SUPER-APPROXIMATION, II:
THE p-ADIC AND BOUNDED POWER OF SQUARE-FREE INTEGERS CASES.

ALIREZA SALEHI GOLSEFIDY

ABSTRACT. Let Q be a finite symmetric subset of GLn(Z[1/qo]), ' := (Q), and let m, be the group
homomorphism induced by the quotient map Z[1/qo] — Z[1/q0]/mZ[1/qo]. Then the family of Cayley graphs
{Cay(mm (I'), 7m () }m is a family of expanders as m ranges over fixed powers of square-free integers and
powers of primes that are coprime to qg if and only if the connected component of the Zariski-closure of I
is perfect. Some of the immediate applications, e.g. orbit equivalence rigidity, largeness of certain £-adic
Galois representations, are also discussed.
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1. INTRODUCTION

1.1. Statement of the main results. Let Q be a finite symmetric subset of GL,(Q), and I' = (). Since
) is finite, for some gy € Z* we have I' C GL,,(Z[1/qo]). Strong approzimation implies that (under certain
algebraic conditions) the closure of I in [, GLn(Zp) is open in [] . (G(Qp) N GLy(Zp)), where G is the
Zariski-closure of I" in GLL,,. In combinatorial language, this means that the Cayley graphs

Cay (mn (G(Q) N GLn(Z[1/q0])), 7m (€2)) ,

where m and ¢g are coprime and 7, is the group homomorphism induced by the quotient map 7, : Z[1/qo] —
Z[1/q0)/mZ[1/qo], have at most C' := C(£2) many connected components. The point being that C' does not
depend on m. Super-approzimation® tells us that these sparse graphs are highly connected, i.e. they form a
family of expanders. A family {X;}ier of do-regular graphs is called expander if there is ¢ > 0 such that for
any ¢ € I and any subset A of the set of vertices V(X;) of X; we have

le(A, V(Xi) \ A)]
min(|A], [V (X;) \ 4])’

where e(A4,V(X;) \ A) consists of the edges that connect a vertex in A to a vertex in V(X;) \ A.

Expanders are extremely useful in communication and theoretical computer science (e.g. see [HLWO06]). In
the past decade they have been found useful in a wide range of pure math problems, e.g. affine sieve [BGS10,
SGS13], sieve in groups [LM13], variation of Galois representations [EHK12], etc. (see [BO14] for a collection
of surveys of related works and applications).

In this article we prove the best possible super-approximation results for two families of residue maps. Let
Vi (Q) be the set of primes in Q, and v,(g) be the p-valuation of ¢, i.e. the power of p in ¢.

Theorem 1. Let Q be a finite symmetric subset of GLn,(Z[1/q0]), T := (Q), and My be a fized positive
integer. Suppose ' is an infinite group. Then the family of Cayley graphs {Cay (mm ('), mm (Q)) }m is a family
of expanders as m runs through either

{P"Ine€Z"peVi(Q)pta} or {qgl Vp € Vi(Q),vp(q) < Mo}
if and only if the connected component G° of the Zariski-closure G of " in GLy, is perfect, i.e. [G°,G°] = G°.

1Following A. Kontorovich’s suggestion, I call this phenomenon super-approximation. It is worth pointing out that this
phenomenon has been called superstrong approximation [BO14] by some authors.
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In the appendix, a quantitative open image for p-adic analytic maps is proved, which should be of independent
interest. In a joint work with Zhang [SGZ], this result is used to generalize a theorem of Burger and
Sarnak [BS91] to the setting of super-approzimation (see Theorem 9 for the statement of this result.).

1.2. Comparing with the previous related results. The importance of Theorem 1 lies on the fact
that it is an if-and-only-if statement. In fact, by Proposition 10, we get that, if {7y, (T), mm, ()} is a
family of expanders for some increasing sequence {m;} of integers that are relatively prime to gg, then
{Tm (1), T ()} is a family of expanders as m runs through integers specified in Theorem 1.

Super-approximation for square-free numbers is the main theorem of [SGV12]. Of course it is a special case
of Theorem 1 for m € {q| Vp € V¢(Q),vp(q) < Mo} and My = 1. It should, however, be noted that our proof
relies on [SGV12]. Proof of this part of Theorem 1 is heavily influenced by the relevant part of [BV12]. But
here, instead of working with the concrete structure of the congruence quotients of SL,,(Z) as it was done in
[BV12], one has to work with arbitrary perfect groups. So it is inevitable to make use of basic theorems from
Bruhat-Tits theory to describe structure of a maximal compact subgroup of H(Q,) where H is a semisimple
Q,-group, and to use truncated or finite logarithmic maps [Pin98, Section 6] or [SG, Section 2.9]. In addition,
one has to understand how such a maximal compact group acts on an open compact subgroup of U(Q,)
where U is a unipotent Qp-group, which makes the use of the language of schemes necessary.

Proof of Theorem 1 for powers of primes relies on [SG] where the semisimple case is proved.

Prior to [SG], the case of Zariski-dense subgroups of SL, (Z) was studied by Bourgain-Gamburd [BG08-b,
BGO09] and Bourgain-Varji [BV12]. As it is pointed out in [SG, Section 1.3], the proofs by Bourgain and
Gamburd [BGO08-b, BG09] and Bourgain and Varji [BV12] rely heavily on Archimedean dynamics. In
particular, those ideas cannot be implemented for a finitely generated subgroup I' of GL,(Q) if T is a
bounded subgroup of GL,(R). But it is worth pointing out that, if T" is a Zariski-dense subgroup of SL,,(Z),
Bourgain and Varji [BV12] prove that {Cay(m, (T), 7, ()} is a family of expanders with no restriction
on m.

Prior to the current work, no super-approximation result for powers of primes beyond semisimple case was
known. To get such a result, one had to use new ideas and combine techniques from p-adic analytic analysis,
p-adic analytic pro-p groups, and non-commutative algebra.

1.3. Applications.

1.3.1. Random-walk and spectral gap. Let € be a finite symmetric subset of a compact group G. Let u be
the counting probability measure on 2 and I" := (). Let

T, : L*(T) — L*(T), T.(f) :=pu*f,

where (u* f)(g) := Zg,esuppu,u(g’)f(g’*lg) and T is the closure of I' in G. It is easy to see that T}, is a
self-adjoint operator, the constant function 1y is an eigenfunction with eigenvalue one, i.e. T,(1y) = 1,
and ||T,|| = 1. Let

A(p; G) == sup{|A|| X €spec(T,), A <1}
We get a fairly good understanding of the random-walk in G with respect to u if A(g; G) < 1, in which case
it is said that either I' ~ T or the random-walk with respect to p has spectral gap.

Let us recall a couple of well-known results which give us a connection between having spectral gap and
explicit construction of expanders (see [Lub94, Chapter 4.3], [LZ03, Chapter 1.4], [SG, Remark 15]).

Remark 2. (1) Let T be the group generated by a finite symmetric set Q. Suppose {N;}icr is a family
of normal, finite-index subgroups of I'. Suppose, for any i1,i2 € I, there is i3 € I such that N;, C
N;, N N,,. Then, by Peter-Weyl theorem, one has

/\('PQ;@F/Z\Q) = Slzl.p )\(PLNi(Q); F/Ni),
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where iy, : T'— T'/N; is the natural quotient map.
(2) Suppose {N;}icr is a family of normal, finite-index subgroups of T'. Then the family of Cayley graphs
{Cay(T'/Ni, N, () }ier is a family of expanders if and only if

sup AP,y (); I'/Ni) < 1.

Based on these results, we get that Theorem 1 implies the following.

Corollary 3. Let Q be a finite symmetric subset of GLy,(Z[1/qo]), and Pq be the counting probability
measure on §). Suppose the connected component G° of the Zariski-closure G of T := (Q) in GLy, is perfect.
Then for any positive integer My we have

A(Pa; [ [ GLw, (Z/p™°2)) < 1,
piao

and

sup A(Pq; GLy, (Zy)) < 1.
plgo

Since a stronger form of the only-if part of Theorem 1 (see Proposition 10) holds, having spectral gap for a
single place implies a uniform spectral gap for all the places.

Corollary 4. Let Q be a finite symmetric subset of GLy,(Z[1/qo]), and Pq be the counting probability
measure on Q. Then for some p{ qo we have A(Pq; GLn,(Z,)) < 1 if and only if

sup A(Pq; GLy, (Z,)) < 1.

Plqo

Spectral gap has a well-known weighted equidistribution consequence.

Corollary 5. In the setting of Corollary 3, there is X\ < 1 such that for any prime p which does not divide
g0 and G(Qp) N GLy, (Zy)-finite function fy on G(Qp) (which means that fy is invariant under an open
subgroup of G(Q,)) we have

ISP () fol) — / folg)dg| < 1o — / fol@)dglla /Ty - fol AL,
~yel Iy T,

where Ty, is the closure of T in GLy,(Z,) and it acts on functions on G(Q,) via the right translation, i.e.

(g-Hg) = f(d9), Pg) is the I-th convolution power of Pq, dg is the probability Haar measure on I'y, and
I£ll2 := (Jyer, f(9)*dg)"/>.

Proof. Since €2 is a symmetric set, we have that

1) S PO ~ [ folo)ds = THRND = (Lr,. fo),
yel’ Ip

where I is the identity matrix and (,) is the dot product in L?(T',).

On the other hand, by Corollary 3, we have that

(2) IT.(fo) = (L, fo)ll2 = 1T (fo — (Lr,. fo)Lr,)ll2 < Nl fo — (Lr,, fo)Ir, )2,
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where A := sup,, A(Pa; GLn, (Zp)). For any function f.olet Ty :={g €Ty|lg-f = f} Since for any
geT,and f e L*(T,) we have Ty,(g- f) = g- Tu(f), we get that T, f C T, 7, (s). So we have

1T (fo) — (Lr, . fo)lI2 = / . / T (fo)(gg') — (Lr,, fo)dg'dg
p pfo

p,fo

_ / / " T (f0))(9) — (Lr,, fo)|?dg'dg
p/Fp fo Iy, fo

_ !
- / o T {tr,: P / L
! S TN (fo)g) — (Lr,, fo)

VRS
[Tp : Tp, 1ol 9T 10 €00/ T 1o
T! (fo)(I) — (1 2
5 [T = (i, A
|Fp ’ f0|
Equations (1), (2), and (3) imply the claim. O

Corollary 5 is another indication that super-approximation is a suitable name for such a phenomenon as it
implies a quantitative way to approximate points.

1.3.2. Orbit equivalence. Suppose I' C G and A C H are dense subgroups of compact groups G and H. We
say the left translation actions T' ~ (G, m¢g) and A ~ (H,mp) are orbit equivalent if there exists a measure
class preserving Borel isomorphism 6 : G — H such that 6(I'g) = A#(g), for mg-almost every g € G.
Surprisingly, if I" and A are amenable, the mentioned actions are orbit equivalent [OW80, CFW81]. In the
past decade there have been a lot of progress on this subject, and as a result now it is known that one gets
orbit equivalence rigidity under spectral gap assumption [loal4-a, Toal4-b).

Corollary 6. Let Q be a finite symmetric subset of GLy,(Z[1/qo]), and Pq be the counting probability
measure on . Suppose the connected component G° of the Zariski-closure G of T' := () in GLy, is perfect.
Let Ty, be the closure of ' in GLn,(Z,) where p{ qo.

Let A be a countable dense subgroup of a profinite group H. Then I' ~ (I'y,mr,) and A ~ (H,mg) are
orbit equivalent if and only if there are open subgroups Go C I'y, and Hy C H and a continuous isomorphism
d : Go — Hy such that [Ty : Go] = [H : Ho] and §(GoNT) = AN Hy. In particular, H is p-adic analytic.

Proof. This is a direct consequence of Corollary 3 and [Toal4-a, Theorem A]. (]

1.3.3. Variations of Galois representations in one-parameter families of abelian varieties. Since eight years
ago, because of a surge of works by various people specially Cadoret, Tamagawa [Cad, CT12, CT13], Hui,
and Larsen [Huil2, HL], we have got a much better understanding of the image of f-adic and adelic Galois
representations induced by Tate modules of an abelian scheme. On the other hand, Ellenberg, Hall, and
Kowalski in [EHK12] gave a beautiful connection between variations of Galois representations and certain
spectral gap property?. Here we make an observation that Ellenberg-Hall-Kowalski [EHK12] machinery
combined with Theorem 1 gives an alternative approach towards [CT12, CT13]; in particular, we do not get
any new result on this topic.

In this section, let k be a finitely generated characteristic zero field, k be the algebraic closure of k, and U
be a smooth algebraic curve over k such that U x; k is connected. Let A — U be an abelian scheme of
dimension g > 1, defined over k. Take an embedding of k£ into C, and let

pPo - Wl(U(C),yo) — AutU(A) - Gng(Z)

2Instead of being expanders, they only need a weaker assumption on the relevant Schreier graphs, called esperantist graphs.
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be the monodromy representation. Let I' := po (71 (U(C),y0)), and G be the Zariski-closure of " in (GLag)q.
Let Q be a finite symmetric generating set of I'.

For any = € U(k), the fiber A, over z is an abelian variety defined over the residue field k(z) at z. For any
prime [, let T} ; be the Tate module of A, i.e.

= I&HAI [lm](E)v
where A,[I"™](k) is the I"-th torsion elements of A, (k). So Ti, ~ Z?? and we get the l-adic Galois repre-
sentation

pre : Gal(k/k(z)) — Autz, (T),) ~ GLay(Z:).

Lemma 7. In the above setting, the connected component G° of G is perfect.

Proof. By [EHK12, Proposition 16], T has a finite index subgroup A such that m;(A) is a perfect group and
generated by its order | elements for large enough prime [. In particular, the index of any proper subgroup
of m(A) is at least .

Let I'° :=T'NG°. So I'° is Zariski-dense in G°. Since [m;(A) : m(ANT°)] < [[': T'°], for large enough prime
[ we have that m(A) = m(ANT®).

On the other hand, the quotient map G° — (G")ab G°/|G°,G"] is defined over Q. Hence after realizing
(G°)2P as a subgroup of (GL,,)g, for large enough I we have that m;(f(I'°)) is a homomorphic image of
()20 := m(T°) /[ (T°), m(T'°)]. Suppose to the contrary that G° is not perfect. Then f(I'°) is a finitely
generated, infinite, abelian group as it is a Zariski-dense subgroup of (G°)*. Hence |m;(f(I'°))| — oo as [
goes to infinity, which implies that |m;(f(T'° N A))| — oo. Since m;(f(I'° N A)) is abelian and a homomorphic
image of m(I'° N A), we get a contradiction. O

Now we can give an alternative proof of the main result of [CT12, CT13].

Proposition 8. In the above setting, for any integer d and any prime £ there is an integer B := B(d, ¢, po)
such that B
Uge:={z € Uk)| [k(z) : k] <d,[T¢:Im(pr,) NI, > B},

is finite.

Proof. Suppose to the contrary that there is a sequence {x;} of points in U(k) such that
(1) @ # 5 i i 4,
(2) [k(z:) : k] < d,
(3) [Fe : Im(pg,wi) N Fg] = N; where N; € ZT U {OO}, and N; — oo.

By Lemma 38, there is an increasing sequence {m,}; of positive integers and a sequence of open subgroups
{H;}; of T'y such that
lim [Ty : H;] = 00, Ty NIm(pes,) € Hi,and T'p[¢™] C H;.

17— 00

Going to a subsequence, if necessary, we can and will assume that mgm; (H;) = mem; (H;) for any j > i.
Therefore we can and will assume that H; 2 Hs 2

For each i, we get an open subgroup of 7¢*(U x k), and so we get an étale cover U; i U of U that is defined
over k. Since Im(py ;) C H;, there is Z; € U;(k(x;)) which is in the fiber over z; € U(k(x;)). Moreover,

since {H;}; is a decreasing sequence of open subgroups, we get k-étale covering maps U M U; for any
i < j that satisfy ¢; o ¢;; = ¢;. In particular, we have that

(4) {¢zg ‘TJ }] = U U
[k':k
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is an infinite subset for any 4. On the other hand, since 7¢*(U; x 1 k) is the profinite closure of 7, (U;(C), zg),
the natural embedding induces an isomorphism between the Schreier graphs

(5) Sch(m1 (U(C), z0)/m1 (Ui (C), Zo4); ) =~ Sch(mem; (L) /mems (Hy); wemi (Q)),
where Zo; is a point over zg. On the other hand, by Lemma 7 and Theorem 1, we have that
(6) {Cay (mpm; (I'); mems () 4

is a family of expanders. Since the Schreier graphs in (5) are quotients of the Cayley graphs in (6) and
their size goes to infinity, they form a family of expanders. Therefore by the main result of Ellenberg-
Hall-Kowalski [EHK12, Theorem 8] we have that the (geometric) gonality v(U;) of U; goes to infinity.
Hence by a corollary [CT13, Theorem 2.1] of Falting’s theorem [Fal91] on Lang-Mordell conjecture (see
[Fer94, Mc95, Maz00]) we have that

U o)

(k':k]<d

is finite for large enough . This contradicts (4). O

1.3.4. Inducing super-approzimation. As it was mentioned earlier, in the appendix a quantitative open func-
tion theorem (see Lemma 53') is proved, which is of independent interest. This result plays an important
role in my joint work with Zhang [SGZ], where we prove that one can induce super-approximation from a
subgroup under a mild (and needed) algebraic condition.

Theorem 9. Let Q4 be a finite symmetric subset of GLn,(Z[1/qo]), and T'y := (1). Let Qo be a finite
symmetric subset of 'y, and I'y := (Q2). Let G be the connected component of the Zariski-closure of T'; in
GLy, for i =1,2. Suppose the smallest normal subgroup of GS which contains G5 is G}. Then, if I's has
super-approximation, then I'y has, too; that is equivalent to say

ANPay; [[Z0) < 1= A(Pa,: [[ 20) < 1.

pigo pigo

Such a result for arithmetic groups was proved by Burger and Sarnak [BS91].
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2. PRELIMINARY RESULTS AND NOTATION.

2.1. Notation. In this note, for two real valued functions f and g, and a set of parameters X, we write
f = Ox(g) if there are positive functions C;(X) and C3(X) of the set of parameters such that for t > C;1(X)
we have 0 < f < C9(X)g; notice that this is slightly different from the usual Landau symbol as Ox(g)
is assumed to be non-negative. For two real valued functions f and g of a real variable ¢ and a set of
parameters X, we write f = Ox/(g) if there are positive functions C;(X), Ca(X), and C3(X) such that
C1(X)g(t) < f(t) < C2(X)g(t) for any ¢ > C5(X). For two real valued functions f and g of a real variable ¢
and a set of parameters X, we write f < x ¢ if there are positive functions C7(X) and Co(X) such that for
t > C3(X) we have f(t) < C1(X)g(t). So for two non-negative functions f and g we have f = Ox(g) if and
only if f <x g; and f =0Ox(g) if and only if g <x [ <x g
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For a (commutative unital) ring R and a € R, 7, : R — R/aR is the quotient map. We denote also the
induced group homomorphism GL,,(R) — GL,(R/aR) and all of its restrictions by m,. For a subgroup I" of
GL,(R), I'[a] denotes {y € T'| mq(y) = 1}; in particular I'[1] =T'.

For a subset A of a group G, we write either [[,Aor A-A- ... A for the subset {a1 - --ac| a1,...,ac € A};
—_—
C times
A~ denotes the subset {a~'| a € A}; and A is called symmetric if A = A~!. For an additive group G,
> c A denotes the subset {a; +--- +ac| a1,...,ac € A}.

For a measure p on a group G, we let supp p be the support of . For a measure p on a group G and g € G,
we let p(g) := u({g}). For a measure u with finite support on a group G and a complex valued function f
on G, we let 11+ f be the convolution of 1 and f, that means (1 * f)(9) = > cqupp(u) w(s)f(s~tg). For a
measure ; with finite support on a group G, we let ¥ be the I-fold convolution of s, that means for any
g € G, we have u(g) = (u*---*pu)(g) = D ggi=g 11(g1) -+ - p(g1). We say a measure p with finite support
—_——
! times
on a group G is symmetric if u(g~!) = u(g) for any g € G. For a finite subset X of a group G, we let Px
be the probability counting measure on X.

The set of (rational) primes is denoted by V;(Q). For any prime p, f, denotes the finite field with p elements;
Q, is the field of p-adic numbers; Z,, is the ring of p-adic integers; and v, : Q, \ {0} — Z (and its restriction
to Q\ {0}) is the p-adic valuation, that means v,(x) = n if and only if x € p"Z, \ p"*1Z,. For any prime p
and z € Q,, we let |z|, := (1/p)*»@) if x # 0, and [0], := 0.

2.2. Necessity. In this section, we will prove that getting a family of expanders modulo an infinite sequence
of integers implies that the connected component of the Zariski-closure is perfect (see Proposition 10). In
particular, we get the necessary part of Theorem 1.

Let us remark that proof of [SGV12, Section 5.1] can be adjusted to give the necessary part of Theorem 1 for
any fixed prime p. The main point being that the proof in [SGV12] makes use of the fact that the congruence
kernels modulo square-free numbers define a topology.

