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1. Prove that Q[x]/(x? - 2) = Q[v/2].
Proof. Consider ¢: Q[x] — C given by f — f(v/2).
e ¢ is aring homomorphism:
PN +P(Q) =fF(V2)+8(V2) = (f+ (V2 =Pp(f +8)

and

(NP = F(V2)g(V2) = (f9)(V2) = p(fg).

o Im¢ = Q[v2]: for every f(x) = X1 a;x' € Qlx], fF(V2) =X, a;(v2)' € Qlv2], so Im¢p <
Q)[\/i]; for every a+ bv2e @[\/5], ¢la+bx)=a+ bv?2 implies Im¢ > @[\/ﬁ].

o kerp = (x? —2): ¢p(x*> —2) = (v2)2 =2 = 0 implies (x> — 2) c ker¢. Let f(x) € ker¢. By long
division, 3g(x), r(x) € Q[x] such that f(x) = q(x)(x*>—2)+r(x), where degr < deg(x*—2) =
2. So ¢(r) = d(f) =0. Suppose r(x) = a+ bx € Q[x] for a,b € Q. Then ¢(r) = a+ bv2=0
implies a=b=0. Thus, r =0and f(x) € (x% = 2). Tt follows that ker¢ c (x% = 2).

The conclusion follows by the first isomorphism theorem. [ |

2. Prove that Z[i]/(2+ i) = Z/5Z.
Proof. Let¢:Z[il — Z/5Z be given by a+ bi— a+3b+5Z.
* ¢ is aring homomorphism:

dla+bi)+¢P(c+di)=(a+3b+52)+ (c+3d+52)
=(a+c)+3(b+d)+5Z
=¢la+c+(b+a)i)
=¢((a+ bi)+ (c+di))

and

dla+bi)p(c+di)=(a+3b+52)-(c+3d+52)
=ac+9bd+3ad+3bc+5Z
=ac—bd+3(ad+ bc) +5Z
=¢(ac—bd+ (ad+ bo)i)
=¢((a+ bi)-(c+di)).

* ¢ issurjective: ¢(1) =1+5Zso ¢p(n) =n+>52.



e kerp=2+i): ¢2+1i) =2+3+5Z=0+5Z. So (2+i) cker¢. Let a € ker¢. By the
division algorithm in Z[i], 3q, r € Z[i] such that a = q(2+i)+r with N(r) < N(2+i) = 5. Let
r =r1+r2is0 N(r) = ré+r% <5. Thisimplies | r1| < 2 and |r,| < 2. Moreover, ¢(r) = ¢(a) =0
implies 5 | ry +3r,. If || = 2, then r# + r5 <5 forces r, = 0 and so 11 +3r, = r; = £2 is not
divisible by 5; if |r»| = 2, then r; =0 and r; + 32 = 3r, = £6 is not divisible by 5. So |r1| < 1
and || < 1.

Remark. Recall in the process of proving Z[i] is a Euclidean domain, not only do we show
that N(r) < N(p), we show N(r) < lN(,B), where B is the divisor and r is the remainder.
With this stronger bound on N(r), we immediately have r12+ 1’22 < % and|ri| <1and|r| < 1.

Then |r; + 32| < 5. Together with 5 | ry + 37, this implies r; +3r, =0 and 3 | r;. However,
[r1l<1.Sor;=r2=0.S0,a€(2+1i)and ker¢p < (2 +1i).

Hence the conclusion follows by the first isomorphism theorem. [ |

3. Suppose m, n € Z=? and (m, n) = 1. Prove that
ZimnZ=7ZImZxZI|nZ.

Proof. Let@:7Z — Z/mZ x ZInZ be given by x — (x+ mZ,x+ nZ).
*  is aring homomorphism:

X))+ =x+mZ,x+n2)+(y+ms,y+n”z)
=((x+y)+mZ,(x+y)+n2)
=px+y)

and

X)) =x+mZ,x+nZ)-(y+ mZ,y+ n2z)
=(xy+mZ,xy+n”z)
=p(xy).

kerop={xeZ:x+mZ=0+mZ,x+nZ=0+nZ}={xeZ: m|x,n| x}.

Since (m,n)=1, m|x,n|x < mn|x < xe€ mnZ. Hence, kerp = mnZ.

By the first isomorphism theorem, ¢ : Z/mnZ — ZImZ x ZInZ,x + mnZ — (x + mZ,x + nZ) is
an injection and an isomorphism onto Im¢. Observe that |Z/mnZ| = mnand |Z/mZ x Z/nZ| =
|ZImZ|-|ZInZ| = mn. By the pigeonhole principle, Img = Z/mZ x Z/nZ and hence Z/mnZ =
ZlmZ x ZInZ. |



4. Prove that Z[x]/nZ[x] = (Z/nZ)|[x].

Proof. Let ¢:Z[x] — (Z/nZ)[x] be given by 37" | a;x' — Yo (a;+ nZ)x'. ¢ is clearly surjective

and
m

ker(p: {Z aixi €Zlx]l:a;enZ,i=0,---,m} =nZ[x].
i=0

Thus the conclusion follows by the first isomorphism theorem. [ |
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5. Prove that Q[x]/(x* —2x +6) = {coI + c1 Alco, ¢1 € Q}, where A= [1 2 ]

Proof. Let ¢ : Q[x] — M>(Q) be the evaluation ring homomophism at 4, i.e. ¢p(X7, a;x') =
agpl + a1 A+---+a,A". Let C = {cyl + c1Alcy, c1 € Q}.

Remark. Note that the characteristic polynomial is f4(x) = det(xI—A) = x*—2x+6. Cayley-Hamilton
theorem says that every square matrix over a commutative ring satisfies its own characteristic
polynomial. So, A —2A+6 = 0. If you've never heard of this theorem, you do now. For this
problem, show A% — 2 A+ 6 = 0 by direct computation.

e Im¢ = C: for every cy,c; € Q, p(co+ c1x) = ol + c1 A so C < Im¢. Conversely, let g(x) =
Y aix' € Q[x] so that ¢(g) = X7 a;A'. By the remark above, A> =2A-6. So, A’ =
A'"2(2A-6) =2A""1 —6 A2 for i = 2. This shows we can reduce any power of A to linear
term. By induction, ¢(g) € C and Im¢ < C.

e ker¢p = (x> —2x+6): A>—2A+6 =0 implies (x*> —2x + 6) c ker¢. Let h(x) € ker¢. By the
division algorithm in Q[x], 3g(x), r (x) € Q[x] such that i(x) = g(x) (x2=2x+6)+r(x), where
degr <2. Let r(x) = c;x + ¢p. Then ¢p(r) = ¢p(h) = 0 implies c; A+ ¢p = 0. So, ¢cp = ¢c; =0 and
h(x) € (x*> —2x +6). Hence, ker ¢ < (x*> — 2x +6).

The conclusion follows by the first isomorphism theorem.



