
Proof. Let A\g be given by Theorem 9.18. By Lemma 10.3(2),

dy,Z) 7 < cfsyz(y) < C-Fox,(y)

for some 1 < C < p%.
For 0 < € < ex, if we set

Q. i={yeYy: F(y) >C e},
then {y € Yy : d(y, Z) < e} C Q.. On the other hand, we have

C e Sy () < / Fy.dmy < my (Fp.).

£

Since my (F »,) < oy 7z by Theorem 9.18, we get that
my{y € Yo :d(y,Z) < e} <my () < ay 776",
|

Proof of Proposition 1.16. Let Fy = F 5, be as in Theorem 9.18. Then Fj
satisfies (1) in the proposition by Lemma 10.3. It satisfies (3) by Lemma 9.10.

Moreover, in view of Lemmas 9.10 and 9.14, F; satisfies the conditions
of Proposition 7.5. Hence, by Proposition 7.6, it also satisfies (2) in the
proposition. U

We remark that in both Theorems 10.5 and 10.6, the exponents x depend
only on GG, and the implied constants are respectively of the form cs% and
¢! S}N for some ¢ <1 and N > 1 both depending only on G.

Number of properly immersed geodesic planes. When Vol(M) < oo,
we record the following corollary of Theorem 10.5. Let A(T') denote the
number of properly immersed totally geodesic planes P in M of area at
most T

We deduce the following upper bound from Theorem 10.5 using the pi-
geonhole principle:
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Corollary 10.7. Let Vol(M) < co. There exists N > 1 (depending only on
G) such that for any 1/2 < s < 1, we have

N(T) < Vol(M)e N T
where the tmplied constant depends only on s.

Proof. We begin by recalling that oy, = a; 1= (ﬁ)l/(ks) for any closed
H-orbit Y in X when Vol(M) < occ.

We obtain an upper bound for the number of closed H-orbits in X which
yields the above result. The proof is based on applying Theorem 10.5.

If X is compact, let p = 0.1lex. If X is not compact, then the quantitative
non-divergence of the action of U on X implies that there exists p > 0 so
that for all x € X such that zU is not compact,

1
Tﬂ{t €0,T):auy € X — X,} <0.01

for all sufficiently large T' > 1, e.g., see [9]. Moreover p can be taken to be
= 5’)“( for some k > 1.

Since (Y, my) is U-ergodic by the Moore’s ergodicity theorem for every
closed orbit Y = xH, the Birkhoff ergodic theorem says that for my a.e.
yey,

Th_rgo %E{t €[0,T]:yur € X — X,} =my(X — X))
where ¢ denotes the Lebesgue measure on R; therefore

(10.8) my (X — X,) < 0.01.
For every S > 0 put
Y(S):={xzH : zH is closed and S/2 < Vol(zH) < S}.

In view of the above choice of p, we have Vol(xH) > p? > 1 for every closed
orbit zH. Let ng = |3logy(p)]| and for every T' > 1, let ny = [logy T'].
Then we have
nr
{zH : zH is closed and vol(xH) < T} C Uy(2’“).

no

Let n =< p be so that the map g + zg is injective for all z € X, and all
g € Box(n) := exp(Bjsiy r) (0,7)) exp(Baiy r) (0,7))-
Fix some 1/2 < s < 1 and some z € X. We claim that
(10.9) # (connected components of Y(2%) N z.Box(n)) < al?/596k/s

where the implied constant depends on p.
For any connected component C' of Y(2¥) N z.Box(n), there exists some
v € isl3(R) so that

C = zexp(v) exp(Bgi, ) (0,1)).
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Let us write C' = C,. Now in view of Theorem 10.5, for every two connected
components C, # C,/, we have

(10.10) v —'|| >, a;/s27 /s,

Because dim(r) = 3, the cardinality of an ag M/eo—2k/s

Bist,w)(0,m) is < aiz/ 96k/5 wwhere the implied constant depends only on
the choice of norm. The claim in (10.9) thus follows from (10.10).

Let {Zj.BOX(T]) 1 <5< R} be a covering of X, with sets of the form
z.Box(n); we may find such a covering with R = O(Vol(X)n~°) the implied
constant is absolute, see also the definition of ¢; in (8.1). Then we compute

-separated set in

N(2F) <275 N " vol(zH) by def. of Y(2)
Y(2¥)

M
<27y 3 vol(Gy) by (10.8)

Jj=1CyCz;.Box(n)

R
<al?sy ok by (10.9)
j=1
< Vol(X)al2/s2% —* since R = O(Vol(X))

in the above we also used the fact that vol(C,) <, 1.
Since p < n can be taken = 5’}0 we conclude that for some absolute

constant N1, Ny > 1 and ¢ = ¢(s) > 1,

nr
N(T) < e Vol(X)p Mal?s 37 257k < ¢ Vol(X)e s !

k=ng

which implies the claim (note here that Vol(X) = Vol(M), since I is torsion-
free.) O

Remark 10.11. Let N/ (T) be the number of properly immersed geo-
desic planes of area at most T in a general geometrically finite manifold
M = T\H3. By [20] and [3], if Vol(M) = oo, there are only finitely many
properly immersed geodesic planes of finite area (note that they are neces-
sarily contained in the convex core of M); hence supp N (T) < .