The proof here is rather straightforward and has three parts:

(a) Changing I" to I'° :=I' N G°, we can and will assume G is Zariski-connected;

(b) If G has infinite abelianization G*® := G/[G, G], then the order of the abelianization m,, (I')*" of
g, (I') gets arbitrarily large as ¢; goes to infinity.

(c) If S is a finite symmetric generating set of an abelian group A, then the order of A is bounded by a
function of |S| and A\(Pg; A) (see [LW93, Corollary 3.3]).

Proposition 10. Let Q be a finite symmetric subset of GL,(Z[1/q]) and T' = (Q) C GL,(Z[1/qo]). Let
G° be the Zariski-connected component of the Zariski-closure G of T in (GLy,)q. If {Cay(my, (I'), 74, ()}
is a family of expanders for integers q1 < gz < --- coprime with qo, then G° is perfect, i.e. [G°,G°] = G°.

Proof. Let I'° :=T'N G°. Then, by [SG, Corollary 17], I'° has a finite symmetric generating set Q° and

{Cay (g, (%), 74, (2°)) }

is a family of expanders. Therefore for some positive integer C' we have |mg, (I'°)/[mq, (I'°), mq, (I'°)]| < C for
any ¢ (see [LW93, Corollary 3.3]).

On the other hand, G° and [G°,G°] are Q-groups, and the quotient map G° ER G°/[G°,G°] is a Q-
homomorphism. Therefore G°/[G°, G°] can be viewed as a Q-subgroup of (GL,/)g such that first the
quotient map f induces a Q-homomorphism from G to (GL,)q and second f(I'°) C GL,,/(Z[1/qo]). So there
is an integer ¢’ such that for any prime p we have [|f(v) — I|l, < [¢'[,'|ly — I]l,. Therefore f induces an
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epimorphism from 74, (I'°) /[my, (I'°), mg, (I'°)] onto 7y, / ged(qs,q) (f(I'°)). Hence for any i we have

Mg/ ged(asa’) (F(T))] < C.
Since f(I'°) is a Zariski-dense subset of G°/[G°, G°] and modulo arbitrarily large integers it has at most C
elements, we have that G°/[G°,G°] is finite. So by the connectedness we have that G° is perfect. O

2.3. A few reductions. In this section, we make a few reductions and describe the group structure of
7mq(T) using strong approximation [Nor89).

Lemma 11. It is enough to prove the sufficiency part of Theorem 1 under the following additional assump-
tions on the Zariski-closure G of T' in (GLy, )g:

There are connected, simply-connected, semisimple Q-group G, and unipotent Q-group U such that G acts
onU and G ~ G4z x U.

Proof. A similar argument as in the proof of [SG, Lemma 18] works here. For the convenience of the reader,
we present an outline of the proof.

By the assumption, G° is a perfect group. Therefore the radical U of G° is unipotent. Let G4 be a Levi
subgroup of G°, G, be the simply-connected cover of G, and ¢ : Gs x U — G5 x U = G° be the induced
covering map. To lift the problem to G, we consider

A= NG°(Q) NG(Q),

and A := (A). Since G°(Q)/4(G(Q)) is a torsion abelian group and I is a finitely generated group, we have
that A is a normal finite index subgroup of I'. Therefore by [SG, Corollary 17] we have that A has a finite
symmetric generating set 2’ and for any family of positive integers C we have that {Cay(my(I"), 74(2))}qec
is a family of expanders if and only if {Cay(my(A), m4(£')) }eec is a family of expanders.

Let us fix an embedding f : G — (GLyy )q- Since I' € GLy, (Z[1/qo]), after passing to a (normal) finite index
subgroup of A, if needed, we can and will assume that f(A) C GLyy (Z[1/qo]). Since ¢ is an isogeny defined
over Q, there is ¢{), € Z such that for any positive integer ¢ and v € A we have

Trq(f(,)/)) =1 imphes 7Tq/ gcd(q(),q)(l’(rYD =1L

Hence 7, (A) maps onto Tq/ ged(q,q5)(A) via the map induced by ¢. Therefore if Theorem 1 is proved for the
group A C GLyy; (Z[1/q0]), we get the desired result for the group I'. Hence we can focus on the group A

which is Zariski-dense in @; and the claim follows. ([l

Lemma 12. Let G and G be the Zariski-closure of T' in (GLy, )z /4, and (GLy,)q, respectively. Let G be
a semisimple Q-subgroup of G, and U be a unipotent Q-subgroup of G such that G = G4 x U.

It is emlugh to prove the sufficiency part of Theorem 1 under the following additional assumptions on the

closure I' of I' in [, GLno(Zp):

(1) T = Hpj(qo P, is an open compact subgroup of Hpj(qo G(Zy).

(2) For some non-negative integer q) and any prime p{ qo, we have P, = G(Q,) N GLy,, (Z,)[pkr], where
By 1= Up(dh) and GLy, (Z,)[p*] i= {g € GLug(Zy)| g — 1, < p~*}. And P, = K, x U, where
Ky = Gy(Qp) N GLuy (Zy)[p™], Uy := U(Qp) N GLy, (Z,)[p*].

(3) There is a prime py such that, for p > po, K, = G4(Qp) N GL,,(Z,) is a hyperspecial parahoric
subgroup of G5(Qp), and U, = U(Q,) N GL,,,(Zp).

(4) For p > po, the dimension of any non-trivial irreducible representation of mp(I') ~ G(fp) is at least
|7-[-p(1—‘)|0dimG(1).

Proof. By [SG, Corollary 17], we are allowed to pass to a finite-index subgroup of I" if needed. By Lemma 11
we can and will assume that G is connected, simply-connected, and perfect. Hence by Strong approximation
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we have that I is an open subgroup of 1 9(Zp) (see [Nor89, Theorem 5.4]). So passing to a finite-index
subgroup we get part 1. By [Tit79, Section 3.8], for large enough p, K, is a hyperspecial parahoric. (See
the same reference for the definition of hyperspecial; here we use the property that m,(X,) is a product of
quasi-simple groups where the number of factors and their ranks are bounded by dim Gg.) Since the action
of G5 on U is defined over QQ, one gets the other claims of part 2 and part 3. Moreover, for large enough
p, mp(I') = mp(Kp) x mp(Up) is a perfect group. Hence by [SGV12, Corollary 14] the restriction of any
non-trivial representation p of m,(I') to m,(K}) is non-trivial. Since K, is hyperspecial, m,(K)) is a product
of quasi-simple groups where the number of factors and their ranks are bounded by dim G,. Therefore by
[LS74] we have dim p > |7, (K,)|Cdmes (D) > |7, (1)|Caimed), O

We notice that the restriction of 7, to I' factors through f, and so

T, pi (T) ~ H Tpni (Pp,) ~ H T (Kp,) x T (Up,)-

2.4. Algebraic homomorphisms and the congruence maps. In this section, an auxiliary result on the
relation between the congruence maps and Q-group homomorphisms is proved (see Lemma 13). This relation
is crucial for reducing the proof of the main theorem to the case where the unipotent radical is abelian.

Here is a general formulation of the issue (without a reference to affine group schemes): suppose H; C
(GLy,)g and Hy C (GLy,)q are given, and p : H; — Hy is a Q-group homomorphism. For any positive
integer ¢ and i = 1,2, let m; be the induced group homomorphism on Hp GL,,(Z,). For any prime p, let
H;, = H;(Qp) N GL,,(Z,). One would like to have that p and 7, commute; that means the following
(wrong) isomorphism

(7) o (p([ [ Hip)) = plmg(T] Hip)-

Equation (7) has two issues: (a) p([[, Hi1,p) is not necessarily a subgroup of [], Ha,,, and so it does not
make sense to talk about its congruence quotient, (b) p is defined by polynomials with rational coefficients
that are not necessarily integer. So it does not make sense to talk about p of the finite group ﬂ'q(Hp Hyp).

In Lemma 13 under the assumption that p is surjective with a Q-section, an almost commuting of p and m,
is proved; in particular, it is proved that, if ¢ does not have small prime factors, then the isomorphism in
Equation (7) holds.

The main ingredient in the proof of Lemma 13 is the fact that a Q-homomorphism p : Hy — Hy between
two algebraic Q-groups H; and Hy induces a continuous homomorphism between the adelic points H; (Ag)
and Hy(Ag).

After proving Lemma 13, it will be used for the quotient maps p; : G = G, and p2 : G — G, x U/[U, U]
where G is a Levi Q-subgroup of G, and U is the unipotent radical of G.

Lemma 13. Let H C (GL,,)g be a Q-subgroup (with a given embedding). Let p : H — (GLy,)q be a
Q-homomorphism. Then the following hold.

(1) There is g € GLy,,(Q) such that p(H(Q) N GL,, (Z[1/q0])) € g GLn,(Z[1/q0])g 7.
(2) There is a positive integer ¢' such that for any prime p and any h € H(Q,,) we have

lp(h) =1l < la'l; 12 = 1.

(3) Let1 - L — H 2y H — 1 be a short exact sequence of Q-groups. Suppose there is a Q-section
s : H — H such that s(1) = 1. Let ¢, be a positive integer and k, := vp(q,). For any prime p{ qo, let
Qp = H(Qp) N (1 + gogl, (Zp)) = {hy € H(Qp)| Iy — 1] < p~*r}. Assume that p(Qp) € GLin, (Zy),
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and s(p(Qp)) € GLy, (Zp) for any prime p { go. Then there is a positive integer ¢' := ][, ¥ such
that for non-negative integers n, > k, + k, we have

(8) H T rptk, (Qp)/ﬁpnpﬂc/ (L(Qp) N Qp) — H e (p(Qp)) — H Tonp =k Qp)/7T np—ki, (L(Qy) N Qp).

ptao plao plgo

Proof. For any p there is g, € GLp,(Qp) such that g,p(H(Qp) N GLy, (Zy))g, ' € GLy,(Zy). Since p is
defined over Q, for large enough p, we can assume that g, = 1. Hence there is g = (g,) € GL,,(Ag) such
that

plao ptao
where A is the diagonal embedding. On the other hand, we have

GLH2 (AQ) = A(Gan (Q) ) GLnQ H Gan QP H GLn2

plao pigo
So there is g € GLy,,(Q) such that
A(gp(H(Q) N GLy, (Z[1/q0))) R) [T GL.. (@) [] CLs.(Z) | N A(GL,, (Q)
plgo ptgo

= A(GL,,(Z[1/q0))),
which gives us the first part.

The second part is an easy consequence of the fact that p can be represented by a polynomial with rational
coefficients. Similarly there is a positive integer ¢’ such that

(9) 1 Iplls(p(hp)) = Lllp < llpChp) = 1llp < 1d'1; IRy = L],

for any prime p and h, € H(Q,). On the other hand,

(10) hp € ker(mpn o p) if and only if ||p(hy) — 1||, <p~ ™.

These imply that for h, € ker(m,» o p) we have o, (8 (s(p(hyp))) =1. And so if h, € Q, and mpn (p(hy)) = 1,

then we have
(11) by = (hys(p(h)) ™) - s(p(hy)) € (L(Qy) N Q) kerm .

Let ¢y : Qp — T pty (Qp) /T i, (L(Qp) N Q) d1(hy) = 7 gty ()T iy (L(Qp) N Q). Then clearly
1 is surjective. By (11), ¢, factors through mpne (0(Qp)); that means
Tpre (p(Q@p)) — ™ e Fp (Qp)/ﬂ' np—it, (L(Qp) N @p).

Let ¢ : Qp — mpmo (p(Qp))s da(hy) := mpme (p(hy)). So clearly bo is surjective. By (9) and (10), we have, if
T g, (hp) = 1, then ||p(hy) — 1, < |¢'[, 1Ay — 1, < p Fop= =k — p=mr: and so h, € ker ¢y. Therefore
52 factors through T i) (Qp). By the definition of ¢2 we have L(Q,) N Q, C ker ¢2. Hence we get a
surjection T onpti) (Qp)/ﬂ'panr% (L(Qp) N Qp) = mpre (p(Qp)). The claim follows. O

Let G4 be a simply connected semisimple Q-group which acts on a unipotent Q-group U. Then by the virtue
of the proof of [SGV12, Corollary 14] G = G4 x U is a perfect group if and only if G, x U/[U, U] is perfect.
On the other hand, V := U/[U, U] is a vector Q-group, and the action of G5 on U induces a representation
oo : G — GL(V) defined over Q. And G, x V is perfect if and only if the trivial representation is not a
subrepresentation of ¢g. Consider the following short exact sequences of Q—algebraic groups

(12) 1-U-G2 G, —1 and 1-UU-GC2G,xV—1.
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We notice that, since the U is a Q-unipotent group, there is a Q-section from V to U, which can be extended
to a Q-section for the second exact sequence of (12). The first exact sequence clearly splits. We fix certain
Q-embeddings G, C G C (GLy, )g and G x V C (GLy,)g. Let I' € G N GLy, (Z[1/q0]) be a Zariski-dense
subgroup. Then by Lemma 13 after passing to a finite index subgroup, if necessary, we can assume that
p2(T") € GL,,,(Z[1/qo]). By the above comment, we are also allowed to use (8) in Lemma 13 for the p-adic
closure of I' in G(Q,) for any p 1t qo.

2.5. Ping-pong players. As in [SGV12, SG], we work with a Zariski-dense free subgroup of I". Following
[SG, Proposition 22], using [SGV12, Proposition 7, Proposition 17, Proposition 20] we get the following.

Proposition 14. Let Q be a finite symmetric subset of GL,,(Q) which generates a Zariski-dense subgroup
I' of a Zariski-connected perfect group G. Then there are a finite subset ¥ of I' and 6o > 0 and lo (which
depend on ) such that §) freely generates a Zariski-dense subgroup of G(Q) and

(13) P(l,) (H(F)) < ool

for any field extension F/Q, and any proper subgroup H C G xg F and 1 > ly, where ' = YUY and Py
is the probability counting measure on Q. Moreover, Ad(p1(€Y')) freely generates a subgroup of Ad(G,(Q)),
where p1 : G — G, is the quotient map; in particular, ker(Adopy) N () = {1}.

Proof. This is essentially proved in [SGV12, Proposition 7, Proposition 17, Proposition 20]. Here is an
outline of the argument.

By [SGV12, Proposition 17] there are irreducible representations 7; of G :— GL(W,) defined over local fields
F; and algebraic deformations ¢; , : G — Aff(W,) of 7; where the parameter v varies in an affine space V;
with the following properties:

(1) for any i, n; factors through G, and at least one of them factors through Ad(Gs);
(2) for any i, n;(T') € GL(W,(F};)) is unbounded;
(3) the linear part of ¢; ,, is n; for any v € V;(F);
(4) for any non-zero vector v, the affine action of G(F;) on W, (F;) via ¢;, has no fixed point;
(5) for any proper algebraic subgroup H of G for some i either
(a) there is a non-zero vector w € W;(F;) such that n;(H(F;))[w] = [w] where [w] is the line F;w,
or
(b) there is a parameter v € V;(F;) of norm 1 and a point w € W;(F};) such that w is fixed by H
under the affine action of G on W; given by ¢; ,.

By [SGV12, Proposition 20 and Proposition 21], there is a finite subset €’ C I' such that

(1) for any 4, 1;(€Y) freely generates a subgroup of 7;(I'); in particular Ad(p;(Y')) freely generates a
subgroup of Ad(G(Q)) where p; : G — Gy is the projection to the semisimple part.
(2) there is ¢g > 0 such that, for any index ¢, and non-zero vector wg € W;(F;), we have

{y € Bu@)| mi(7)[wo] = [wol}| < [Bu(@)|'~,
and, for any point wy € W;(F;), and parameter v; € V;(F;) with norm one,
{v € Bi(Q)] dio (1) (w1) = (w)}| < [Bi(X)]' 7,
where B;()') is the the set of reduced words over QO of length 1.

Hence, by the above geometric description of proper algebraic subgroups, for any proper algebraic subgroup
H of G we have

|Bi(Q) NH(Q)| < [By(Q)[' .
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. = l
Let O = YUY . By a result of Kesten [Kes59, Theorem 3] we have 29 (1) < (2||?Tf|\;1) , where I is
the identity matrix. As ' is symmetric, we have 73(2,”(1) =2, Pg,) (7)2. Hence together with the Kesten
bound we have
— l
0 (20) 206 —1
(14) PU () < P (1) < ( o)
We also notice that, since the random-walk in the group generated by €2’ with respect to the probability
counting measure Pg: on ' can be identified with the random-walk on a regular tree, ’Pg(zl,) is constant on
the set By, (V) of reduced words in € of length k for any positive integer k. Let p g := P4 (7) for some
v € Br(Q).

For a proper subgroup H of G xg F, let H be the Zariski-closure of ' NH(F) in G. Then H is a subgroup of

G and ’Pg,) (H(F)) = ((zl,) (H(Q)). Now we can finish the argument as in the proof of [SGV12, Proposition 7]:
Py (B(F)) = PR/ (A(Q) = 3 |Beyr(k) NE(Q)] pr

k>0
— l

< o k Q‘Q/| -1 ) — —col/10 (e
<| X e (T ) rem- S B(@)

0<k<l1/10 k>1/10

O71\l/10 o

S (2|E|) . + (2|Q/| _ 1)—Col/10 é 6_60l,

(1921/2)

for some dg and any I > [y where [ is a fixed positive integer. O

Lemma 15. Let Q be a finite symmetric subset of GLy,(Z[1/q0]) and T = (Q). Assume the Zariski-closure
G of T is a connected, simply connected, perfect Q-group. Suppose Q' C T is a finite symmetric set which
generates a Zariski-dense subgroup A of G. Then for any set of positive integers C consisting of integers
coprime to qo if {Cay(mq(A), 7q(Y))}gec is a family of expanders, then {Cay(my(T"), m4(Q2)) }gec is a family
of expanders.

Proof. By Nori’s strong approximation (see [Nor89, Theorem 5.4]), we have that the closure A of A in
[11go GLno(Zp) is of finite index in the closure I' of I' in [] ,, GLy,(Zy). For any g, any representation p
of m4(T') can be viewed as a representation of T. The extension of p to T is denoted by p too. Only finitely

many of them have A in their kernel. Hence the restriction to A of only finitely many such representation
is trivial. Let p be an irreducible representation of m,(I') whose restriction to A is not trivial. Hence the
restriction of p to A is a subrepresentation of L?(m,(A))° := {f € L?(my(A))] dewq(/\) f(g) =0}

Let u € V,, be a unit vector which is an e-almost invariant vector with respect to €2; that means

() (u) —ull <e,

for any v € Q. Since (2 generates I' and €' C T', for some o we have ' C [, Q. Thus for any A € Q" we
have

oA () = (w)[| < roe.
Assuming {Cay (my(A), 74 () }gec is a family of expanders, there is g9 > 0 such that

max || p(A)(u) — ul| > eo.

Therefore € > ¢ /79, which implies that no non-trivial irreducible representation of 7, (I") (for ¢ € C) has an
¢’-almost invariant vector for some &’ > 0. O

Corollary 16. It is enough to prove the sufficiency part of Theorem 1 under the additional assumptions:

(1) Q= QU where Ad(p1(Q)) freely generates a Zariski-dense subgroup of Ad(Gy).
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(2) For any field extension F/Q and proper subgroup H of G xg F, (18) holds.

Remark 17. Notice that by changing 2, the closure I'y of T' in GLy,(Zy) is of the form described in
Lemma 12 only for large enough p. For small primes T is still an open subgroup of G(Q,).

2.6. Summary of the initial reductions. In the rest of the article, (unless it is explicitly mentioned
otherwise) we assume that Q C GL,,,(Z[1/qo]) is a finite symmetric set, and set I' = (2). And let G and G
be the Zariski-closure of T" in (GLy,)z(1 /4, and (GLy,)q, respectively.

(1) (Zariski closure) By Lemma 11, we can and will assume that G is a connected, simply connected,
perfect group. We let G4 be a Levi Q-subgroup of G, and U be the unipotent radical of G.

(2) (Adelic closure) By Lemma 12 and Remark 17, we can and will assume that the closure T of T in
[Tt GLno(Zp) is an open subgroup of [] . G(Qp) which contains a finite index subgroup of the
form HMqo P, where P, = K, x U, and K, and U, satisfy the properties mentioned in Lemma 12.
In particular, P, = G(Q,) N GL,,(Z,)[p*], K, = Gs(Q,) N GLy, (Z,)[p*?], and U, = U(Q,) N
GLy, (Z,)[p"?] for some non-negative integers k, that are zero for large enough p.

(3) (Generating set) We can and will assume that 2 is as in Corollary 16. In particular, ker(Ad op;)NT" =
{1}, and any proper algebraic subgroup of G intersects I' in an ezponentially small subset (see
Inequality (13)).

2.7. Multiplicity bound. In order to execute Sarnak-Xue [SX91] trick, we need to have a control on the
degree of irreducible representations of 7, (I"). Here we prove such a result for an arbitrary modulus ¢ which
is of independent interest.

Proposition 18. Let I' C GL,(Z[1/qo]) be a finitely generated group whose Zariski-closure G is a Zariski-
connected perfect group. Suppose G is simply-connected; that means G = G4 x U where Gy is a simply-

connected semisimple group and U is a unipotent group. Let q be an integer which is co-prime to qyg. Let r

be the closure of I' in [,  GLn(Zp).

Then there are a finite set X of complex irreducible representations off and § > 0 which depend on T' such
that the following holds.

For any complex irreducible representation p of mq(I') which does not factor through my (I') for any proper
divisor ¢ of q, we have that either

(1) The lift of p to T is in 3, or
(2) dimp > [y (T

For a group with entries in a number field and a semisimple Zariski-closure, a similar statement is proved
in [SG, Proposition 33]. An identical argument works here, but for the sake of the convenience a proof is
included. It is worth pointing out that the main (behind the scene) representation theoretic tool is Howe’s
Kirillov theory for compact p-adic analytic groups [How77].

For any odd prime p, let ag(p) := 1, and let ag(2) := 2. Then exp : p®®gl (Z,) — 1+ p®P)gl (Z,), and
log going backward, can be defined and satisfy the usual properties. Let by(p) := 1 for any prime p > 5, and
let bo(2) = bo(3) = 2. Then, by Campbell-Hausdorff formula, we have that for any Lie Z,-subalgebra b of
p®@gl (Z,) we have that exp(h) is a subgroup of 1 + p®®)gl (Z,).

Lemma 19. Let H be an algebraic subgroup of (GL,)q,. Let H. := H(Qp) N (1 + p°gl,(Zy)) for any
positive integer c. Let b := Lie(H)(Q,) N gl,(Z,). Suppose p*°h C [h,h]. Let p be an irreducible complex
representation of He, ¢ > bo(p) + 1, and

m,, = min{m € Z*| H,, C ker(p)}.
Then dim p > p(me—1-c=50)/2
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Proof. Since the analytic Lie algebra of H(Q,) coincides with Lie(H)(Q,), we get that
log : H,, — p™b
is a bijection and the exponential map is its inverse (for a detailed proof see [SGZ, Proposition 7]). We

notice also that p™*%0(p™h) C [p™h, p™h] C p™(p™h). Hence by [SG, Lemma 32] we have

dlmp > p(mpflfcfsg)/Z.

O

Proof of Proposition 18. Let Gy, := G(Qp)N(14+p™ GL,,(Z),)) for any prime p and non-negative integer m.
Let I be the closure of T in 1,4 GLn(Zyp), let ', be the closure of I' in GLy,(Zy), and I'p[p™] := I'y NGy .
As in Lemma 12, by Nori’s strong approximation [Nor89, Theorem 5.4], there is a finite-index subgroup
A of T such that its closure A in [L,.. GL.(Zp) is of the form [[ , A,, where A,’s satisfy the following
properties.

pigo Piqo

(1) For some positive integer ¢o we have that, for any prime p > ¢o, A, = G0 and it is a perfect group,
and m,(A,) is generated by p-elements;
(2) For any prime p < ¢y, we have A, = G, () where ¢(p) is chosen large enough such that A, C Gy g.

Since G is perfect, [Lie(G)(Q),Lie(G)(Q)] = Lie(G)(Q). Hence there is a positive integer sg such that for
any prime p we have
p*8p € [9p, 9p]
where g, := Lie(G)(Qp) N gl,,(Z,).
Let p : my(T') — GL(V') be a complex irreducible representation which does not factor through 7,/ (T') for any

proper divisor ¢’ of ¢. Then V' = ®;p(g;)W where W is a simple 74 (A)-module and g;’s are some elements of
mq(I'). Suppose ¢ = [[,; p;"* is the prime factorization of q. Since m4(A) ~ [[; 7, (Ap,), there are irreducible
representations 7; : A,, — GL(W;) such that W is isomorphic to ®;W; as an A-module. In particular,
dim W = [, dim W;.

Except for finitely many irreducible representations p of f, we have that A acts non-trivially on V', and so
®;n; is a non-trivial irreducible representation of A. Suppose that

% D {p e Irr(T)| A C ker(p)},
where Irr(f) is the set of all the complex irreducible representations of r.

For any 4, 7; is an irreducible representation of A,, = G, c(p,) Where ¢(p;) is 0 for p > ¢y and given as above
for ¢ < po. Since p does not factor through 7, (I') for a proper divisor ¢’ of ¢, for any ¢ we have

m; :=min{m € Z¥| Gp, m C ker(n;)} = max{n;,c(p;)}
Next we partition the indexes into five types: (1) n; — c(p;) > 2so + 2, and ¢(p;) > 8; (2) n; > 2sp + 10 and

cpi) =0; (3) 1 <mny; <259+ 10 and p; > co; (4) n; = 1 and p; > ¢o; and (5) p; < ¢o and n; < 2s¢ + 10.
Now we find a lower bound for the dimension of 7; for the first three types of indexes.

Case 1. n; — c(p;) > 250 + 2 and ¢(p;) > 8.

In this case, by Lemma 19, we have

61

dim; > p(rim P =1=00) /2 > plni=e®)/ = |7 (Ay,)
where §7 is a positive number which depends only on dim G.

Case 2. n; > 2sp + 10 and ¢(p;) = 0.
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In this case, the restriction of 7; to G, 2 is non-trivial. Hence by Lemma 19 we have
dimp; > plm271750)/2 > pre/d > s (A, )|

where Js is a positive number which depends only on dim G.

Case 3. 1 < n; < 2sy+ 10 and p > ¢.

Notice that m,ni (Gp, 1) is a normal p;-subgroup of m,»: (Ap,). Since the dimension of any irreducible rep-
resentation of a p;-group is a power of p;, we have that either the restriction of n; to G, 1 factors through
Gp1/Gpi1, Gp, 1] or dimn; > p; > |mmi (Ap,)|%, where d3 is a positive number which depends on G.

Now suppose the restriction of n; to Gy, 1 factors through Gy, 1/[Gp, 1, Gp, 1]. Then there is a line I; in W;
which is invariant under Gp, 1 and W; = deGm’O 1:(g)(l;). Since Gy, o is perfect, the stabilizer of I; should
be a proper subgroup of Gy, 0. Since mni (Gp,,0) is generated by p;-elements, we get that the index of the
stabilizer of I; in G, o is at least p;. And so again dimn; > p; > |m,m (Ap,)|%.

Case 4. n; = 1 and p; > c.

By [LS74] (see [SGV12, Section 4.2]), we have dimn; > |7rp;17~,(Api)|‘s4 where 04 is a positive number which
depends only on G.

Since [1; i case 5 P17 < 1, by the above cases we get that either ¢ < 1 or dimp > |7, (I')|° where J is a
positive number which depends only on I'. By enlarging 3, we can assume that it contains all the irreducible
representations of T which factor through 7, (I") for a positive integer ¢ <r 1. Such ¥ and ¢ satisfy the
claimed properties. O

3. EXPANSION, APPROXIMATE SUBGROUP, AND BOUNDED GENERATION.

3.1. Largeness of level-() approximate subgroups implies super-approximation. In this section,
the Bourgain-Gamburd machine [BG08-a] is used to reduce a proof of spectral gap at level Q to a proof of
the largeness of a generic level-Q) approximate subgroup (see Theorem 20).

We work in the setting of Section 2.6. As in [SG], let us introduce the following notation for convenience:
for a finite symmetric subset A of T, positive integers | and @, and a positive number ¢, let Pg (4, A,1) be
the following statement

(15) (P(4) > Q™) A (1> 5108 Q) A (Img(A+ A+ A)| < [rq(4)+)

One can think of A as a generic level-Q approzimate subgroup if P (d, A,1) holds for small enough 6.

Notice that the random-walk in 7o (I") gets interesting only at steps Ogq(log|mg(I")|) = Oqn(log Q) since
before this time the random-walk with respect to the probability measure Py, q) is similar to a random-
walk in a regular tree. The first two conditions of B (9, A,1) imply that at Oq(log Q)-range of random-walk
the probability of hitting A is not exponentially small. And so A should be fairly generic. For instance
Proposition 14 implies that A cannot be a subset of a proper algebraic subgroup if § is small enough. The
genericness of such A was crucial in the proof of [SG, Theorem 35] where the largeness of a generic level-Q
approximate subgroup for a semisimple group is proved.

Let C be either {p"|p € V3(Q),p 1 qo} or {q € Z"| ged(q,q0) = 1, ¥p € V;(Q),vp(q0) < N}, where v,(q) is
the p-adic valuation of q.

In this section, we deduce Theorem 1 from the following result.

Theorem 20 (Approximate subgroups). In the above setting, for any e > 0 there is § > 0 such that
Bo (6, A, 1) implies that |mg(A)| > |mo(D)|1 ¢
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if Q €C and Q=7 >q 1.

To show that Theorem 20 implies Theorem 1, we prove the following proposition based on the same proof as
in [SG, Section 3.2]. In particular, we see that the reduction to understanding generic level-Q) approximate
subgroups can be done in much more generality.

Proposition 21. Let Q C GL,(Z[1/qo]) be a finite subset and Q := aua . Suppose Q freely generates a
subgroup T'. Let C' be a family of positive integers which consists of numbers that are corpime to qo. Suppose
C' is closed under divisibility; that means if ¢ € C' and ¢'|q, then ¢’ € C'. Suppose the assertion of Theorem 20
holds for Q and C'. Then the family of Cayley graphs {Cay(mq(T'); mq(2))}gecr is a family of expanders.

Proof. By Remark 2, we have to show sup,ccr A(Pr,); () < 1. For Q € ', let T : L*(mq(T)) —
L2 (nq()), To(f) := mq[Pa] * f and A(Q) := M(Prg); mq(l)). It is well-known that A(Q) is the second
largest eigenvalue of Tg. Since L?(mg(I')) is a completely reducible representation of g (I'), there is a unit
function fo € L?(mo(T)) such that Tg(fo) = MQ) fo and the g (I')-module V, generated by fj is a simple
7mg(T)-module. Since A(Q) is not one, p is not the trivial representation of mg(T"). Since there are dim p-many
copies of p as subrepresentations of L?(mo(T))), we have that the eigenvalue A\(Q) of T has multiplicity at
least dim p. Since @ € C’ and C’ is closed under divisibility, we can and will assume that p does not factor
through m4(I") for some proper divisor ¢ of Q). Hence by Proposition 18 we have that either the lift of p to
a representation of I, the closure of I in 11 GLn(Zyp), is in a finite set ¥ or dimp > |mq(I')[*® where £
is a positive number depending only on I". As we are seeking a uniform upper bound for A(Q), without loss
of generality we can and will assume that the lift of p is not in ¥. And so we have that multiplicity of the
eigenvalue A(Q) of T is at least |mg(I')|°. Therefore for any positive integer [ we have

l
mo(D)IPAQ)* < Tr(TF) = [mo(DIIPL) g I3
So it is enough to show

(16) [z

_1,%0
nQ(Q)HQ <|mq(D)] AR

for some [ < log @ where the implied constant depends only on €2; it is worth pointing out that we can
and will assume that @ is arbitrarily large depending only on €. In particular, we can and will assume the

Largeness of level Q-Approximate Subgroups in the following sense:

The LAS Assumption: there is ¢co > 0 such that, if @ > 1/ce and Pg(ca, A,1) holds, then |rg(A4)| >
oD/

On the other hand, the first Oq(log Q) steps of the random-walk with respect to the probability measure
Pro(e) can be identified with the random-walk with respect to the probability measure Pg. And the latter
is the random-walk on a regular infinite tree. Hence by the Kesten bound [Kes59, Theorem 3] we have

— 1
z 21 2/ -1 el
P =P < (Tt ) = e,
1€
where ¢ is a positive number which depends only on 2. Hence for some positive integer lo = Oq(log Q)
where the implied constants depend only on ) and for some positive number c¢3 depending on 2 we have

l l —c
(17) IPE gy ll2 = IPS”ll2 < lmo(T)| .

Equation (17) can be considered as an initial L?-flatness.

An important result of Bourgain and Gamburd roughly indicates that the L?-norm of a probability mea-
sure should substantially drop after a convolution by itself unless an approximate subgroup has a lot of
mass [BG08-a] (see also [Varl2, Lemma 15]). This result is proved using Tao’s non-commutative version of
Balog-Szemerédi-Gowers theorem [Tao08]. Here is a precise formulation of their result:
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Proposition 22 (Bourgain-Gamburd’s L?-flattening.). Let u be a symmetric probability measure with finite
support on a group G. Let K be a number more than 2. If ||uxplla > 2|\ pll2, then there is a finite symmetric
subset A of G which satisfies the following properties:

o (Size of A is comparable with |ul3%) K~ ull3? < [A] < K¥ |3
o (Getting an approzimate subgroup) |A- A - A| < KE|AJ;
o (Almost equidistribution on A) minge4(u * p)(a) > K~ F|A|71,

where R is an absolute positive number.

For a small (depending only on 2 and specified later) positive parameter 4, consider the following pseudocode:

Algorithm 1 L2-flattening process

Give Q € C', 0 € (0,1);
lp :=[log @Q/2log C(Q)]; (as in Equation 17)

— pllo) .
Ho = PFQ(Q)7

1:=0;

while (||uill2 > [mq(T)[71/2+0/% and || * palla < [|mill3°) or (270 < (1/6)1og Q) do
i1 = g * g
1:=141;

end while

where C(Q) := maxeq [|s[|, where [|s|| is the operator norm of s : R" x J[,, Qp — R" x [[, -Qp with
| (Voo Vp)plgo |l := max{||vecll; [Upllp} plgo @and the sup norm on R™ and Q.

Claim 1. For any 0 < 0 < 1 and @ € C’, the number iy(d, Q) of steps in Algorithm 1 is at most log(2/ca)

log(14-9)
( 2 log C(Q) )

log where ¢3 is given in Equation (17).

Proof of Claim 1. By the Young inequality we have ||u;t1]l2 < [|pil|2 for any non-negative integer i. Hence

by the initial flatness, Equation (17), we have [[u;ll2 < ||poll2 < |mq(I")|~“* for any non-negative integer

i. Let jo be the smallest integer such that 27°ly > (1/8)log@. Then for any jo < i < ig(d,Q) we have
o)

Il < il And so

14-8)t0 =90
i@ ll2 < Nl

If ig(5, Q) > 123 + log (227, then i — jo > 2534 which implies ||, 1[|2 < ()| . And this

contradicts ||piy—1]]2 > |mq(T)|~1/2+e0/4, 0

Claim 2. There is a positive number ¢ := §(Q)) depending only on €, such that, for any @ € C’ which is at
least 1/, ||pios.0)ll2 < mq(I)|71/2+20/4 where io(4, Q) is given in Claim 1.

Proof of Claim 2. We proceed by contradiction. So to the contrary assumption for any positive number §
there is Q(6) € C’ such that
(18) Q(d) > 1/4; in particular ;ir% Q(8) = oo,
—
(19) o, llz > [moe) (D) ~1/2</%, and
(20) lio6.060) * Hio@en Iz = liige.aenllz™
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Hence by (20) and Proposition 22 (for K = Huio((;’Q((;))H;‘s) there is a symmetric subset A(8) of mgs)(T')
such that

(21) lkio.@enll2 7 < TAG)] < Ny, lla ™,

(22) [A(6) - A(8) - A(6)] < llpio(s)llz T [A(8)], and

(23) Pio(5.00)+1(A(8)) = Il io(s.0an 15

Hence there is a function §'(6) of § such that

(24) }ig%) §'(6) =0 and &'(6) > 4,

(25) (because of Inequalities (21) and (22),) [A(6) - A(5) - A(6)] < |A(6)[* 9@
(26) (because of Inequalities (19) and (23),) Lio (5,0(5))+1 (A(8)) > Q(é)_‘s/(é).

We notice that p; = ’Pﬁi:{f)((gg, and let A(9) := 7752(15) (A(8) N Supp(Pg(é))), where () := 20(QEN+1]4(§);

then we have

(27) A(6) is a finite symmetric subset of I' because A(J) and Pq are symmetric,
(28) 1(6) = (1/6)log Q(8) = (1/"(9)) log Q(9)

because of the second condition of the loop in Algorithm 1 and the inequality in (24),

(29) PO (AB)) = pig(5)1(A(9)) = Q(6)~%® by Inequality (26),
(30) [T (A(0) - A(6) - A8))] < |moe) (A(8))]'+*®) by Inequality (25).

Statements (27), (28), (29), and (30) imply that P s5)(6"(6), A(0),1(d)) holds for any 6. Now suppose J is
small enough so that ¢’(d) is less than co where ¢ is given by the LAS Assumption (this can be done thanks
0 (24)). Then Q(§) > 1/6 > 1/§(§) > 1/ca, and so by the LAS Assumption we have

(31) 7@ (A(6))] = [A(8)] = [mq (D)|' /5.
On the other hand, by Inequalities (21) and (19), we have
[A@)] < llmigsenllz ™ < Imgs) (D) HH0/2me0 2004,
Hence, if & is small enough, we get [A(8)] < |mqs)(D)[1HE/220/2=R020/% < ey o (T")[*=50/4 which contra-
dicts (31). O

Going back to the proof of Proposition 21) By Claim 1 and Claim 2, for Q >q 1 in C’ we have p 2 <
7 (R2)

| (T)|~1/2+50/% where [ := 200(2):Q)]; <, log Q. And this gives us the needed L?-norm upper bound (see
Inequality (16)) for @ >q 1. The rest are only finitely many Q’s for which we do have spectral gap. O

3.2. Reduction to bounded generation and abelian unipotent radical. The main goal of this section
is to deduce Theorem 20 from the following.

Theorem 23 (Bounded generation). In the setting of Section 2.6, suppose U is abelian. For any positive
integer q, let T[q] :== T N GLy, (Z[1/q0])[q], where

GLy, (Z[1/q0))[a] = ker(GLng (Z[1/q0]) = GLug (Z[1/q0)/9Z[1/0]))-

Then for any 0 < € Kq 1 there are 0 < 6 Kq,. 1 and positive integer C' >q . 1 such that for a finite
symmetric subset A of T’

Pg)(A) > Q7° for some 1 > (1/8)log Q implies 7o (L[q]) € [Io mq(A) for some q|Q and g < Q°

if Q€ C and Q7% >q 1.
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The idea of the proof of Theorem 20 modulo Theorem 23. It is not clear to the author if a bounded
generation result is true when the unipotent radical U is not abelian (specially since a perfect group might
have a non-trivial center.). So to prove the largeness of a generic level-Q approzimate subgroup A of T
with Zariki-closure G := G, x U, first we go to the quotient G, x U/[U,U]. Let p2 : G — G, x U/[U, U]
be the quotient map. For simplicity let us assume pp commutes with the congruence maps mg. This

assumption together with the way the generating set 2 is chosen (recall that we have Q = QU Q" and
p2(Q) freely generates a free group) implies that pa(A) is a generic level-Q approzimate subgroup of p2(T).
Now by the bounded generation result for p2(I'), we get a large congruence subgroup of ps(I") modulo @ in
a controlled number of steps. Next we use the techniques of studying a nilpotent group in order to translate
our information on U/[U, U] to some data on U. For a unipotent group U (and in general any nilpotent

group), it is a useful method to consider

Ly :=71(U)/72(0) © 72(U) /73(0) @ - - - ® 7e(U) /741 (U),

where 7, (U) is the i-th lower central series; that means v, (U) := U and ;41 := [13(U), U], and .41 (U) = {1}.
It is well-known that [g;7,+1(U), g;7;(U)] := g;lgflgigj%HH(U) for g; € 7;(U) and g; € ~;(U) defines a
graded Lie ring structure on Ly. And Ly is generated by its degree 1 elements, i.e. 71 (U)/v2(U), as a Lie
ring. So we get an onto multi-linear map

ok = 11 (U)/72(U) x - x 71 (U)/72(U) = v(U) /7541 (U), (w1, -y xg) = [T, TR,
k-times
where [21, ..., 2] == [[x1,...,Zk-1], zk]. Having a set X which maps onto a set of representatives for a large

congruence subgroup modulo @ in v;(U)/v2(U), using the above multi-linear maps ¢y, we can get a subset
of U which is large modulo Q. Notice that at this step we can get a control only on the size of the product
set WQ(HOU(D X). Though we do get a set of representatives of a large congruence subset of the associated
graded Lie ring, we do not get such a structural understanding of the product set itself. Altogether we get
that | [[o mo(A)| is large. On the other hand, since |7g(A) - mo(A) - mo(A)| < |mo(A)|*+°, by the Ruzsa
inequality (see [Hel05, Lemma 2.2]), we get

To(A C-2 _
ITTe ()] < Imq(A)] (TErgi) ™ < Imq(a) (=25,

which helps us to finish the proof.

Theorem 283 implies Theorem 20. By the contrary assumption, there is g > 0 such that for any § > 0 there
are a finite symmetric subset As, a positive integer [5 and Q5 € C such that Lo, (0, As,ls) holds and at
the same time |mg, (As)| < |mg, (I)|*7¢°. Since ls > log Qs/d, we have lims_,ols = co. Now we claim that
Qs — 00 as § — 0. If not, for infinitely many § we have Qs = @, and 7y (As) = A is independent of §. And
SO

i 1
lim PUs) As)) = | .
184 Pra(en (ma(As)) = [ < p e

On the other hand, we have

P oy (ma(As) > PSP (45) > Q50 = Q°.

Hence as 6 — 0, we get |mg(I')|~%° > 1, which is a contradiction.