If Y is a closed H-orbit Y of finite area in T'\G, then py < sy = 2
7y = Vol(Y) and the non-divergence of the U-action as given in [6, Thm.
1.1] implies that (10.8) also holds in this setting.

In view of these, the proof of Corollary 10.7 works in the same way for
the following: there exists N > 1 (depending only on G) such that for any
1/2 < s < 1, we have

Ny (T) <5 Vol(core M) 5174NT2_1
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where the implied constant depends only on s. Note that this kind of upper
bound is meaningful despite the finiteness result mentioned above, as the
implied constant is independent of M.

11. APPENDIX: PROOF OF THEOREM 1.1 IN THE COMPACT CASE

In this section we present the proof of Theorem 1.1 when X is compact.
As was mentioned in the introduction, this case is due to G. Margulis.

Let Y # Z be two closed H-orbits in X = I'\G. Recall ex = min,cy inj(z)
where inj(z) is the injectivity radius measured in T'\H?.

Fix 0 < s < 1, and define fs:Y — [2,00) as follows: for any y € Y,

fs(y) = {Z”EIZ(M loll=*if Iz(y) # 0

s .
Ex otherwise

where
Iz(y) ={v e€isla(R):0 < ||v]| < ex, yexp(v) € Z}.
Define Fy = Fyy,z : Y — (0,00) as follows:

Fy(y) = fs(y) + Vol(Z)ex”.

Note that in the case at hand, Fy is a bounded Borel function on Y.
We also note that in the case at hand w, as defined in (6.3), is a bounded
function on X (recall that w = 2 in this case), and hence Fs here and Fj
that we considered in the proof of Theorem 1.5 are essentially the same
functions in this case.

We use the following special case of Lemma 5.6: for any v € isla(R) with
o]l =1,1/3 <s<1andt>0, we have

1 (s—1)t/4
(11.1) / dr ¢
0

|lvural|® 1—s

where vh = Ad(h)(v) for all h € H.

Remark 11.2. It is worth noting that the symmetric interval [—1, 1] was
used in Lemma 5.6. We remark that this is necessary in the infinite volume
setting; indeed the half interval [0, 1] may even be a null set for y, for some
y, see (4.1) for the notation.

For a locally bounded function ¥ on Y and ¢ > 0, define

1
(11.3) Arp(y) = /0 Y(yurar)dr foryeY.

Proposition 11.4. Let 1/3 < s < 1. There ezists t = t(s) > 0 such that
forally ey,

1
(11.5) AiFg(y) < §Fs(y) +cextalVol(Z)

where oy = (1 — 5)~Y0=%) and ¢ > 1 is an absolute constant.
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Proof. It suffices to show that A, fs(y) < % fs(y) + cdVol(Z).
Let by be as in (11.1), and let ¢ = ¢(s) be given by the equation

We compare fs(yura;) and fs(y) for r € [0,1]. Let C; =< e be large
enough so that ||vh|| < Ciljv|| for all v € isla(R) and all

h e {aru, :|r| <1,|7| <t}

Let v € Iz(yurar) be so that ||v|| < ex/C1. Then |jva_tu_,| < ex; in
particular, va_u_, € Iz(y).

In the following, if I;(-) = 0, the sum is interpreted as to equal to e°.
In view of the above observation and the definition of fs, we have

Fslywar) = Y ol

vElz (yurat)
= > ol % + > o] ~*
vElz(yuras),|vl<ex /Ch velz(yurar),||v]|>ex /C1
(11.6) < D vuea] 7+ > o] ~*.
velz(y) v€lz(yurar),|lvl|>ex/C1

Moreover, note that #1(y) < ex°Vol(Z) (see the proof of Lemma 8.13).
Hence,

(11.7) Y lzex/c IV17F < CiexVol(2) < exteVol(Z).
We now average (11.6) over [0,1]. Then using (11.7) and (11.1) we get
Acfs(y) < 5fs(y) + O(e*Vol(Z)).
As (1 — 5)~ /(=9 < e5t/4 this proves (11.5). O
Let my be the H-invariant probability measure on Y:
Corollary 11.8. We have
my (Fs) < cexas Vol(Z)
where ¢ > 1 is an absolute constant.

Proof. Since my is an H-invariant probability measure, my (A¢ fs) = my (fs).
Hence the claim follows by integrating (11.5) with respect to my-. ([

Proof of Theorem 1.1. There exists ¢ > 0 such that for any h € By (ex)
andy € Y, Fs(y) < 0Fs(yh) (cf. Lemma 9.10); By (ex) denotes the e x-ball
centered at the identity in H.
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Hence, using Corollary 11.8, we deduce

o fBH(ax) Fs(yh)dmy (yh)

fs(y) < Fi(y) < my (B(y,ex))

o -my(Fs)
~ my(B(y,ex))

with an absolute implied constant. Since d(y, Z)™*® < ¢ fs(y) for an absolute
constant ¢; > 1 (see (10.4)), we have

(11.9) d(y, Z) > a7 Y5 Vol(Z) /s Vol (V) ~1/s.

This shows Theorem 1.1(1). By Corollary 11.8 and the Chebyshev in-
equality, we get

< aley Vol(Y) Vol(Z)

my{y €Y :d(y, Z) < e} <my{y €Y : Fi(y) > ¢ e} < cymy (Fy)e®.
Therefore
(11.10) my{y €Y :d(y, Z) < e} < cree®etalt Vol(2),
which implies Theorem 1.1(2). O
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