Let {kp}ptg, be such that P, = G(Qp) N GLy,(Zp)[p*] where {P,}, is as in Section 2.6. Let ps : G —
G x U/[U, U] be the quotient map. Let us recall that, by the discussion at the end of Section 2.4, we can
and will assume po(P,) C GL,,,(Z,).
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Let ¢} = HM o p" be a positive integer given by Lemma 13; that means for any sequence {mplpre € D
such that my, > k, + k we have

32)
Hw mpvity (Bo) /T g, ([0, UNQp) N Pp) = [T pme (02(Bp)) = T p i, (B} /7 -y, (U, UN (@) N F).

Plgo ptqo Ptgo

p’(t;(o

In order to use (32), we modify Qs so that for any prime p either v,(Qs) > kj, or v,(Qs) = 0. To this end,
it is enough to show that we are allowed to change Qs to Qs/q5 where ¢ := prqo 0<vp(Qs)<2k! 4+, pvr(Qs),
’ P

Lemma 24. Let As, Qs, and ls be as above. Suppose q5|Qs and q5 < C' (for some constant C'). Then
&BQ&/% (B¢cr.0(d), As,15) holds and |7TQ6/qg (As)] < |71'Q5/qé (F)\l_s"/2 for0 <o <o 1

Proof. Since lims_,o Q5 = oo, for C” > 1 and small enough § we have Qs/q5 > Q};/C”. And so

!
Pl (As) > Q5 > (Qs/q5)” —C" and ls > 10g6Q5 > log(cc%;;é/qé).

To show that B, /4, (C”'6, As, Is) holds, it is enough to prove that we have |7, /4. (115 As)| < [7Q, /4, (Ag)|1HC7s
for large enough C”'.

We notice that, if ¢ is small enough (depending on ), g, /b induces an injection on the ball of radius
clog(Qs/q5) (with respect to the word metric). By [BG09, Remark, page 1060] (see [SG, Lemma 8]), we

have P([2¢10a(Qs/45)]) (A5 - As) > Qg%. Hence by the Kesten bound (see Inequality (14)) for small enough §
we have

(33) Qs /a5 (As - As)| = [As - As N Blaclog(Qs /a5)|
> pll2eloa(Qs/a5))) (A5 . Ag) /|| P 12108 @s/a5)1)]|
> Q5 - (20108(Qs/a5) %V = 5,
which implies that |7, /g (As)] > Q@c’ al),

Since |mq, ([13 As)l < 1o, (A5)|**+°, by the Ruzsa inequality (see [Hel05, Lemma 2.2]) and [Helll, Lemma
7.4] we have

o > [mesls 40l 7Qs /a5 (15 4s)|
T ms (A8l T (7@, q; (As)
which implies that |7q, ¢ (IT5 As)|/|7Qs /g, (As)| < 7Qy /g, (As)|C” for large enough C”. Since Qs goes to

|7TQ5 (A5

infinity, it is clear that for small enough & we have |mq, /q: (As)| < |7,/ (D)1 75072, O

By Lemma 24 we can and will modify {Q;}s and assume that, if k, + &, > 0, then either v,(Qs) = 0 for
any 0 or k, + 2k, < mins v,(Qs) < sups v,(Qs) = oo. In particular, without loss of generality we can and
will assume that ¢f?|Qs for any 4.

On the other hand, by Corollary 16, we have that ker(ps) NT' = {1}. So Pp (0)(P2(4s)) = P(lé)( As) >

Q5 > (ghQs) 2 for suitable constant and small enough 6. Hence by Theorem 23 for any 0 < ¢/ <q 1
there is a positive integer C' = Ogq /(1) such that for any 0 < § <./ o 1 we have

(34) Ta,Qs (P2(D)[as]) € e mapqs (p2(As))

for some ¢5|q)Qs and g5 < (Q()Q&)El < Q?(E/).
On the other hand we have w4 g, (I 1,1, P2(Up)) € mgq,(p2(1)) (recall that U, := U(Qp) N GLy, (Z)[p""].

Let U, := GL,,(Z,) NU(Q,)); and so we have that U, = U, for large enough p, and U, is an open subgroup
of Up. By Lemma 24, we can and will assume that v,(Qs) are either zero or large enough depending on the



22 ALIREZA SALEHI GOLSEFIDY

index of U, in U, for all the primes p. And so by enlarging g5 by a multiplicative constant we can and will
assume that

T35 (P2([prge Up)®) € mgps (p2(D)las]) € [1e mops (02(As)),
where pa([ ], Up)¥ :={z%|z € P2(ILpt0 U,)}. So there is Bs C [[ As such that

(35) Tayas (02(Bs)) = mg, (p2([ [ T) %)

Plao
Lemma 25. Let U be a unipotent Q-group with a given Q-embedding in GL,,. For any prime p, let Up =
U(Q,) NGL,(Z,). Let ¢ : U — U/[U, U] be the quotient map. Fiz a Q-basis {e;} of (U/[U,U])(Q) such that
o(Up) C X, Zype; for any prime p. Let q|Q be two positive integers. Suppose X is a finite subset of Hp U,
such mqo(¢(X)) = mq(qY, Ze;). Then

Im@ (1, Up))l
Tle o (X)| > el Tl

where C' depends on the dimension of U and the choice of embeddings.

Proof. Let +;(U) be the i-th lower central series; that means 71 (U) := U and 7,;41(U) := [v;(U),U]. It is
well-known that the long commutators (g1,...,gx) := ((g1,...,95-1),gr), Where (g1,92) = 97 95 ‘9192,
induce multilinear maps f; from U/[U,U] x --- x U/[U, U] (k times) to v;(U)/vk+1(U), and the Q-span of

{fr(eiy, e )} is (6(U)/7%+1(U))(Q). For any k, let ¢ : vx(U) = v%(U)/vk+1(U). Then for any k we
have

7Q (o (I1ax X N (U)IT, Qp)) 2 Uiy, inm@(d" Zfr(eiys - - - €3,)),
and so
7Q 0k (I Lk aimv X N %(M)(Hp Qp))) 2 WQ(qk Ezlzk Zfi(ei,s---,ei))
In particular, we have

(36) 170 (6% (Tag dim v X N9 (U)IT, Qp)))| = (Q/g")Hm @)= dimann (@),

Since ¢y’s are regular morphisms defined over Q, there is a positive integer ¢; depending on the embedding
of U and the choice of {e;}) such that for any prime power p™ we have

2 (w(m(H@p)mHUp[q;Q]) cll@ Y Zypfileis..- ei)).

11,...,’Lk

And so ¢, induces homomorphism ¢, : wqu(fyk(U)(Hp Q)N Hp U,) — WQ(Zih“_,ik Zfr(ei,---,€i,)), and
we have ¢, o Tq,Q = mQ © ¢k Thus by (36) we have
(37) 7@ [aaimue X1 2 [T 1m0k (i dimv X N @) @) 2 (@7 7).

k P
Since U is a Q-unipotent, there is a positive integer ¢4 (depending on the embedding and U) such that
QUMY < |ro(T1, Up)| < ¢hQU™Y. And so
)| > |77Q(Hpﬁ;n)|

72 rdimU _dim U2 )

1T (I 4 dimue X %24, P

and the claim follows. O

By (35) there is X5 C [[,Up, such that 7, q,(Xs) = myq,(Bs), which implies that mq,(p2(Xs)) =
7q,(p2(Bs)). Hence by Lemma 25 we have

— 705 Mptag Ur)l 1705 (Tpray Up)l — e
(38) |7TQ8(HOQ,E/(1) A(;)ﬂﬂ'Qé(quO Up)|2 Qs \lptgg P > Qs \lptgg “p Z‘”Qa(HMQJ Up)|1 Ou( ),

[S] - . 7
Odimu(1)gs v Q?duntu(e )

for small enough ¢ (depending on ') as lims_,o Q5 = 0.
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On the other hand, by (34), we have
7Qs (I ptgo Kplts]) < Te mas (As)-

Therefore we have

(39) Imqs (ITe As) N7, (Hp\Qs Kp)| > |mq, (HP\Q5 Kp)|1*@@5 CON

for small enough § (depending on &) as lims_,g Qs = 0.

By (38), (39), lims_,0 Qs = 00, and the fact that prqo K, x U, is of finite index in T, we have

(40) Imqs ([ As)| = |mq, (D' 02,

for small enough § (depending on €’).

On the other hand, since |7g, ([T 4s)| < 7@, (As)|* ™ by the Ruzsa inequality (see [Hel05]), we have

(41) I7Qs ([T As)| < I, (As)[' 722 < [mg, (IN)| (1720 (1H(E=2)0),

By (40) and (41), for any €’ and small enough § (in particular it can approach zero), we have
1—0q(e) < (1 —go)(1+ (C() —2)d),

which is a contradiction. O

4. SUPER-APPROXIMATION: BOUNDED POWER OF SQUARE-FREE INTEGERS CASE.

By Section 3.2, to prove Theorem 1 for Cn := {q € Z*| Vp 1 qo, v,(q) < N} it is enough to prove Theorem 23
(Bounded generation) for Cx. In particular, we can assume that U is abelian. Since I believe it is interesting
to know if some of the auxiliary results are true for more general perfect groups, I do not assume U is abelian
till towards the end of this section. As a result some extra lemmas are proved which are not necessary for
the proof of Theorem 23 for Cy.?

4.1. The residue maps do not split. The main goal of this section is to show Lemma 29 which roughly
asserts that m, does split under mild conditions.

Lemma 26. Let G=Hx U be a Q-group with a given Q-embedding into (GL,,)q, where H is a connected
semisimple Q-group and U is a unipotent Q-group. Let G (resp. H, U) be the Zariski-closure of G (resp.
H, U) in the Z-group scheme (GL,)z, and g = Lie(G), h = Lie(H), and u = Lie(U). For large enough p, if
V C g(fp) is a G(fp)-invariant proper subspace, then V + [u(fp), u(fp)] is a proper subspace. Moreover if G is
perfect, then V +3(fp) is also a proper subspace, where 3 = Lie(Z(G)) is the Lie ring of the schematic center
of G.

Proof. Let Ag := fp[Ad(G(f,))] € Endj, (g9(fp)) be the fy-span of Ad(G(f,)), and A = §,[Ad(H(fp))] be
its subalgebra. Since H is connected semisimple, for large enough p, g(f,) is a faithful completely reducible
Ap-module. Thus Ay is a semisimple algebra, and so its Jacobson radical J(A) is zero. Let a be the ideal
generated by {u — 1| uw € U(f,)}. Then we have the following short exact sequence of Ag-modules:

0—>a—Ag — Ag — 0.

Since Ap is semisimple, J(Ag) C a. On the other hand, since U is a unipotent normal subgroup of G, a is
a nilpotent ideal. So overall we have a = J(Ag).

Suppose to the contrary that there is a proper Ag-submodule V' of g(f,) such that V + [u(f,), u(f,)] = 8(fp)-
If we show that J(Ag)g(fp) 2 [u(fp), u(fp)], then we get that V+J(Aq)g(fp) = 9(fp). And so by Nakayama’s
lemma we have V' = g(j,), which is a contradiction.

31f the reader is only interested in the proof of Theorem 23 for Cp, s/he can skip Lemma 26, Lemma 27, and Lemma 31.
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Since U is unipotent, log and exp define Q-morphisms between U and its Lie algebra. And for large enough
p they induce bijections between U(f,) and u(f,). Furthermore for any ¢ € f,, z,y € u(f,) we have

(42) Ad(exp(tz))(y) = exp(tad(x))(y)-
Thus for t € fp, z,y € u(fp) we have
dimU

(43) £ (Ad(exp(t)) (y) = y) = [.9] + D 5 ad(2)'(y) € J(Ac)a(lp).

i=1
Therefore for large enough p by the Vandermonde determinant we have that [z, y] € J(Ag)g(f,) which shows
our claim.

To finish the proof, it is enough to notice that G is perfect if and only if H acts without a non-zero fixed
vector on U/[U, U]. And so when G is perfect, for large enough p we have 3(f,) C [u, u](f,) = [u(fp), u(fp)]. O

Lemma 27. Let U C (GL,)q, be a Q,-subgroup, and U := U(Q,) N GL,(Zy). Then if p is large enough
depending only on n, then we have
T2 (U) = (g € mp(U)| g # 1), and U™ =U"" = {u"" |u e U},

for any positive integer m.

Proof. Let exp and log define Q,-morphisms between Lie(U) and U. And so for large enough prime p we
have

(44) lexpz — I, = [lzllp, [logullp, = |lu— Il if [lz]lp, lull, <1 and 2™ = 0, (u — I)" = 0.

Hence exp and log induce homeomorphisms between u := Lie(U)(Q,) Ngl,(Z,) and U, and moreover for any
positive integer m

(45) Up™ =UP" .= {u?"|uecU}.
We have (45) because of the following observation:
veUp"le|lu—1I|, <p ™ < u=expz, ¢ € Lie(U)(Q,) and ||z|, <p~™,
& u=exp(p™z’) = (expa’)?" and 2’ € u,
suecUr”.

If g? = 1 for some g € m,2(U), then for some u € U we have g = my2(u) and u” € ker(mp2). So there is a
(unique) u' € U \ U? such that /" = uP for some m € ZZ2. Another use of the logarithm map, we have

u=u"""". Hence _
T2 (U) ={g"| g € mp(U), ¢* #1, i=0,1,2}.

O

Lemma 28. Let H be a simply-connected semisimple Q-group with a given embedding into (GL,)q. Let
Py =H(Q,) NGL,(Z,) and Py := ker(P 22y GL,(Z/pZ)). Then for large enough p we have

P, = (U(Q,) N P;| U C H unipotent Q,-subgroup),

fori=0,1.

Proof. For large enough p, we have that H is quasi-split over Q,, and splits over an unramified extension of
Q,, and P, is a hyper-special parahoric subgroup. Let @; = (U(Q,) N P;| U C H unipotent Q,-subgroup).
Then clearly @Q; is a normal subgroup of Fy. By the Bruhat-Tits theory, there is a smooth Z,-group scheme
‘H such that

(1) Py =H(Zy),
(2) The generic fiber of # is isomorphic to H,
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(3) The special fiber H, := H ®z, f, is a simply-connected semisimple f,-group since H is simply
connected quasi-split over @, and splits over an unramified extension of Q,,
(4) mp(Po) = Hp(fp) is a product of quasi-simple groups.

Since H is quasi-split over Q,, m,(Qo) intersects any quasi-simple factor subgroup of #,(f,) in a non-central
subgroup. As m,(Qo) is a normal subgroup of H,(f,), Hp(fp)" is contained in m,(Qo). As H, is simply-

connected, we get that m,(Qo) = m,(Fp). For any positive integer i, let P; := ker(P BEIN Hy(Zy /D7) Tt
is well-known that P;/P;+1 as an H,(f,)-module is isomorphic to Lie(#,)(f,) via the adjoint action. Let’s
identify 7, (Q1NPiy1) with b; C Lie(H,)(f,) . Since Q1 <P, b; is Hy(fp)-invariant. On the other hand, since
H is quasi-split, b; intersects each one of the Lie algebras of the simple factors of H,. Since for large enough
p the f,-points of the Lie algebra of the simple factors of #,, are simple H,(f,)-module, b; = Lie(H,)(fp)-
Hence by induction we have 7,:(Q;) = m,:(P;) for j = 0,1 and any positive integer 4, which finishes the
proof. O

Lemma 29. Let G C (GL,)q be a perfect Q-group. Assume that the semisimple part of G is simply-
connected; that means G ~ H x U where H is a simply-connected semisimple Q-group and U is a unipotent
Q-group. Let P, = G(Q,) N GL,(Z,), G be the closure of G in (GL,,)z, and g = Lie(G). Then

(1) For large enough p, the following is a short exact sequence:
1= g(fp) = mp2(Py) = mp(P,) — 1.

(2) For large enough p and any proper subgroup V C g(f,) which is a normal subgroup of my(Pp), the
following short exact sequence does not split

1= 9(fp)/V = mp2(Pp)/V — mp(Pp) — 1

Proof. For large enough p, @, := H(Q,) N GL,(Z,) is a hyperspecial parahoric subgroup which acts on
U, :=0(Q,) NGL,(Z,), and P, = Q, X U,. Furthermore for large enough p, the assumptions of Lemma 28
hold and so 7, (P,) = m,: ({(P, N U'(Q,)| U" unipotent Q,-subgroup)). Hence by Lemma 27 we have

T2 (Pp) = (g9 € mp2 (P, NU'(Qp))| U’ unipotent Q,-subgroup, ¢” # 1).

On the other hand, if for any Qp,-unipotent subgroup U’ of G we have m,2(P,[p] N U’(Q,)) C V, then by
Lemma 28 we get that m,2(P,[p]) € V which is a contradiction. Hence for some unipotent Q,-subgroup U’
there is © € m,2(P,[p] N U'(Qp)) \ V. By Lemma 27 there is g € GL,(Z,) N U'(Q,) such that m,2(g?) = .
Since U’ is a Qp-subgroup of G and P, = GL,(Z,) N G(Q,), we have that g € P,, and the order of m,2(g)
in mye(Pp)/V is p?. Now suppose to the contrary that the given exact sequence splits; then T2 (Pp)/V ~
7p(Pp) X (9(fp)/ V), and the latter is a linear group over f,. However any p-element of a linear group over f,
is unipotent, and so it is of order p (for large enough p), which is a contradiction. O

4.2. Statistical non-splitting of residue maps. In this section, following [BV12], we prove that any
section of 7, is statistically far from being a group homomorphism.

Lemma 30. Let G, g, and P, be as in Lemma 29. Then there is a positive number § (depending on G) such
that for large enough p (depending on G and its embedding in (GL,)qg) the following holds: Let V' C g(f,)
be a proper subgroup which is normal in 7,2 (P,), and v : 7y(Py) — mp2(P,)/V be a section of the quotient
map 7 wp2(Pp)/V — 7y (Py); that means wo ) = id, (p,). Let p =Py (p,) be the probability Haar measure
(i.e. the normalized counting measure) on wy(P,). Then

(1 x ) {(2,) € mp(Py) x mp(Py)| ¥(2)(y) = w(y)}) <p~°

Proof. We notice that by Lemma 26, for large enough p, V + 3(f,) is a proper subspace of g(f,) (which is

normal in 7,2(P,)). And so without loss of generality we can assume that V' contains 3(f,).
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Let A = {(2,9) € 7(P,) x mp(Py)| #(2)0(y) = ¥(ay)} and suppose to the contrary that (1 x 11)(A) = p~°.
We will get a contradiction if § is small enough. Let v be the push-forward of p via ¢. For any g € m,(P,)

we have

e = Y e = Y @) (since suppy = Tm)
h1ha=v(g) T,y € mp(Pp)
Y(@)d(y) = ¥(9)
_ . (since g = 7(1(9)) = 7))
L2 ) — ()W) = o)

In particular, we have (v x v)(suppv) = (u x u)(A). And so by the Cauchy-Schwarz inequality, we get

Visuppv|[[v vz > (v *v)(suppr) = (1 x p)(A) = p~°.

Hence |lv * v||2 > p~°|v||2. Thus by [Varl2, Lemma 15] (which is based on [BG08-a] (see Proposition 22))
there is a symmetric subset S C m,2(P,)/V with the following properties:

(P1) |7rp(Pp)|1_66(5) <81 < |7rp(Pp)|1+eG(5)7
(P2) | Hs S| §~|7Tp(Pp)‘@G(5)|S|7
(P3) minges (v *v)(s) > (Imp(P,)|®@[S])~".

Since the push-forward m[v] of v via 7 is the probability Haar measure of m,(P,), we have = w[v*v]. And so
the third part of properties of S implies that u(7(S)) > |m,(P,)| =€), Therefore |7(S)| > |m,(Pp)| =),
On the other hand, by [SGV12, Corollary 14] and the main theorem of [LS74], we have that m,(P,) is
a quasi-random group; that means the minimal degree of its non-trivial irreducible representations is at
least |m,(P,)|®¢(") for large enough p. Thus by Gowers’s result [Gow08] (we use the formulation in [NP11,
Corollary 1]) we have that 7(] [, S) = m,(P,) if § is small enough. So S” = []; S has the following properties:

(1) (") = mp(Fp),
(2) S is a |m,(P,)|9¢(9-approximate subgroup by [Tao08, Corollary 3.11],
(3) |S'] < |mp(P,) '+ by properties (P1) and (P2) of S.

Next we prove that there is 0 # = € [[;.5" N (g(fp)/V). We proceed by contradiction. For any sq,s2 € S5,
there is s3 € S” such that 7(s1s2) = m(s3). Hence s1s2s5"' € [[35” N (g(f,)/V), and so by the contrary
assumption we have s1so = s3. Thus S’ is a subgroup which contradicts Lemma 29.

Since V' contains 3(fp), 7(S) = 7p(P,) acts on (g(fp)/V) via the adjoint action without non-zero fixed point
for large enough p. Hence by [SGV12, Lemma 30], >, ;) 7(5") - @ contains a non-zero subspace of g(f,)/ V.
Therefore | [, 1) S N (a(fp)/V)| = p, and we get |[[o. 1) S| = plmp(Fp)]. Since S’ is an approximate
subgroup, we get

plmp(Pp)| < |HOG(1) S’ < |7Tp(Pp>|1+®G(5)~

So p < |mp(P,)|95(®) which is a contradiction for small enough § (independent of p). O

4.3. Bounded generation of perfect groups by commutators.
Lemma 31. Let P be a finite p-group. Suppose |P| = p™ and |P/[P, P]| = p™. Then
anm{[gth]' g1,92 € P} = [P7 PL

where [g1,92] == 919291_192_1-

Proof. We proceed by induction on the nilpotency class of P. If P is abelian, there is nothing to prove. Now
suppose the nilpotency class of P is ¢; that means its ¢+ 1-th lower central series .41 (P) is trivial and v.(P)
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is not trivial. It is well-known that +.(P) is an f,-vector space which is spanned by the long commutators.
So 7.(P) is contained in Hdimf ~o(pyilg1, 921 91,92 € P}. By the induction hypothesis, we have
» Ve

anmfdimfp %(P){[glagﬂl 91,92 € P/’YC(P)} = P/’VC(P)'
And so [],,_,.{l91,92]| 91,92 € P} = P. -

Lemma 32. Let G be a Zariski-connected perfect Q-subgroup of (GLy)g, and let G be its Zariski-closure
in (GLy,)z. Suppose that G is simply-connected; that means its semisimple part is simply-connected. Then
there is a positive integer C depending on G such that for large enough prime p we have

[l 921l 91,92 € Gp(p)} = Gp(Fp),

where gp = g XSpecZ Spec fp'

Proof. As it was mentioned earlier, for large enough p, G, >~ H, x U, is a perfect f,-group, where H, is a
simply connected semisimple f,-group and U, is a unipotent f,-group. Moreover G,(f,) = H,(fp) X Up(fp),
and V, := Uy, (fp)/[Up(fp), Up(p)] is a completely reducible H,(f,)-module with no non-zero fixed vector. Let
w(xy,x2) = [x1,22] and, for any group K, let w(K) := {w(k1,k2)| k1, ke € K}. Then by [Sha09, Theorem
1.1] (see an alternative approach in [NP11, Theorem 3]) we have that [], w(H,(fp)) = Hp(fp) for large
enough p.

Let H, = H,(fp) and G, = H, x V.. Let p : H, — GL(V,) be the homomorphism induced from the action
of H, on V,,. Then ], w(G,) contains
{p(h)((p(h') = I)(v))| h, b € Hp, v € Vp}.
And so H7dimf v. w(Gp) contains the f,[Hp]-submodule M, of V,, generated by {(p(h) —I)(v)| h € Hp, v €
p Vp

Vp}. Therefore H, acts trivially on V,,/M,,. Since V), is a completely reducible Hp-module with no non-zero
fixed vectors, M, = V},. Thus

HO(dimG) w(Gp) = Gp.
And so by Lemma 31 applied for P := U,(f,) the claim follows. |

Lemma 33. Let G and G be as in Lemma 32, and N be a positive integer. Suppose the unipotent radical of
G is abelian. Then there is a positive integer C depending on G and N such that for large enough p we have

[TeAlg1: 92l| 9i € G(Z/pNZ)} = G(Z/pNZ).

Proof. By Lemma 32 we get the case of N = 1. It is well-known that 7, induces the following short exact
sequence

1= g(fp) = G(Z/p*Z) " G(F,) — 1,

where g = Lie(G), and the conjugation action of G(Z/p*Z) on g(f,) factors through the adjoint action of
G(fp). Let u be the Lie algebra of the Zariski-closure of the unipotent radical of G in G. For large enough p,
G(fp) and g(f,) are perfect, and g(f,) is a completely reducible G( f,,)-module without any non-zero invariant
vectors (as U is abelian). So by a similar argument as in the proof of Lemma 32, we have

HOG(l) w(G(Z/p°Z)) 2 8(fp),
and so by Lemma 32, we have that
[lo.qy w(G(Z/p*2)) = G(Z/p*Z).

Now using the facts that G(Z,)[p']/G(Z,)[p"™"] ~ ¢(f,), the group commutators are mapped to the Lie
algebra commutators, and g(f,) is perfect, we get the desired result. (See [SG, Lemma 34] for the relations
between the group commutators and the Lie algebra commutators.) O
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4.4. Proof of Theorem 1 for bounded powers of square-free integers. Now we go to the proof of
Theorem 1 for Cn := {q € Z7| ged(q,q0) = 1, Vp € V§(Q),v,(q0) < N}. Having the above lemmas the rest
of the proof is a modification of the argument in [BV12, Section 3].

By Section 3.2, it is enough to prove Theorem 23 for Cpy. First we point out that it is enough to prove
Theorem 23 for C3"° = {q € Z*| ged(q,q) = 1, ¥p € V}(Q),v,(q0) < N,¥p < po,vp(qo) = 0}. This
Lemma helps us to avoid all the small primes p where 7,(I") does not behave nicely; in particular we will be

able to assume Lemmas 26-33 to hold for all the prime divisors of Q.
Lemma 34. Let pg be a prime number. Then a bounded generation in the sense of Theorem 23 for C]%p“
implies Theorem 23 for Cn where the implied constants depend also on pg.

Proof. Fix a positive number dy := dy(e, 2, po) and a positive integer Cy := Cy(g, 2, po) for which Theorem 23
holds for Cj%p 0,

For @ € Cn., let g0 = [T,10.p<po p?r(@). Since g < py*°, we have [ : T[go]] <gpo.n 1. Suppose Q is
large enough (depending only on &,€,pg, N) such that the bounded generation for Cz%p ° can be applied
for Q/qo € Cf,p °. Moreover we assume () is large enough (again depending only on €, 2, po, N) such that
Q~%/2 /[T, T'[qo]] > (Q/qo)~%. Now suppose § is a positive number which is at most dy/4, A is a symmetric
set, and [ is a positive integer which is more than (1/J)log @ such that ”Pg)(A) > Q7. Then

P (A- AN Tlgo)) 2 Q7 /[T : Tlaol) > Q~*//[0 : Tlaol] > (@/a0) ™.
Hence B¢ /4, (0, A - ANTgo],1) holds. Therefore by the bounded generation for CZP° we have that

(46) 7Q/q0(Lla]) € 7Q/q0 (Hco (A-AnTgl),

for some ¢|Q/qo and ¢ < (Q/qo)®. Since Q and @Q)/qy are coprime, mo(I') can be diagonally embedded into
g (1) @& 70 /4, ('), and by enlarging po, if needed, we can and will assume that 7 (I'[gqo]) gets identified with
{1}®mg /4, (I'[g]) under the diagonal embedding of 7 (I') into 7y, (I') 7 /¢, (I'). Notice that 7 (A- ANT'[go))
gets mapped to a subset of {1} © 7/, (I'[¢]) and so by (46) we get that

7 (Clgqo)) € [ac, o (A).

And we have gqo|@ and gqp < Qeqé_‘s < Q% for large enough @ (again depending on &, 2, pg, N). |

Next we show a reduction which works for any family of positive integers C’:

Lemma 35. To prove Theorem 23 for Q in a family of positive integers C', it is enough to prove the bounded
generation claim for a subset A for which B (9, A, 1) and Pq (0, p1(A),1) hold (where p1 : G — Gy is the
quotient map). That means for any 0 < £ Kq 1 there are 0 < 0 Kq. 1 and positive integer C >q . 1 for
which the following holds:

(Restricted BG): P (0, A, 1) AN*Bq (6, p1(A),1) implies 7o(T[q]) C [[o 7o (A) for some q|Q such that
G<QFif Qe and Q7% >q 1.

Proof. Suppose ¢ is a positive number and ’Pg)(A) > Q79 for a symmetric set A and a positive integer
[ > (1/0)log@. Since ker(py) NT' = {1}, we have Pﬁ?(n) (p1(A)) > Q7%. Then by a similar argument as in
(33) (based on the Kesten bound (see Inequality (14))) we have

(47) [mQ(A)] > Q™ and |mq(p1(A))] > Q™,

for small enough ¢ (depending only on ) and some positive number 79 := 70(€2) which depends only on €.
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Fix a positive number &y := dp(e,2) and a positive integer Cy := Cy(e, Q) for which the Restricted BG
holds. And let

(48) Iy = {i € Z*| [ TI500 m@(A)] < [T15 mq(A)|*+} and
(49) Ipy(ay = {i € Z*| [[T3i01 m(p1(A))] < [T13: mo(p1 (A))[ '+ }.

Notice that |7q(T")| < QNo(®) and |rg(p1(T))] < QNo(®) for some positive integer Ny which depends only on
the dimension of G. Now let N7 := Nj(do) be the smallest positive integer such that

(50) (1 +00)Nne > Np.

So by Inequalities (47) and (50), the complements of I4 and I, 4y in Z* have at most N; elements. Hence
there is a positive integer Oy < 32V1+1 <« _ 1 such that

ImQIIe, pr(A) - (e, p1(A)) - mo([le, p1(A)] < Imo(Ie, p1(A))]'+ and
7o (e, A) - 1o, A) - mo(Ie, A) < Imo([1e, A)F+.

Therefore, if § < do, then PBg(do, [, A,1) and B (do, [, (p1(A)),1) hold. Thus, by the Restricted BG
and the fact that C;Cy <q 1, we are done. O

(Going back to the proof of Theorem 23 for Cx:) Suppose po is a prime number such that py < 1 and all the
claims of Lemmas 26-33 hold for all the primes p > pg (later we will assume pg is large enough depending on
2 to gain additional properties for m,(I") where p is a prime divisor of @).). So by Lemma 34 we can assume

that all the prime factors of @ are at least pg. By Lemma 35 (for C' := C]%p ), without loss of generality we
can and will assume that B (9, A,1) and Po(d, p1(4),1) hold.

Let Qs := leQp (, and so Q|QY). By [SGV12, Theorem 1], [SG, Lemma 31], and [ > %log Qs we have

that
lma (A1

O
Pra. (@) = 7 ]| < g )

for small enough §. And so we have

_ A)l+1

NS =6 « p® A)) < Q. (

Q2@ S Prg e ) = T T

which implies that |mg, (A)| > |mq, (I‘)|Q5_®Q'N(5). Since we assumed that the prime factors of @ are large

enough, we have that g, (I') =[], mp(I'). Writing Q, = H;Zl pj, to the product set Hfﬁ:l 7p, (I') one can
associate a rooted tree with [ levels. The root is considered to be the zero level. The vertices of the j-th
level are elements of [[/_, 7, ('), and each vertex is connected to its projection in the previous level. By a
regularity argument similar to the proof of [SG, Lemma 12] (see [BGS10, Lemma 5.2] or [Varl2, Page 26]),
one can show that there are a set A’ C A and a sequence of integers {k;}!_, such that for any g € A’ and
for any 1 < ¢ <[ we have

REAS Tp; ()| 3h € A 7Tp1-~pi71(h) = 7Tp1-~~pi71(9) and (h) = x}| = ki,

and

l l
A =] ki > (J] 2108 |mp, (D)) 1Al
=1 i=1

By [SGV12, Corollary 14] and the main theorem of [LS74], 7,(I") is a quasi-random group for large enough
p; that means the dimension of any non-trivial irreducible representation of 7,(T') is at least |, (I")|€¢(})
(for p >q 1) (see also Proposition 18). So by a result of Gowers [Gow08] (see [NP11, Corollary 1]) there is
a positive number ¢y depending on G such that for large enough p the following holds: if A, B,C C m,(T")
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and |A|,|B|,|C| > |m,(T)|}~¢, then A- B-C = G. We assume that the prime factors of @ are large enough
so that 2log |mp, (T)| < |7y, (T')|°%. Hence

l
[ Fi = Imq. ()} Os®)—coc,
=1

Let I := {i| k; < |mp, (T)[*~0}; then we have

l
Imq, (O)I/ T o @I = T ki = Imq. ()]~ O o,
i€l i=1

and so

Hpi < QGG((SH_QE < Q4E,

icl
for small enough ¢ (depending on ©, N and €). Now by a similar argument as in [Varl2, Page 26] (using
the mentioned result of Gowers) one can show that

(51) T (A A A) = 7pp_ (D).

Let @, = [ligrpi and ¢ = Qs/Q5. By (51) there is a function f1 : mg (I') — my~(I') such that

{(g, f1(9)) g € @ ()} is contained in mg, g~ ([[3 A). Thus there is a fiber of f; with at least Qi)
many elements. Hence, as before by a regularization argument and another application of the mentioned Gow-
ers’s result (for ¢ <g n 1), there is ¢"[Q} and a function fy : mg/ /g (') — 7y (T') such that ¢” < QOs ()
and

{(g, f2(9),1) € 7@y sq (L) X 7gn (T) X myn (T)lg € Ty, /g ()}

is contained in wg: o~ ([1p, (1) A). Hence, for any g1,92 € mq; /¢ (I'), we have

(lg1, 921, 1,1) = [(g1, f2(91), 1), (92, 1, fi(g2,1))] € 7rQ,;q”\’(l—[ogu) A).
Therefore by Lemma 32
e (Tla™) € mqrem (e A)-
Let A’ be a subset of [ (1) A such that mg, ;v (T[g'N]) = 7 g~ (A’). Now we will go to the second level;
that means we will show that there are a positive integer C' and §|Q’, such that § < Q®¢(¢) and o2 ([1e A)

contains ¢, 2 (T'[g?])-

Lemma 36. In the above setting, assume U is abelian. Then for any € > 0 there are § > 0 and a positive
integer C' such that the following holds.

Assume A C T and a square-free integer Qs have the following properties:

(1) Q5 >a L.
(2) The prime factors of Qs are sufficiently large (depending on Q); in particular the assertions of
Lemma 29 hold, and mg:(T) ~ HPIQS mp2(T).

(3) mq.(A) = mq. (I').
(4) For any prime factor p of Qs, let V,, C g(fp) be a mp(I')-invariant under the adjoint action. And

[0, Ve € mq2(A).

Then there are QY and {Mp},q. such that

(1) Q4lQs and Q;~° < Q.

(2) For any p, we have V,, € M, C g(f,), and M, is m,(T')-invariant under the adjoint action.
() I, Mo @ 10, /) 10} € o2 (I A)-
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Proof. Since V,, C g(fp), the map 7, : mp2(I') — m,(I") factors through my2(I') /V,. Let us abuse the notation
and still denote the induce homomorphism by m, : w2 (I")/V}, = 7p(I"). Let ¢ : mg, (I') = A C T be a section
of mg,, and 1, : mq (I') = m,2(I')/V,, be ¥, (g) = m,2(¢(9))Vp. As in the proof of [BV12, Proposition 3], let
us consider the following expectation with respect to the probability Haar measure:

(52) E > logp | = logp - (Pr,r) X Pr,) {2, 9)] ¥p(zy) = ¥p(2)1p(y)})
PIQu. by (aw) =ty ()it (v) PIQ-
<> pWlogp < log(QS),
PlQs

where the first inequality is given by Lemma 30 and the second inequality holds for Q¢ >¢ 1. Inequality (52)
implies that

E [ log H p > log(QL™°).
PIstp(w)wp(y)wp(ly)_l7ﬁ1

So there are z,y € mg,(I') and Q4|Qs such that Q) > Q7° and for any prime p|Q, we have z, :=
Yp(2)p(y)¢p(zy)~" # 1. Hence there is a € [[; A such that for any p|Q, we have that m,2(a) belongs
to g(fp) \ Vp, where g(f,) is identified with 72 (I'[p]). By our assumptions on G, m,(I") is generated by its p-
elements and g(f,) is a completely reducible m,(I')-module with no non-zero invariant vector (the latter holds
as G is perfect and its unipotent radical is abelian). Therefore by [SGV12, Corollary 31] ZOG(l) (D) - 2p
is the m,(I")-subspace M,,/V,, of g(f,)/V}, that is generated by z,.

In the group g2 (I")/ Hp\Qs Vp, for any v € I', we have

(53) mqe(Mmgz(a)mg ()™ | [ Vs () Zp)pi. € [ 900)/V;
plQs p|Qs
Since mg,(A) = mq,(I') and a € [[; A, by (53) we have that mqr2([]o, 1) 4) (Hp\Qs Vp) (as a subset of
mQ2(I)/ I1,)q. V») contains
Zog(l)ﬂQ;(A) (zp)plqr = H Zouu)”p L)z = H M,/ V.
p|Q% plQ%

(Here mg 2 (1)/ I1,q. Vp is viewed as (mg.2(I)/ HPIQQ Vo) @ (m(q, g2 1)/ Hp\QS/Q; Vp).) And so

H M, € mg2([To 1) A

plQs

and the claim follows. ]

(Going back to the proof of Theorem 23 for Cy:) By Equation (51) and a repeated use of Lemma 36 (for
Og(1)-many times), we get that there is ¢|@s such that ¢ < Q9e® (if Q5 >¢ 1) and

(54) 70,2 (oo 2702l = [ mwe (@ x [J{1}-

pl(Qs/q) plg

Let us recall that for large enough p (depending only on 2) we have that, for any positive integer 4, there
is a m,(T)- module 1somorphlsm \I/p : Dp?]/T[p*] — ¢(fp); and for any g; € '[p’] and g; € I'[p’] we have
9: 9] == 9i9,9; 'g; * € T[p"™] and

it+i+1 it it

(55) ‘I’iiﬂ' ([gi7gj]1"[pi+j+1}) = [‘I’ﬁi l(gir[pi+1])a\ll§j l(gjr[pj—i_l])}v
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where the right hand side is the Lie bracket in g(f,). (These maps are called the truncated or finite logarithmic
maps. We refer the interested reader to [SG, Section 2.9] for a general and quick treatment of these maps
and their basic properties.) Equation (55) defines a graded Lie algebra structure on

Llp)/Tp*) & Tp*) /T’ @ - & Tp" 1)/ [p"]
and shows that it is isomorphic to the graded Lie algebra g(f,) ® (tf,[t]/t™fp[t]) where f,[t] is the ring of
polynomials in a single variable ¢, [z; @ t*, 2; @ '] := [z, x;] @ 17 for any z;,z; € g(f,), and  := t + "V, [t].
Since, for large enough p (depending only on ), g(f,) is a perfect Lie algebra, g(f,) @ (tf,[t]/t™fplt]) is
generated by the degree one elements, that means g(f,) ® t. So by (54) and (55) we get that

(56) Tauo¥ ToexmD =Ty @ = [ mn (D).

pl(Qs/q)
Hence there is a function fi : (g, /g~ (I') — mev (T[g]) such that G(f1) == {(g, f1(9))lg € 7(q, /g~ (T)} is
contained in mon ([Jo, (1) 4)- Let w(zy, 22) = z1x9x) tzy ' and for any subset X of a group w(X) :=

{w(z1,22)| #1,22 € X}. Then w(G(f1)) C mq, /g~ (L) x mgv (L[¢g?]). And so by Lemma 33 we have that
there is a function fy : (g, /o)~ (I) = myn (I'[¢?]) such that its graph G(f2) is contained in Ty ([Tog vy 4)-
Repeating this argument log N times we get that 7 (U[¢"]) is contained in g (ITog (1) A), which finishes
the proof of Theorem 23 for Cy.

5. SUPER-APPROXIMATION: THE p-ADIC CASE.

To prove Theorem 1 for C := {p™| p € V§(Q),p 1 qo,m € Z*}, by Section 3.2, it is enough to Prove Theorem
23 for C.

In this section, we work in the setting of Section 2.6. In addition, we assume that U is abelian. So we
assume that V is a vector Q-group, G, is a connected, simply-connected, semisimple Q-group, there is a
Q-homomorphism G — GL(V) with no non-zero fixed vector, and G = G, x V is the Zariski-closure of
I' = (). We also fix a Q-embedding G C (GLy, )o-

By Lemma 35 (for ¢’ := C), we can and will assume that Pq(d, 4,1) and Po(d, p1(A4),1) hold where p; :
G — Gg is the quotient map.

It is worth pointing out that Theorem 23 for semisimple groups and powers of primes is proved in [SG,
Theorem 36].

5.1. Escape from proper subgroups. In this section, we explore the pro-p structure of an open subgroup
of the p-adic closure I', of I. The main goal is to escape proper subgroups of mq(I') where @ = p™ is a power
of a prime p.

Proposition 37. In the above setting, there is a positive number & (depending on Q) such that for any
n>>q 1 and any proper subgroup H of mpn(I') we have
! _
PY oy (H) < [mp () : H] 7,

for 1 > % logp.

We start with a (well-known) lemma which gives us the Frattini subgroup of the congruence subgroups of
G(Z,), where (as before) G is the closure of G in (GLy,)zs. This kind of result for semisimple groups and
large p goes back to Weisfeiler [Wei84].

Lemma 38. Let G be as above, and G := G(Z,). Suppose either p >>g 1 or mg >¢ 1. Ifﬁ is a closed
subgroup of G[p™°] and HG[p™ 1] = G[p™], then H = G[p™]. And so the Frattini subgroup ®(G[p™]) =
Gpmott].
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Proof. By induction on k we prove that HG [pmotk] = G[p™0]. The base of the induction is given by the

assumption. To get the induction step, it is enough to prove that (HNG[p™o+*])G[pmotF+1] = Gp™o+F]. Let
m 1

g := Lie(G)(Z,). By [SG, Lemma 34], we have \I/gngr : G[p™]/G[p™+1] — g/pg is an isomorphism if either

p>>¢g 1 or mg >¢ 1 (see [SG, Section 2.9] for the deﬁniti~on and properties of finite logarithmic map \szgﬂ).
And so by the assumption, for any = € g there is h € H such that m,m+1(h) = myme+1(I + p™°z). On the

other hand, if mg > 2, then 7, (((I+p™°a’)?—1I)/p™*1) = 1,(2’). And so Wi:gi:ﬂ (Tpmothtn (h?")) = Tp ().

Since, by [SG, Lemma 34], \Pzzzi:ﬂ : G[p™otk]/G[pmotktl] — g/pg is a bijection, we get the induction
step. Since H is a closed subgroup, we have that H= G[p™]. O

The following lemma which is a module theoretic version of [SG05, Lemma 3.5] is proved next. It will be
needed in the following sections, too.

Lemma 39. Let R C M, (Zy) be a Zy-subalgebra (not necessarily with the identity element). Suppose Qp°
is a simple Qu[R]-module, where Q,[R] is the Qp-span of R. Then

sup  [Z,° : Rv] < o0.
vEZ,°\pZy®

Proof. Suppose to the contrary that there is a sequence of unit vectors v; such that [ZZO : Rv;] goes to
infinity as ¢ goes to infinity. Since the set of unit vectors is a compact set, by passing to a subsequence we
can assume that lim; . v; = v where v is a unit vector. Since Q° is a simple Q,[R]-module, the Q,-span
of Rv is Q°. And so Rwv is of finite-index in Z7°. Therefore Rv contains pko Z,° for some positive integer k.
If i is large enough, v — v; € p"*t1Z,. So Rv; + pFot1Z70 = Ry + prot17Zne O phoZno. Since Ru; is complete
and the Frattini subgroup of p*oZ7o is pFot1Zno Ry; D pFoZno which is a contradiction. O

The following lemma roughly shows that an almost invariant subspace of Lie(G;)(Q),) is close to an invariant

subspace.

Lemma 40. Let G5 C (GLy,)g be (as before) a semisimple group. Let G := G4(Q,) N GLy, (Z,)[p*] for a
fized positive integer ko. Suppose m is large enough depending on the embedding of G4 in (GLn,)q and ko.
Then the following holds:

Suppose W is a subspace of Lie(G,)(Qp) such that mwym (W N gly, (Zyp)) is invariant under G. Then there is
a normal closed subgroup Gyw of Gs and a positive integer C which depends only on the embedding of Gy in
(GLn,)g and ko such that

(57) pQCﬂ-pnl—C (gW) g pc'f(—pnl—c (W N ‘g[NO (Zp)) g Tf-p'm—c (gw),
where gw = Lie(Gw )(Qp) N gly, (Zp).
Proof. Since G is semisimple, it is the almost product of Q,-simple factors G;. And so Lie(G) = &; Lie(G;)(Q,).

Let g := Lie(G)(Qp) Ngly, (Zy) and g; := Lie(G;)(Qp) Ngly, (Zp). Then there is a positive number ¢; which
depends only on the embedding of G, in (GLy,)g such that

(58) @gi Cgc @Piclgi;

in particular, for any « € Lie(G)(Q,), we have

(59) 2l < max [ill, < p™ ||zl

where z = >, ; and x; € Lie(G;)(Qp).
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Let 20 := W N gly, (Zy). For x € W, let 2; € Lie(G;)(Qp) be such that = 3, x;. For any g; €
G;(Qp) N GLN, (Zy)[p"°], Ad(g;) changes only the j-th component. So, using the assumption that m,m (20)
is invariant under Ad(g;), we get that

(60) Ad(gj).’lﬁj —xj € W + pmglNO (Zp)

Hence a;z; C 20+ p™gly, (Z,) where a; is the Z,-span of {Ad(g;) — I| g; € G;(Qp) N GLy,(Z,)[p™]} (here
we restrict to the action on Lie(G;), and consider a; as a subset of Endg, (Lie G;(Q,))). Notice that a; is
an ideal of the Z,-span R; of Ad(G;(Q,) N GLx,(Z,)[p*]). And Lie(G,)(Q,) is a simple Q,[R;]-module,
where Q,[R;] is the Qp-span of R;. Hence Q,[R;] is a simple Qp-algebra as it has a simple faithful module.
Therefore the Q,-span Q,[a;] of a; is R;, and Lie(G;)(Q,) is a simple Q,[a;]-module. Hence, by Lemma 38,
there is a positive integer c; which depends only on ko and the embedding of G in (GLy,)g such that

(61) Bzl e; C Pajz; CW+paly, (Zp).

J J
Let Iy := {j| 3z € W,||z|l, = 1 and ||zj||, > 1, wherex = ) . x;, and @; € Lie(G;)(Qp)}, Gw be the
product of the simple factors G; for i € Iy ; and so gw = (Diery,, Lie(G;)(Qp)) Naly, (Zy).

We can and will assume that ca > ¢1, and we claim that (57) holds for C' := ¢; + ¢o and gy . We start with
the first inclusion in (57).

For any j € I, there is x € 20 such that its j-th simple component x; has norm at least 1. Therefore by
(61) we have p®2g; C 2 + p™gly,(Zy). And so by (58) we have

(62) P gw C P pa; S W+ p gl (Zy).

j€lw
To show the second inclusion in (57), we proceed by contradiction. So assume to the contrary that there is
z € 20 such that p“mym-c(2) & mym-c(gw). By (58) there are x; € g; such that p®a = >_;jzj. By (62),
there are 2’ € 20 and e € g such that

(63) P2 Z z; =1x' +pTe.
i€lw
Hence
(64) 2 = pcr‘rczx 2 = Z pczxj —|—pme _ Z (pczl'j _’_pmej) + Z anej’
J¢Iw J¢Iw jE€lw

where e = ). e; and e; € Lie(G;)(Qp), is contained in 20. Since e € g, we have ||e||, < 1. Therefore, by
(59), we have

(65) Ip™eillp < p~m T

On the other hand, since pmym-c(z) & Tym-c(gw) and p“z = p° Dieny Ti + P2 igr, Ti € gw +
P Y igr,, Tis we have [[p2 > .o @, > p~™FC which implies that there is jo & Iy such that

(66) 2o llp > P~

So by the inequalities given in (65) and (66) we have

(67) prxjo +pmej0 H = maX{Hp%xjo”m Hpmejo”P} > p—m—&-C.
Therefore
l2"llp = p~* P 5, + p™ejo (by (64) and (59))
> p—clp—m+C — p—m+02 Z p—m+c1 (by (67))
> |lp™eillp- (by (65))

So after normalizing ", we get a vector T € W such that ||Z||, = 1 and, for any i € Iy, ||Z;||, < 1, where
T =7 ,T; and T; € Lie(G;)(Qyp). This is contrary to the definition of Iyy .
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O

Lemma 41. As before let G = G5 x V C (GLn,)q, where G is a semisimple connected simply-connected
Q-group and V is a Q-vector group. Let G := G(Q,) NGLy,(Z,)[p*] for a fived positive integer ko. Suppose
m is large enough depending on the embedding of G in (GLn,)g and ko. Then the following holds:

Suppose W is a subspace of Lie(G)(Qy) such that the projection of W onto Lie(G;)(Q,) is onto and mpm (W N
oln, (Zy)) is invariant under G. Then W = Lie(G)(Q,).

Proof. Without loss of generality we can and will assume that V is non-zero. Suppose G, acts on V via
p: Gs — GL(V); that means for any g € G4(R) and v € V(R) we have (g,0)(1,v)(g,0)~* := (1, p(g)(v))
in G(R) for any Q-algebra R. To get a clear computation of the adjoint action, we use the dual numbers
Qple] :== Qp ® Qpe where £ = 0 (this lemma is the only place where ¢ is not a real number, and it is an
element of the dual numbers.). Recall that we can identify Lie(G)(Q,) with

ker (Gy(Qyle)) x V(Qyle]) =5 G (@) x V(D))

where 7. is the group homomorphism induced by the ring homomorphism 7. : Q,[e] = Q,. Under this
identification the adjoint action is given by conjugation; that means, for x € Lie(G)(Q,), we have 1 + ex €
G(Qple]); and for g € G(Q,), we have 1 + ¢ Ad(g)(z) = g(1 + ex)g~".
The identity element of G = GsxVis (1,0). And so (x,w) € Lie(G)(Q,) if and only if (1+exz, cw) € G(Q,[e]);
and to compute Ad(v)(x,w) we have to compute (1,v)(1 + ex,ew)(1,v)~! in G(Qple]). We have
(L)1 + ez, ew)(1,—v) = (1,v)(1 + ex,0)(1,ew — v)

= (I+ez, p(l —ex)(v) — v +ew) = (1 + ez, e(dp(z)(v) + w)),

which means Ad(1,v)(z,w) = (z,dp(z)(v)+w). Notice that we are slightly abusing the notation and use the

addition for the group operation of V though it is realized as a subgroup of (GLy,)g. By this computation,
for any (z,w) € W and v € V(Q,) N GLy,(Z,), we have

pPdp(x)(v) := (0,p"dp(z)(v)) = Ad(p*v) (2, w) — (z,w) € (W N gly, (Zy)) + 0" gly, (Zp)-

Thus we have

p™dp (Lie(Gs)(Qp) N aly, (Zp)) (V(Qp) Naly, (Zy)) S (W N gly, (Zy)) + p"aly, (Zp).

Since V is a completely reducible G4 module with no trivial factors, we have

dp (Lie(Gs)(Qp) N QINO (Z:D)) (V(Qp) N QINU (Zp)) 2 po(l)(V(Qp) N glNo (Zp))a

where the implied constant depends on G and its embedding into (GLx,)g. Therefore V(Q,) C W; and the
claim follows. 0

The next lemma is crucial in proving the bounded generation claim and its proof is fairly involved. By the
strong-approximation, we know that the S-arithmetic group I'g := G(Q) N GLy, (Zs), when infinite, is dense
in G, := G(Qp) N GLn,(Z,) for any prime p which is not in S (here G is as before a simply-connected,
connected, perfect Q-group.). And so for any open subgroup H of Gp, IT'o N H is dense in H. The next
lemma shows that elements of I'y N H with the S-norm at most Gy : H 1970 (D) are, however, trapped within
a proper algebraic subgroup of G.

Let vo, be the Archimedean place of QQ, and S = {Vs} US. Notice that Zg can be diagonally embedded
in IT,c5Q, as a discrete subgroup. Let [|x[l,, = />, 27 for x = (21,...,25,) € RY, and [x|, :=
max{|z;|,}; for x = (z1,...,2n,) € Q)°. For any (x,) € [],.5Q)°, let [[(x,)] g := max, g [x,]],. For any
A € GLy, (Zs), we let ||Alls be the operator norm of A : [T QYo — [Tz Q).
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Lemma 42. As before, let G = G, x V C (GLn, ), where G4 is a semisimple, connected, simply-connected
Q-group and V is a Q-vector group. Let G be the Zariski-closure of G in (GLy,)z; in particular G(Zs) =
G(Q)NGLy,(Zs) for any finite set of primes S. Let S be a finite set of primes such that G(Zg) is infinite.
Suppose either p >¢g 1 or mg >¢g 1. Let G := G(Z,). Then there is a positive number 6 such that for any

prime p € S and an open subgroup H of G[p™°] the set
Ls(H) = {\ € G(Zs) N H| [|N|s < [6(Zy) : H}

is in a proper Zariski-closed subgroup of G.

Proof. Since GLn,(Zg) is a discrete set with respect to the S-norm, we can and will assume that [G(Z),) : H|

is large enough. Otherwise choosing § small enough, we have that Eg(ﬁ ) is a subset of a finite subgroup and
we are done.

Suppose p or myg are large enough so that Lemma 38 holds. Let G := G(Z,), g := Lie(G)(Z,), and
I(H) := min{k € Z*| H D G[p"]}.
Notice that, since H is an open subgroup, l(ﬁ) is finite. By Lemma 38, for any mg < k < l(f[) — 1, we have
that (H N G[p*))G[p**+1]/G[p"*1] is a proper f,-subspace of G[p*]/G[p**!] ~ g/pg. Thus we have
(68) p'=me < (Glp™) : H) < pt0E=mo),
where d = dim;, g/pg.

Our first goal is to find a linear separation of an Ad(H)-orbit with a good margin (see Claim 1) when {(H)
is large enough depending only on G. To achieve this goal, we start with finding primitive Z,-submodules of

g and g, := Lie(G;)(Qp) N g that are almost Ad(H)-invariant (see (71) and (80)).

Notice that, since V is a direct sum of non-trivial simple Gs-modules, for any prime p, G(Q,) = G4(Q,) X
V(Q,) is compactly generated. Hence, by a result of Kneser [Kne64], G(Zg) is a finitely generated group.
We fix a finite generating set Q' of G(Zg).

Claim 1. For any constant C’o > 1 (later it Will depend on dim G), there is ¢(G) such that, if [(H) >g.c, 1,
then for some w € g and L € g* := Homg, (g,7Z,) the following holds

(1) for any h € H, |L(Ad(h)(w))|, < [G(Z,) : H|~*
(2) for some v € ', |L(Ad(y)(w))|, > [G(Z,) : ] C/CO

Proof of Claim 1. Let
V= 0P, ((H N GG /G € o/,

where [ := [(H) and I := [1/2] +mg (Recall that \I!pj, (1+p'z) = m-v () 18 a finite logarithmic map.). So

there are a Z,-basis {e1, ..., e4} of g and positive integers ny < --+ < ng such that V.=r =t/ (Zil piZpe;)
(for some d’ < d). Since

0=mng<ny <. <ng < [1/2] —mo = nary1,
there is 7o such that

(69) (1/2d)l —mg — 1 < njy —nyg—1 < (1/2)1 — my.
Let 20, := Y10 " p™Zye; C g (if 49 = 1, then 2, = 0). So

(70) Ad(H)(20,) C 20, + p"iog.
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Let 20, = ZZO Y/ pe;. Notice that 2y = W1 N g where W1 = ZZD ! Qpe; is the Q,-span of ;. Since
monio (W) is H- invariant, for any 1 <i <4y — 1 and h € H we have

i0—1

Ad(h)(p™ie;) chp Je]—f—Zp”‘Oc ej,

/
where ¢;, ¢} € Z;,. Therefore

10—1 d
Ad(h)(e;) = Y (e;p™ ™ 4 prio i e + Y pto e
j=1 Jj=to

. . oy . . N —N; i —T; / . . . . i —N; P — T
Since g is H-invariant, we have ¢;p"/ =" +p"io =" ¢}, € Z,. Since n; is increasing, we have p™io =" > p™io "o —1
for any i < ig. Hence we have

(71) Ad(H)(202) C Wy + plio o1 g,

Next we would like to get some invariance in the semisimple part of g. We notice that Lie(G)(Q,) =
Lie(Gs)(Qp) @ V(Qp) (we are identifying V with its Lie algebra.). For any = € Lie(G)(Q)), we write its
components in the above decomposition by s and z,; that means = z, + x, where z, € Lie(G,)(Q,) and
Lie(V)(Qp). There is a positive integer d; depending only on G such that

(72) lzllp < max{llzsllp, lzoll} < 2™ ]l and g ®BCgCp (g, ®D),

where g, := Lie(G;)(Q,)Ng and U := V(Q,)Ng. Let W s := {z,| € Wa} be the projection to Lie(G,)(Q,)
of Ws. And so, by (71) and the fact that V is a normal subgroup of G, we have

(73) Ad( )(QBQ S) - QB2 s+ V(@p) _|_an0 —MNjo— lg.
By (72), ph120, ; is a Z,-submodule of g;. Hence g, has a Z,-basis fi, ..., f;, such that

&,
(74) Wo, =Y pZf
i=1

for some integers —dy =:nj <nj <---<nl, < ng/_H := 00. Let jg be the smallest index such that

/ ’ Mgy — Njy—1 — d1
(75) Tjo4+1 — Ty > 2d,
(Notice that, since ng := 0 and nj, _; := oo, there is such jo.) In particular, we have

Niy — Nig—1 — d1
(76) nf, < %
Let Wy, := Y217, Z,f;. Notice that Wi, = Wi, Mg, where Wi, = 317, Qyfi. So by (73) and (72) for any
1<i<joand h € H, we have
d, d.
Ad(h) (p’“fz) = anj Cj,sfj + pMio Mot prdl / f T,

Jj=1 J=1
where ¢; s, ¢} . € Z, and v; € V(Q,). Therefore
ds

(77) (Ad(h)(fl))s _ Z(pn;—n;cj7s _|_pn7;0 —nio—l—d1—ngcg7s)fj + Z pnio—mo—1—d1—ngcg,sfj.
j=1 J=d;
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Since, for any z, € g, and h € H, (Ad(h)(z,))s € gs, we have p”f”;cj,s +p"i0_"’i0*1_d1_"§c;78 € Z, and
p"io_"7"0—1_d1_"§c;-7S € Z,. By (76) we have

io — Mig—1 — d
(78) Ny — Njg—1 — d1 - ’I’L; > %

By (75), for j > jo+ 1 and i < jg, we have

/ / Mgy — My, —l_dl
(79) =z Mol 0L

By (77), (78), and (79), we get
(50) AQ(H)(s.0) € Wi + V(@) + oo =0/ Gl

Having (71) and (80), we are ready to find the desired linear separation of an Ad(H)-orbit. We do this
considering various cases.

Case 1. Suppose
(81) Ad(G(Zs))(Ws,s)  Ws,s + V(Qp) + plho o1 =d)/(d:Coll g,

By (81), we have that there is A € Q' and 1 < i < jg such that
(82) (Ad(V)(£:)s & W5 + plriomio1=d)/deCo)]g
For 1 < < jo, let £ : g — Z,, be a Zy-linear map such that

£7(f;) = p™, f7(f;) =0 for j # 4, and f](z) =] (xs).

(Here z; is the Lie(G,)(Qp)-component of z; and notice that because of (72) the image of £ is a subset of
Z,.) By (82), we have that there is j > jo such that

(53) 5 (AdQ) () > p Lm0/ (44,0

And, by (80) and j > jo > i, for any h € H, we have

(84) £ (Ad(R)(£)], < p~ o —mom1 =)/ G,

So by (69), for I(H) >g.c, 1, we get that (83) and (84) imply w := f; and L := f; satisfy the conditions of
Claim 1.

Case 2. Suppose Lie(G,)(Q,) is the Qp-span W3 s of s 5.

Let us recall that W, is the Q,-span of 20;. And 203 , is a subset of the projection of Wi to Lie(Gs)(Qp).
So by the assumption of Case 2, we have that the projection of W7 onto Lie(G,)(Q,) is onto. Since W7 is
a proper subspace of Lie(G)(Q,), by Lemma 41 and the strong approximation there is ¢z <g 1 such that
Tpes (W1Ng) is not G(Zg)-invariant. Recall that 2o = WiNg =2, Zye;. Sothereis A € ' and 1 <i <y
such that

(85) Ad(N)(ei) & Wa +p“g.
Let {ef,...,e}} be the dual of {e1,...,eq}. Then, by (85) we have that there is j > iy such that
(86) €5 (Ad(A)(e))]p > ™.

And by (71) and j > ig > i, for any h € H, we have
(87) 5 (Ad(h)(e;))| < p~ (oo,

So by (69), for I(H) >g.c, 1, we get that (86) and (87) imply w := e; and L := e} satisfy the conditions of
Claim 1.
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Case 3. Suppose

(33) Ad(G(Zs))(Ws,) € Wi o + V(@) + plirio—mio-1—d0)/(.Col g

and Lie(Gy)(Qp) is not the Qp,-span Ws s of Ws .

By the strong approximation, the projection K, of the closure of G(Zg) to G4(Qp) contains G4(Qp) N
GLn, (Zy)[p*] where ko depends only on G. So by Lemma 40 and (88), there are a positive integer ¢4, which
depends only on G, and a normal subgroup Gy, , of G4 such that

(89) p264ﬂ-pm*04 (gWS,s) g pC47Tpm*C4 (%373) g ﬂ-pm*C‘l (gWB,s)?

where gw, , := Lie(Gw, ,)(Qp) Ng and m := [(ny, — ny—1 — d1)/(4dsCo)].

Since W3, is a proper subspace of Lie(Gy)(Q)), by the first inclusion in (89) we have that Gy, is a
proper normal subgroup of Gs. So at least one simple factor G;; is missing in Lie(Gw, ,)(Qp). Let gi; =
Lie(Gy;)(Qp) Ng. Then we have that g Ngw, , = {0} and [g;;, 9w, .] = {0}. Let zo € gi; be a unit vector.

Next we show that Qs , + Zyxo + V(Q,) is almost Ad(H)-invariant.
Let h € H and suppose h € G[p¥] \ G[p**1] for some k < I’ := [1/2] + mo. Then
logh € (p*aly, (Zy) N g) \ P"H aly, (Zy)-
So
logh? " = p'"*logh € p'gly, (Z,) Nlog H.
Hence 7, (p~*logh) € m,mio (W1). This implies that there is y;, € Wa ; such that
p~"logh € yn + piog + V(Qy).

And so yp = Zf;l a;p™if;, for some a; € Zy,, which implies

. ’
min{n;, Mg

(90) pFlogh e Ws s +p *1}9 + V(Q,).

By (75), we have

Njy — Ngg—1 — d1

(91) min{n;,, ny 1} > 54 —dy > 2Com — dy.
S
Hence by (90) and (91), we have
(92) pFlogh € Wy, + P> g+ V(Qy).
By (89) and (92), we have
(93) pC47k logh c gWs,s _|_pmin{200mfd1,m7C4}g + V(Qp)
By (93) and the fact that [gw, ,,zo] = {0}, we have
(94) ad(log h)(ao) € prn{2Com=im-cil-cig 4 y(g,).
Thus by m = | (ni, — ni,—1 — d1)/(4dsCo)], (69), and (94), for I(H) >¢g ¢, 1 we have
(95) Ad(h)(z0) = exp(ad(log h))(x) € zo 4 pPin{2Com—dim=cit—cig L y(Q,).
So by (80) and (95), we have
(96) Ad(ﬁ)(m&s + Zpwo) € Ws,s + Zpo + pmin{QCOmidl’mic“i%g + V(Qp).

On the other hand, looking at the action of G(Zs) on g;,, we can choose z¢ € g;;, Lo € Homg, (gs;,Z), and
a positive integer c5 which depends only on G such that for some A € Q' we have

(97) |Lo((Ad(A)(z0))s)|p = ™, and Lo(zo) = 0.
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Now let Lie(G;)(Q,) = @; Lie(Gs ;) (Q,) be the decomposition of Lie(G,)(Q,) to its simple factors; and for
any x € Lie(G)(Qp) let = x, + >, x,,; be the such that z, € Lie(V)(Q,) and z,; € Lie(Gs,;)(Qp). Then
for some positive integer cg which depends only on G we have

P lzllp = max{|zs,ilp}i-

So there is a well-defined Zy-linear map L : g — Zy, L(z) := Lo(p“®z ;). We notice that

(98) |L(Ad(N)(z0))]p > p~®, and L(Ws s + Zpxo) = 0.

And so by (96), for any h € H, we have

(99) [L(AA(R)(zo)) < p~ " Com—dum—es) s,

So by (69), for I(H) >g.0, 1, we get that (98) and (99) imply w := x¢ and L satisfy the conditions of Claim
1. O

Next we will show elements with small height in H are in a proper quadratic subvariety. Let g := LieG. So
there are finitely many Zg-linear maps f; (for 1 < i < sg) viewed as regular functions on the affine scheme
(aln,)zs of No-by-No matrices such that for any (unital commutative) Zg-algebra R, we have

(100) 9(R) = {z € gly, (R)| Vi, fi(x) = 0}.

Let us view gly, (R) as RNg, and write its elements as vectors. This way we write f;(z1,... 79CN§‘) =
> aijzj, where a;; € Zg. And consider the matrix A := [a;;] € M« n2(Zs). Since Zg is a PID, there are
v € GLg,(Zs), 72 € GLNg (Zs), and positive integers r1|ra] - - - |7"N3_d such that

0 0
(101) A=m 0 diag(r1,...,"Nz—a) } 72
where diag(ri,...,7y2_4) is the diagonal matrix with diagonal entries r;’s (this is known as the Smith

normal form when the diagonal block is at the top left corner.). Let us view the rows of v as a Zg-basis

2 2
{e],..., e} } of the dual of Zgo. And let {eq,...,eyz} be the dual Zs-basis of Zgo . So by (100) and (101),
0
for any Zg-algebra R with no additive torsion element, we have

d
(102) € g(R) <= eji(x) = -+ = eja(2) = 0 <=z € (P Re;.
=1

And so in this case we have

d
(103) g"(R) := Homp(g(R), R) = €P Re;.
i=1

Claim 2. Suppose {e1,...,eyz} is a Zg-basis of gly, (Zs) such that (102) and (103) hold for any Zs-algebra
R with no additive torsion element. For (wy,...,wq) € R, (I1,...,l3) € R%, and g € G(R), let

Myt iy, la) = 3 e (Ad(g) ()i,
‘7]‘

If ¢ is small enough, there is (wy,...,wq,l1,...,lq) € @2d (Q is the algebraic closure of Q) such that

(1) For any h € E(;(ﬁ) we have np (w1, ..., wa;ly,...,lg) =0,
(2) For some v € Q' we have 0y (w1, ..., wa;l1,...,lq) #0.

Proof of Claim 2. By Claim 1, there are w € g(Z,) and L € g(Z,)* such that for any h € H and some v €
we have

(104) |L(Ad() @)y = [6(Z,) : H]7*/, and |L(Ad(h)(w))], < [G(Z,) : H] ™,
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for some ¢ which depends only on G and some large positive number Cy which will be specified later.
Suppose L(Ad(A\)(w)) " tw = 2?21 z;e; and L = 2?21 yief; and let xg := (21,...,2q) and yo := (Y1, - -, Yd)-
Since g(Z,) = g = Lie(G)(Qp) Ngly, (Zy), it is a primitive Z,-submodule of gly, (Z,); and so

(105) Ixollp = |L(AA(R) (W), H[wlly < [G(Zy) : H]/.

And clearly |lyol|, < 1. By (104) and the way x¢ and y( are defined, we get that for any h € H and some
~v € Q' we have

(106) 1y (X0, ¥0) = 1, and |n(x0,¥0)| < [G(Z,) : H] 771/,
To prove the claim, we proceed by contradiction and use an effective version of Nullstellensatz theorem [BY91]
(or [MW, Theorem IV]).
Suppose the following has no solution over Q:
Vhe Lo(H), m(x,y) =0, n,(x,y) =1,

where v € (¥ is the one given in (106). Notice that the total degree of 7, is two for any g € G(Z,); and the

S-norm of the coefficients of 1y, for h € L5(H) is at most [G(Z,) : H]®2©). So by the effective Nullstellensatz,
there are polynomials ¢y, qn € Zg[Th,...,Teq) and Dy € Zg such that

(107) (%) (xy) =D+ > au(xy)mm(x,y) = Do, and
heLls(H)
(108) deg qy,degqn < N(d), and || Dol|s < [G(Zp) : }NI}@“(‘S),

where h € Ls(H) and N(d) is a positive integer which depends only on d := dim G. So by (108), (105), and
the fact that yo € Z¢, we have

(109) lan (%0, ¥0)lp < [G(Zp) : HINW/ .
Hence by (109) and (106), for any h € L5(H) we have

(110 aGeo, o) (0, ¥0)lp < [6(2,) + H)
Now suppose Cy = 2N (d) + 2; so by (106), (107), and (110), we have

N(d)+1
1- M)

(111) [Dolp = | ¢y (%0, ¥0)(ny(%0,¥0) = 1) + Z an (%0, Y0)mh (X0, ¥o)| < [G(2,) : H| /2.

heLls(H) »

Hence by (108) and (111) we get
G(Zy) : H'* < | Dols < [G(Z,) - H]P2),

which gives us a contradiction for § <q 1. O

(Going back to the proof of Lemma 42.) For a given (w,l) € @d X @d, let
Vw1(Q) == {g € G(Q)| nyg(w,1) = 0}.

Then V41 gives us a closed subvariety of G. And since it is coming from an intersection of a hyperplane in

aln, (Q) and G(Q), both its number of irreducible components and their degrees are bounded by a positive
integer Ny := N;1(G) which depends only on G.

Hence by [EMOO05, Proposition 3.2] and its proof, there is a positive integer No := N5(G) such that for any

subset A of G(Q) which generates a Zariski-dense subgroup of G(Q) we have
(112) Iy, A Z Vaa(Q),
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for any (w,1) € Q X Q By Claim 2, if 6 <¢ 1, there is (w,1) € @ X (@ such that £y,s(H) C Vi 1(Q).
And so

(113) [y, £5(H) € Lays(H) € Vira(Q).

Therefore by (112) and (113) we have that £s5(H) does not generate a Zariski-dense subgroup of G(Q);
proving Lemma. |

Proof of Proposition 37. By Nori’s strong approximation [Nor89, Theorem 5.4] we know that [G(Z,) : T'] <r
1, where T is the closure of I' in G(Z,). For a proper subgroup H of m,n (T'), let H := {h € G(Z,)| mpn(h) € H}.
So by Lemma 42 we have that L, (H) is in a proper algebraic subgroup H of G for small enough d;. So by
Proposition 14 we have that

(114) POy eT| mpn(y) € H}Y) < %!

if 1 <1 < 61 log[myn (') : H| where dy is given by Proposition 14 and ¢; is given by Lemma 42.

If for some | > % logp we have 77 (Q)(H) > [mpn (T) : H] 7%, then by [BG09, Remark, page 1060] (see [SG,

Lemma 8]) for any I’ < % logp we have 737(r2ln)(Q (H) > [mpn(T) : H]~2%. This contradicts (114) if § is small
enough. O

5.2. Getting a large ideal by adding/subtracting a congruence subgroup boundedly many times.
The main goal of this section is to prove Proposition 43. At the end we also provide a few lemmas that are
needed for using Proposition 43 in the context of modules. The results of this section rely on properties of
p-adic analytic maps that are proved in the appendix.

Proposition 43. Let G, C (GLy,)o be a semisimple Q-subgroup. Let p : Gs — GL(V) be a Q-homomorphism,
where V is a Q-vector group. Suppose no non-zero vector of V(Q) is p(G4(Q))-invariant. For a prime p, let

Pp'] :={g € Gs(Qp) N GLy, (Zp)| mpi(g) = 1}. Then for | >g, , 1 we have
Yoe.,m PP =X, q)p(PP]) 2 pOesr D Zy [p(P[1])].

(Notice that the implied constants are independent of p.)

Let us point out that the same proof gives us also the local version of Proposition 43.

Proposition 43'. Let G; C (GLy,)q be a semisimple Qp-subgroup. Let p : Gy — GL(V) be a Q,-
homomorphism, where V is a Q,-vector group. Let P[p'] := {g € G4(Q,) N GLn,(Z,)| 7, (g) = 1}. Suppose
that V(Qp) has no non-zero G4(Qp) fized vector. Then for | >¢, , 1 we have

200, ,(1) p(Plp') - 26, ,(1) p(Plp']) 2 p®es e W7, [p(P))].

Lemma 44. Let K be a field (only in this Lemma), and G be a subgroup of GLy,(K). Suppose V := KNo
is a completely reducible G-module, and V' has no non-zero G-fized vector. Then there is no a € My, (K)
such that Tr(ag) =1 for any g € G.

Proof. Suppose to the contrary that there is such a € My, (K). Let A := K[G] be the K-span of G. Since
A has a faithful semisimple finite dimensional A-module, A is a semisimple K-algebra. Let

a:=(g—1[g€G)

be the ideal generated by G — 1 in A. Since Tr(ag) = 1 for any g € G, we have that Tr(az) = 0 for any
2 € a. Thus a is a proper ideal. On the other hand, since A is semisimple, by the idempotent decomposition
there are a1, as € A such that

(1) 0%2 = Qy,

(2) a1 + o = 1,
(3) CL:AOél.
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Since a is a proper ideal, a; # 1. And so there is a non-zero vector v € V' in the kernel of a1, which implies
that av = Aajv = 0. Therefore for any g € G we have gv = v which contradicts the assumption that V' does
not have a non-zero G-fixed point. O

Proof of Proposition 43. Since G; is a semisimple group, V(@p) is a completely reducible Q,[p(G (@p))}—
module, for any prime p. As G,(Q,) is Zariski-dense in G4(Q, ), we have that Q,[p(G4(Q,))] = @p[ (Gs(Qp))]-
Therefore Q,[p(G4(Q,))] has a faithful completely reducible module, which implies that Q,[p(Gs(Qy))] is a
semisimple algebra. Hence the nilradical of Q,[p(G4(Q)))] is zero, too. Thus Q,[p(Gs(Q,))] is a semisimple
algebra and V(Q,) is a completely reducible Q,[p(G, (Qp))]—module.

Next we show that V(Q,) does not have a non-zero G,(Q,)-invariant vector. If not, V(Q,)%@ := {v €
V(Qp)| p(Gs(Q))(v) = v} is non-zero. For vy € V(Q,)%@ we have vy = Y, a;v; where a; € Q, are Q-
linearly independent and v; € V(Q). Since p is defined over Q, for g € G4(Q) we have p(g)(v;) € V(Q) for
any 4. Hence p(g)(vo) = vo implies that for any i we have p(g)(v;) = v;. Since G(Q) is Zariski-dense in Gy,
we get that p(G,(Q))(v;), which is a contradiction.

Hence Lemma 44 implies that the constant function 1 does not belong to the linear span of the analytic
functions p;; where p;; are the entries of p : G4(Qp) = GL(V(Qj)) with respect to a Q,-basis of V(Q,). So
we get the desired result by Corollary 50. O

Next we prove a corollary of Lemma 39.
Corollary 45. Let R C M, ,(Z,) be a Z,-subalgebra. Let
0=Wgt1 SW, C...CW1 =Qp°
be a composition series of Qp° as an Qp[R]-module, where Qp[R] is the Q,-span of R. Suppose v; € M; =
WiNZpo and |[7g]] := inf{[lv; + wl|,| w € Wiy1} > ¢, where q is a power of p. Then

ko
> Ru; 2 ¢Omtvp Wz,
i=1

Proof. For any 1 <i < kg, we get a ring homomorphism from R to Endg,(W;/Wi;1). Let R; be its image.
Notice that M;/M;11 can be embedded into W; /W;,1 and for any v € M; we have R;(v+M;+1) = Ru+M;41.
So by Lemma 39 for the ring R; we have that,

¢®Wi (W M; C Ru; + My C M;.

By induction on 7 one can easily see that, for any 1 < i < kg, we have

q@R’{WJ}(l)ZZO = (J@R’{W-7}(1)M1 c ZRUj + My
=1
O

Lemma 46. Let R C M, (Zg) be a Zg-subalgebra. Assume the Q-span Q[R] of R is a semisimple algebra.
Suppose p is a large prime number (depending on R), and W is a composition factor of ,0; that means
there are two Qp[R]-submodules W1 C Wy such that W = Wy /W1 is a simple Q,[R]-module. Then for any
v e Wy, == (WaNZo) + Wi /Wi we have Zp[Rlv = Wy, if v & pW,.

Proof. By Wedderburn theorem and Artin-Brauer-Noether theorem, for large enough p we have that

(1) Qu[R] ~ €p; My, (K;) where K; are finite extensions of Qp,
(2) under the above identification Z,[R] gets identified with &, M,, (Ok,),
(3) under the above identification Zj° naturally gets identified with B, O’ .
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Hence Wy, is isomorphic to OF, where Zy[R] acts via M,, (O, ). It is clear that for any unit vector v € O%,
we have M, (O, )v = Oy .

Corollary 47. Let R C M, (Zs) be a Zg-subalgebra. Assume the Q-span Q[R] of R is a semisimple algebra.
Let

0:Wk0+1§WkOQ...QW1:QZD

be a composition series of Qp° as an Qp[R]-module, where Q,[R] is the Qp-span of R. Suppose v; € M; :=
WiNZy° and ||[v;]| := inf{|lv; + wl[p| w € Wiy1} = 1. Then, for large enough p, we have

ko
ZZO = Z Rvi.
=1

Proof. Tt is a direct corollary of Lemma 46. ]

5.3. Getting a p-adically large vector in a submodule in boundedly many steps. The main goal of
this short section is proving a key lemma (Lemma 48). Using this Lemma, we will be able to get a Q,-basis
of V(Q,) consisting of large vectors in boundedly many steps.

Lemma 48. Let Q, I' and G be as above. In particular, G = G, x V where G4 is a semisimple Q-
group and V is a Qp-vector group; and for some non-negative integer k, <q 1 (which is zero for large
enough p) Qu[p*»] = K, x V, where Q, is the closure of I in G(Q,), Qp[p**] := Qp N GLn,(Z,)[p*"],
K, = G4(Qp) N GLy, (Zy)[p*], and V, := V(Q,) N GLy, (Z,)[p"*] (see Section 2.6).

Let V' C'V be a non-zero Q,-subgroup which is Gs-invariant. For any 0 < e Kqy 1, there are 6 >0 and a
positive integer C' such that the following holds:

Suppose p is a prime number, QQ = p"™, and ne >q v 1.
If B (68, A1) holds and 7o (T[ga]) € mo([1o A)mq(V, NV (Qy)) where g2 = p"2 and ny < 2n, then
(115) {v e V(@) lIvll, > Q% mq(v) € mo([1sc A)}

s non-empty.

Proof. Since V' is Gg-invariant and it commutes with V, V' is a normal subgroup of G. On the other
hand, GLy,(Z,)[p*?] is a normal subgroup of GLy,(Z,) and Q, € GLn,(Z,); and so V, N V/(Q,) =
V'(Qp) N GLx, (Zy)[p*»] is a normal subgroup of Q,. Let 1y, : 74, (Qp) — g, (Qp) /7 (V, NV (Q,)) be the
projection map where ¢; = p™* and n; = |en]. So by the assumption there is a section

s Mg, (7Q(@pla2])) — 74, (Qp)
such that the image of s is a subset of 7y, (][ A) (by section we mean 7y, (s(x)) = x). Notice that

Mgy (s(27 w2) ™ s(21)s(23 1)) = g, (s(27 ' 2)) g, (s(21)gy (5(23 1)) = (7 ' 22) 7 (@) (a3 1) = 1.

Hence s(zy o) ts(z1)s(z5") € mgy ([[30 A) N 7y (Vp N V/(Qy)). Now if we assume to the contrary that

the set in (115) is empty, then we get that 7, ([[30A4) N g (Vp N V(Qp)) = {1}. And so s is a group
homomorphism. So H := Im(s) is a subgroup of m,, (Q,), and [r,, (Q,) : H] > |74, (V, NV (Q,))| > p®v (ne).
By Proposition 37 we have that

(116) PT(FZ)(Q)(H) < [mq, (D) : H)7®2() < p=Oaw(ne),

On the other hand, if z € 7g, ([[,o 4) N 7g, (I'[g2]), then
a1 s(ng, (2))) € T, (ILic A) N g, (Vp NV/(Qp)).

So by the contrary assumption we have that x € H, which means

(117) Mg (Hzc A)n Tqq (Dlge]) € H.
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By the assumption we have ’Pg)(A) > Q7% (where § is small positive number to be determined later). So
! - — - — ne? —n £2
PYANTLH (@) > Qg (D)7 = p=©0(neh) = p=n(0+0alh),

for some ' € 7,,(I"). Hence PCY(A - ANT[g]) > p~"92(=*) for small enough 8. Therefore by (117) and
(116) we have

—’n@g(é‘Q) < —HGQ)V' (E),
which is a contradiction if 0 < & gy 1. O

5.4. Proof of super-approximation: the p-adic case. Let us recall that G = G4 X V where G, is a
semisimple Qp-group and V is a Qp-vector group; let p : G, — GL(V) be the Qp-representation which
gives us the action of G5 on V. Let us recall that, since G is perfect, no non-zero vector of V(Q,) is
p(Gs(Qp))-invariant. Let V; be Q,-subgroups of V such that

(1) V;(Qp) are irreducible G4(Qp)-modules.
(2) V= @§Q1Vi~
Let Pp*] :={g € G5(Q,)| llg — 1|l, < p~*} for any non-negative integer k.

Inductively we do the following simultaneously:

(1) construct a permutation o : {1,...,ko} = {1,...,ko},
(2) find vectors v; € W := @ie{lwwko}\{g(l)w’g(j,l)} Vo) (Qp),

such that the following holds:
(1) for small enough ¢, large enough C' (depending on ¢, 2, and V;) and any 1 < j < kg we have

(118) mq (PIp"*™)) € 7o (o) A)ma (Ve N W));

(2) vj € Wj;

3) U1,...,0; generate Wy /W11 as a G4(Q,)-module, where v; is the projection of v;.
j & i+ P

(4) log, [l > ne®;

(5)

j n(e9e n(e9c(D (96D
5) Yot (Zes PP N (i) = Yoy o™ ) (v:) ) + Wi 2"V,
1

By [SG, Theorem 36], if ¢ is small enough and C is large enough, (118) holds for j = 1. Now we suppose
(118) holds for 1 < j < jo and we have already found vy, ..., v,—1 as desired. We will define o(jy) and find
vj, so that the above properties hold.

0

Since (118) holds for j = jo, by Lemma 48 there is v;, € W}, such that
(119) log,, [|vjollp > ne®sM) | and mq(v;,) € 7Q([To(cy A)-

O¢(

Since log,, [[vj, ||, > ne D the projection ¥, of vj, to V,(;,) for some

a(jo

U(jo) € {1,...,ko}\{O’(l),...7J(j0—1)}

has length at least Oy, (p@("s%(l))). Now by Proposition 43, and Corollaries 45 and 47 one gets all the
mentioned properties except the first one.

By [SG, Theorem 36] we have that for small enough § and large enough C
(120) m(Pp" 7)) € m(lle Ama(Vy)-

To simplify our notation let us drop the constant power of ¢ in the rest of the argument. Hence by (119) we
have

(121) 7o (" V) € mo(lle(c) A (Ve NWj).

e(1)
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For any g1, g2 € P[p"¢] and vq, vy € V,, we have

[(gl,v1)7 (9271)2)] c P[p2n6] X (p"an).
Hence by (120) and (121) we have

(122) mQ({[91, 92]l 91,92 € Pp"1}) € mo([le(oy A (Ve N W)

Let X := {[g1,92]| 1,92 € P[p"¢]}. Using properties of the finite logarithmic maps (see [SG, Lemma 34]),
we have
(HdimG XnN P[pkn5+@(1)])P[p2kne] _ P[pkn€+®(1)]’

for any integer k > 2. Therefore mq([[g(_ 10g¢) X) 2 T (P[p"®)]). Hence

(123) m(Plp"®)) € mo([le(c) A)ma (Vo N W;).
And so by (121) and (123) we have

mQ(T[p°@)]) € mo([To(c) A (Vo N W),
which finishes the proof.

6. APPENDIX A: QUANTITATIVE OPEN IMAGE FOR p-ADIC ANALYTIC MAPS.

The main goal of this appendix is to prove that one can get a large open set by adding the image of an
analytic function in controlled number of times (see Proposition 49).

Proposition 49. Let K be a characteristic zero non-Archimedean local field. Let O := Ok be its ring
of integers, and p be a uniformizing element. Let U C K™ be a neighborhood of the origin, and F :=
(fis- oy fap) : U — K% be an analytic function. Suppose the constant function 1 is not in the K-span of f;.
Then for any l >r 1 we have

o) F(ptom) — 2 er(1) F(p'O™) D (K-span of F(U)) Np®rH O,

In fact, we prove the following refinement of Proposition 49. In Proposition 49, we pinpoint how the implied
constants depend on the given analytic functions (with a few extra technical assumptions). This type of
control helps us to prove Corollary 50. Corollary 50 is the only result in the appendix that is needed in the
main part of the article. In Corollary 50, we deal with polynomial maps that are defined over a number
field, and prove that their images in all the non-Archimedean completions are uniformly large.

Proposition 49'. Let K be a characteristic zero non-Archimedean local field. Let O := Ok be its ring of
integers, and p be a uniformizing element. Let F := (f1,..., fa,) : O™ — O% be an analytic function of the
form

F(x) = Z(mei, e >Ci,d0Xi)7

i
where 1 = (i1, ...,1n,) Tanges over multi-indexes non-negative integers and x' = x* -+ xn . Suppose

(1) leijlp <1 for anyi= (i1,...,im) and any 1 < j < do,
(2) L : K% — K% is a linear embedding such that F(x) = L(f;, (x),..., fj,, (x)) for some indexes
0

1 < Ju < dO;
(3) |det(ci, j, )1<i,ucaylp = [PF0lp for some multi-indezes iy, ..., iq whose coordinates add up to a number
at most my and some indexes ji, ..., jd,-

Then for any 1 >>a; nomo.ko,||L)|, | we have
Z@(l) F(PlOno) _ E@(l) F(plono) ) (K—span OfF(U)) n p®(l)od0’

where all the implied constants depend on dy,ng, mg and kg.
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Corollary 50. Let k be a number field. Let f1,..., fa, € K[x1,...,Tn,]. Suppose 1, f1,..., fq, are linearly
independent where 1 is the constant polynomial one. Let F := (f1,..., fa,). Then for anyl >p 1 and any
p € Vi(k) we have

2or() F(p'Oy°) - 26r1) F(p'Op°) 2 (kp-span of F(Oy)) N p®r 05,

where Ky s the completion of k with respect to the finite place p € Vy(k), O, is the ring of integers of ky,
and p also shows a uniformizing element of O,.

Let us recall the needed notation from p-adic analysis. If U is an open subset of K, then V*U :=
{(z1,...,25) € U X -+ x Ulz; # x;ifi # j}. If f: U — K, then ®*f : VU — K is defined
recursively
O f(z1, . ap) = OF L f (1, m3,...,11) — PF L f (2o, . .. ,xk)’
1 — X2

and ®°f = f. If f is an analytic function, then ®"f can be uniquely extended to a continuous function
3" f .U - K for any n and f@)(a) = i!'® f(a,...,a). Similarly for open subsets U; C K and a (multi-
variable) function f : Uy x --- x Uy, — K we can define the kth order difference quotient ®Ff of f with
respect to the ith variable. And then for a multi-index i := (i1,...,4,) we set

Qi f VAU x - x ViU, - K, Dif =@ o PR o 0 Dimf.

If £ is analytic, then ®;f can be uniquely extended to a continuous function ®;f : U ™ x ... x Uim*! & K|
and

8if(a17 . 'aam) = ilgif(ei(alv s 7am))7

where 1! := i1liy! -+ - 4,,! and
Oi(ar, ...y am) = (a1, .. ,G1,02, .., G2, ..., Ay, Qm)-
———— ——— —_——
i1+1—times io+1—times im+1—times

Let U :=U; x -+ x U,, € K™ be an open subset, f; : U — K be analytic functions, and F':= (f1,..., f4) :
U — K% (in computations, it is considered as a d-by-1 column matrix). Then dF(x) is a d-by-m matrix

dF(x) := [0; fi(x)].
For any 1 < i,j < m, let ®e, e, F(o) be the column vector whose kth entry is ®e, 1, fi(®). In the above
setting, by Taylor expansion we have
(124) F(x0+x) = F(xg) + dF (x0)x + R2F (x0 + X,X0),

where Ry F'(xo + X, Xo) is of the form }; ; ;7 ®e, e, I'(®) (the entries are the entries of either xo +x or xo)
and x = (21,...,Zm).

For a d-by-m matrix X = [vy - v,,] with entries in K, let

N(X):= Loy, ax, |det[v, - - vi,]l.

Let {e;}; be the standard basis of K”; and for any [ := {i; < ia < -+ < in} C {1,...,n}, let e; ==
ei, A...Ne;, . It is well-known that {e;};cq1, . n}, |1j=m is a basis of A" (K™). For any

X = > zrer € AN™(K™), we let ||x|| := max{|z;|| I C {1,...,n}, |I| = m}.
IC{1,...,n}, |[I|=m

Lemma 51. (1) If wy,...,wq are the rows of X € My, (K), then N(X) = ||wiA- - -Awg]|; in particular
N(X) =0 if rank(X) < d.
(2) If X € Mygm(O) and N(X) > |p*o|, then for any positive integer | and y € p‘tkoO9 there is
x € ptO™ such that Xx =y.
(3) For any 1 <i <m and vectors v; we have

N[vi-vi(vig1 = Vi) (vip = v3)] S (d+ 1)N[vy - Vi
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Proof. The first part is clear. Now suppose that N(X) > |p*°|; then there are d columns v;,,...,v;, such
that | det[v;, - -~ v;,]| > |p*|. Let X7 = [vi, -+ v4,]. Then X;adj(X)y = det(X7)y, and so there is x’ € p!O?
such that X;x’ = y. Therefore there is x € p!O™ such that Xx = y.

For the third part, we get an upper-bound for the determinant of a d-by-d submatrix:

|det[V¢1 "’Vij(vij+1 - V) e (vid 7V)]| - ”Vil A /\vij A (vij+1 - V) TARRRRA (Vid - V)”

d
= Vi, A AV = Y Vi A AV AV AV A A
k=j+1
< (d+1N([vi---vml]),

where v is either 0 or v;. O

In what follows, a series of Lemmas are proved in pairs. In the first ones the constants depend on F', and
they are geared towards proving Proposition 49. In the second ones, we make the needed modification and
make them suitable for proving Proposition 49'.

Lemma 52 (Hensel’s lemma). Let xg € K™ and U C K™ be an open neighborhood of xo. Let f; : U — K
be analytic functions and F = (f1,..., fa). Suppose there is a positive integer ko such that

(1) %o +pF O™ C U,
(2) lldF(xo)|l <1, _
(3) for any i, j, if [|X' = Oe,1e, (x0) || < [p*0], then || @e, 1o, F(x')[| < 1,
(4) N(dF(xo)) = [p™].
Then for any | > ko and anyy € O there is x; € xg + p'O™ such that
|F(x1) = F(x0) — p" oyl < [p*].

Proof. By (124) we have that

(125) 17 (%0 + p'x) = F(x0) = p'dF (x0)x|| = | Y (p'w:) (p'25) Pe, 4o, F (i),
,J
where x = (z1,..., %), [|x[| <1 and [|x;; — b, +e, (x0)|| < [p'|. Now by Lemma 51 for any y € O¢ there is

x € O™ such that dF(x¢)x = p*oy. And so by (125)
[F (%0 + p'x) — F(x0) — p' 0y < [p*].
(]

Lemma 53 (Quantitative open function theorem). Let xo € K™ and U C K™ be an open neighborhood of
xg. Let f; : U — K be analytic functions and F = (f1,..., fa). Suppose

(1) [|dF(x0)|| <1,
(2) 105 F(x0)|| <1, for any i, ],
(3) N(dF(xq)) > |p*°|, for some positive integer kq.
Then for any large enough integer | (depending on F and U) we have
F(xo+p'0™) 2 F(xq) + p' 0.

Proof. By the continuity of dF and aei+ejF , for large enough [ (in particular [ > k), we have that

(1) ARGl < 1if [x = xol| < [p'],
(2) [[Pe e, F(x)I| < 1if [’ — e e, (x0) || < [p']
(3) N(dF(x)) > [p*| if [|Ix — xo| < [p'].



SUPER-APPROXIMATION, II: THE p-ADIC AND BOUNDED POWER OF SQUARE-FREE INTEGERS CASES. 49

By induction on i we prove that for any y € O? there are x; € xg + p'O™ and integers I; > 21 such that

(1) ll := 2] and li+1 = 2([1 — k‘o),
(2) [1F(xi) — F(xo) — p'*Foy] < [p"

Lemma 52 gives us the base of the induction. By induction hypothesis, there is x; € x¢ + p'O™ such that
F(x;) = F(xo) —p" ™y € ph O,
Hence by Lemma 52 there is x;1 € x; + pti~*0 O™ C xq + p'O™ such that
1F (xit1) = F(xi) + (F(x;) = Flxo) —poy)|| < [p2t40)] = [plie.

This proves the induction step. One can easily see that {I;} is a strictly increasing integer sequence. So {x;}
is a Cauchy sequence. Therefore lim;_,o X; = X € Xg + p'O™ by the compactness of xo + p'O™, and by the
continuity of F' we have F(x) = F(xo) + p'toy. O

Lemma 53'. Let F := (f1,...,faq,) : O — 0% F(x) = Y i(ci1x},...,ci4,X') be an analytic function
such that

(1) || <1 for any i and j,
(2) N(dF(0)) > |p*°| for some positive integer ko.

Then for any | >, 1 we have

F(p'0) 2 F(0) 4 p'troo®,

Proof. Since F(x) := Y ;(cinx',...,ci4,%") and |¢; ;] < 1, we have [|dF(x)|| < 1 and [[®e, e, F(x)|| < 1 for
any ||x|| <1 and ||x']] < 1.

Since |ci ;| < 1 and N(dF(0)) > |p*|, we have that N(dF(x)) > |pk°| for any x € p¥o+1O. One can finish
the argument as in the proof of Lemma 53. ]

Lemma 54. Let U be a neighborhood of 0 € K, and f; : U — K be analytic functions. Suppose 1, f1,..., fq
are linearly independent. Then for large enough m (depending on f;) and large enough | (depending on f;
and m) we have that, for any 1, ..., 2, € p'O,

N(f@) > T e —a))l,

1<i<j<m

where the implied constant depends on f;.

Proof. Notice that we can rescale, i.e. change f; to g;() := fi(p*xz), and make sure that |fi(j)(0)\ <1 for
any 1 < ¢ < d and any positive integer j.
(4)

Since f; are analytic and 1, fi, ..., fq are linearly independent, for large enough m we have that rank([f;”/(0)]) =

d, where 1 <i<dand 1< j <m. So N([fi(j)(O)]) = |pk0| for some non-negative integer ky. Hence by the
continuity of @’ f;, for large enough I, we have that N([® f;(x;)]) > 1 if x; € p'OI*! for any 1 < j < m.



50 ALIREZA SALEHI GOLSEFIDY

Let F(x) be the column vector [f1(x) -+ fa(x)]T. Then by the repeated use of the third part of Lemma 51
we have

N([fi(@)]) = N[F'(z1) - - F' ()]
> (d+ 1) 7' N[F (1) (F'(z2) — F'(21)) -+ (F'(wm) — F'(21))]

>(d+1)" (H |xl—x1|> [F'(21)® F'(22,21) - & F (2, 71)]
> ..
—m ’ =1 =2 -—m-1_,
> (d+1) II =i — =5l | NIF' (@)@ F'(22,20)® F'(3,22,21) " F(Zm,...,21)]
1<i<j<m
> H |z — .
1<i<j<m

O

Lemma 54", Let F := (f1,..., f4,) : O = O F(z) =Y, (c;i12%, ..., cianx’) be an analytic function such
that

(1) |eij| <1 for any i and j,
(2) |det(ci. ;)| = [p*0| for some indezes iy, ..., iq, < mo and some positive integer ko.

Then for any 1 >y, 1 we have that, for any x1,...,Tm, € p'O,
N([fi(wy)]) = [pOrotomo @] TT  fa; — ay.

1<i<j<mg

Proof. Since |¢; j| <1 and |det(c; ;)| = |p*°|, we have that N(@jfi(xj)) > |det(§i€fj(xie))| = |p¥o| for any
X € pkot1MJ. Now one gets the claim as in the proof of Lemma 54. ]

Lemma 55. Let U be a neighborhood of 0 € K, and f; : U — K be analytic functions. Suppose 1, f1,..., fa
are linearly independent. Let F' = (f1,..., fa). Then for any I >p 1 we have

Yo F('O) = e,y F(p'0) 2 p°r0 0O,
Proof. By Lemma 54 for large enough mg (depending on F) and large enough ! (depending on F' and my)

we have
N(dF(x)) > H |z — 5],
1<i<j<mo
where F(x) = F(21) 4 -+ F(2pm,) and x = (21, . .., m, ) has norm at most |p'|. Let xo = (21, ..., Zm,) be
such that |z;| < |p!| for any i and |x; — z;| > |p?| for any i # j. So N(dF(x0)) > p®rmo(), By rescaling, if
needed, we can assume that |fi(j)(0)| < 1forany 1 <i < d and any positive integer j. And so ||dF (xo)|| < 1
and ||8Uﬁ(x0)|| < 1. Therefore by Lemma 53 we have

ﬁ(plomo) _ (XO +p Omo) F(Xo) +p Omyg, p(l)o
and so R .
S e F(1O) = 3, F(plO) = F(plO™mo) — F(plomo) 2 pOmorM O,
O
Lemma 55'. Let F:= (f1,..., fa,) : O = O, F(x) = Y, (cina’,. .., cia,x") be an analytic function such
that

(1) |eij| <1 for any i and j,
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(2) |det(c;, ;)| = |pk| for some indezes i1, ..., i4q, < mo and some positive integer k.

Then for any | >k, m, 1 we have
e F(01O) = 32, F(plO) 2 pOrmosdoro DO,

Proof. As in the proof of Lemma 55, let F(x) = >0 F(z;). Hence by Lemma 54’ for [ >, 1 we have
N(dF(x)) = [prodomo| T Jzy — ),
1<i<j<mo

for any x € p!O™0. Let xq € p'O™0 be such that |z; —z;| > |p*| for any i # j. Notice that, since [ >, 1,
there is such xy. Hence
N(dF(x)) > [pOmoortol®)].

Let Fy,(x) := F(x 4 x0). Hence Fy, has a Taylor series expansion and its coefficients have norm at most
one. Moreover N (dFy,(0)) > |p®mo-d0-k0 ()|, Therefore by Lemma 53’ we have

FXO (plo) D) FXO (0) + pg’"o,do,ko (l)(’)do.
One can finish the proof as above. .

Lemma 56. Let U C K™ be a non-empty open subset. Let f; : U — K be analytic functions such that
1, f1,..., fa are linearly independent. Then there is a polynomial curve r : K — K™ such that 1, f; o
7, ..., faor are linearly independent, and defined on a neighborhood of 0 € K.

Proof. Let x¢ be a point in U. After rescaling, if needed, we can assume that |0;f;(x0)/i!| < 1 for any i
which is not zero. Since 1, f1,..., fg are linearly independent, for large enough m we have that

rank[0; f; (%o0)]1<jijl <m, 1<j<d = d.
Thus
(126) N([0:f;(x0)/il]) = [p"],

where k¢ is a non-negative integer. Now let
1

r(t) == xo0 +p(t, 15,65, ..t

where s is sufficiently large (to be determined later). By the Taylor expansion of f; we have

(@) =Y afplilh ity i

where i = (i1,...,1,,) and ai(j) = 0;f;/i!. And so

(127) HIGOIEDY > alPplills | ¢,

n=0 \{i| 5y ixs*~1=n}

We make the following two observations:

(1) Xqii s, inst—1=n} afplil: = 2 {illilloo <5, 5y inst—1=n} af/’plilh (mod p7),
2) If ||il|so, ||V ||co < s and ipstl = i/ s*=1 theni=1.
k k‘k

In particular we have

() i(n n
P aign)p” Ml g<n<sw—1
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where i(n) := (i1,...,in,) gives us the s-adic digits of n; that means n = 3", i,s*~!. Therefore we have
(128) N > gl = N(fag?) pli ™)) (mod p*).
22 sk =t=n} 1<n<smo—1, 1<j<d

Now suppose s > dm + ko; in particular, if ||i]l; < m, then i = i(n) for some n < s™. And so we have
(129) N([af]) plimIh]) > [pmd+ho).
Hence by (128), (129) and s > dm + ko we have

N >l #0 (mod p°),
{i‘zkiksk71=n} 1<n<sno—1, 1<j<d
which implies that
rank Z ai(j)p”iul =d,
(125 txst—t=n} 1<n<sno—1, 1<j<d
and 1, fior,..., fgor are linearly independent. (]

Lemma 56'. Let F := (f1,..., f4,) : O™ — O% be an analytic function of the form
P(x)=> (cix',. .., ci4%),
i
where i = (i1, ..., in,) ranges over multi-indexes non-negative integers and x' = xzf e x:{f)o . Suppose
(1) |eij1 <1 for anyi= (i1,...,im) and any 1 < j < do,

(2) |det(ci, ;)| = |pko| for some multi-indezes i1, . ..,iq, whose coordinates add up to a number at most
mgo and some positive integer kq.

Then there is a polynomial curve r : O — O™ such that |det(c; ;)| > |p©madoko M| for some indexes

e Cmgomodoko | Where fjor(z) =3, ¢ at.

Proof. A close examination of proof of Lemma 56 yields that (128), (129) imply

N([¢; j]1<i<(domo+hkot+1)m0—1,1<j<d) > |prodothol

which gives us the claim. O

Corollary 57. Let U C K™° be a non-empty open set. Let f; : U — K be analytic functions, and
F:=(f1,...,fa). Suppose 1, f1,..., fq are linearly independent. Then for any ! >p 1 we have

Yerm) F0'0) =Yg,y F(p'O) 2 por® 0%
Proof. By Lemma 56 there is a polynomial curve r such that 1, fyor, ..., fgor are linearly independent and

defined on a neighborhood of 0 € K. Hence by Lemma 54 we are done. (|
Corollary 57'. Let F := (f1,..., fa,) : O™ — O% be an analytic function of the form

F(x)= Z(ciylxi, e e XY,

i

where i = (i1,...,1n,) Tanges over multi-indexes non-negative integers. Suppose
(1) Jessl <1 for any i = (i1, im) and any 1 < j < do,
(2) |det(ci, ;)| = |pke| for some multi-indexes i1, .. .,iq, whose coordinates add up to a number at most

mg and some positive integer k.
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Then for | >>mg ng.do,ke 1 we have
Yo F('0) = Yon) F(p'0) 2p°00%,

where all the implied constants depend on mg, ng, do, ko-
Proof. This is direct corollary of Lemma 55" and Lemma 56'. O

Proof of Proposition 49. Suppose {fi,,..., fi,} is a basis of > . K f;. So 1, fi,,..., fi, are linearly inde-
pendent. And moreover there is an injective linear map L : K d - K9 gsuch that F = L o F, where
F(x) = (fi,(x),..., fi,(x)). By Corollary 57 we have that

Yorm F(H'0) = Yoo F(#'0) 2por00O".
for any [ >4 1. Applying L to the both sides and using the linearity of L we have
Yerm) F('0) = Yo, 1y F(p'0) 2 pOrOL(O) 2 prO% NIm(L).
]

Proof of Proposition 49 . By a similar argument as in the proof of Proposition 49, Corollary 57" implies the
desired result. (]

Proof of Corollary 50. Let O, be the ring of integers of k. There is a € O, such that for any ¢
?i(x) = f’i(a’x) € Oﬁ[xla v 7$n0}-

Suppose ?jlv e ’?jélo is a basis of Z?il kf;. So there is a linear embedding L : Kk — k% guch that

(?1(X)7 s ,fd()(X)) = L(?j17 s ’?jdé).

So the operator norm of the induced linear embedding L, : Hgo — ngo are uniformly bounded from infinity

and zero.

Since

PP ’?jd’ are linearly independent, there are multi-indexes ii,...,ig such that
0

0 # det(cy, 5,,) € O,
where f;(x) = Y, ¢i ;%" So | det(c;, ;,)]p =1 for almost all p € V().

By the above discussion, one can easily finish the proof using Proposition 49'. O
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