Homework b

L) Py Fermut (hu theorem, xPz x (modpd v xeZ.

Soin Zp, xP-xt1= 2-x£121 Fo. sk PO
= Tk l,1|,tod7§m xP-x4l hmns no 2210 in Zy.
b>.

To prove o?-x+1 is Irredmncible in 2507,

it SWffits 4o prove that X’—o+| RS o 20to In Z5 sine the MLer/ of 2% x4l is 3,
ol Z3 s ow field .

It's trng by part (A) if e It p=3.

- W) To prove x’-7 5 irrehneible in O1x], it swffices 4o prove that X’-2 hAs Ao

retionn] root sine 8 5 a Fiel A gaal M&;W’/ﬂ =3
Assinme by tontradic i that = T €0 & A root of x*-2,

With A/ bEZ, Ako (3l 05 ot a reot), b#o, ged (o, b= L
Thn #)’=> = a’=3p>

ju&(h,b)——l = A3]1, = p\‘z = pA=4%i| or £2,
A= s = £ = 2p° = b= L §

A=ty = :\'_$|z ( since MI?—). §.

=2 Onr Agmption B Wron
k> 1), P (x2) = BBY-2-0 = ¢x-27c kerdp
x 32 U irreAncible in © K], ond Q0T B a principal cdeal domnin , O]
& hot n field ( x & not imvetbible

= <¢x*27 s n maximal idanl.

T mdnsim =

< 963'27 c ke}’¢3ﬁ = Ker ¢:r,_ = ®0x]

or ker o = A2 7.

Bot Pip(5) = L+ 0 5 kpyp x Q0K
= Ker oz = LxPa7 .
(=23 (b-1) implies that x*-2 5 the minimal pelynonimn| of 3z .
BU thy muin theoremy of evnlnmtion map - For an nyebrnic tloment &, lot
7’901 bt thy evilnation maAp, Macx) is the minimal polynominl of a st.

Ker ¢&= KmaLx)7 ~d maxy s irredncible . Then



Inda= {Cottia wnrind | el | whre n=dgroy Maxd
Apply this to the case wheh & 2 %5 pngh n= p((,g (?2) = 2,
= Tnbsp = et eomrulB) | e @ F = 01367
(=3 P;.a 1se isamgrfh,isw theorem -
prx]/kurtﬁqﬁ 2 Im@in.
. O/ exrny 2 005 ],
4>, AJU»\ by *he Main theorem of Valnation mAP . we horve Im s s A field .
(Wwhere &, o are ns nbove D
= Ings = O] i n fielh.

Remark . Ton tan Also prove (=2) anll (4D withont qwtimj the maintheorem .

(Ao

For (-2), prove the thwo Siples incdinsion | you may wint to nse {Mj Wi vision For s
For (-42. prove @V"J/ud_ﬁ B oa frUd Al instendl . ral 15 pennse <x-2 7

is maximal ideal

< Fo
Fi 5 not n unit. Othernise 2 atb3 € 2TH17 ob.
= - (at b= ) =1,
= [ R (aebFPd " = 1% (whire (317233 4or 36 €D
=S [ BT abE T = | s ks
= a2 (et =) S (larb R s (A bB Y b)) = At
Non Sikppoie Bl = (a4bEZ)(erd ) wish mbt,Ae 2.
Then [T = [atb R [etd ="
= 2 =(rab)(Frad®).
(nse £2 Wrz2lb’=3 . 2>3=>b=0 = =3 §
Lase 22 A>t2b =T, 277> bso = a*=7 §.
Lhse 3- A2 =1 2%\ = bso => a=t| => A+blR =4l & it
Case 4+ pa>talb®= > =S A A =1 = c+d F= b IS wniv,
= 2 is iredncible n Z0 ]



4.

ko

w .

.

b>.

2| e < 7. 2(=3T. Now we shew 3¢ <[Zi7. T ¢< =7,
Swplya:\c 3¢ fa 7 tha 3= [3 (a4 bR
[2]* = [R| | acbR]® = §=2 (APcab®)  §.
Snppose 7 € <7 . thean T = [3 letd =D
= 4§ = 2| (A21b2) . bub 2 44] §.

= 27 5wt A prime iMen].

Assumg by contradictiom that zCH] 5 PID,

then < =7 b maxinal ideal Sinee [2] & rredncible

= <27 0 prime denl . s

First note that X4 x+| =0 i irreduncible in @] sin it's twe roots are

W, w while£ w, n ¢ 8.
Consider the evidnntion map At w
P 2 OTx] — (.
F — flwn .
Xty € kv Py sine X x4l admibs woAs 2er0
Bt D01 i PLD & sCex+i & imeducible = (x%x+\7 = Ket Puy since ker by
is 0bw'm~s|\7 ot K Ix].
Now npphy the midn theortm of tvnlmntim mup (a5 statedk in 2. b>(-2)),
we howe Im o= O0w] Ang OCLwW] s A feld .
By Lst isemorphism theovem. QX1 [extexn7 & OLw]
The blnek Aot nre tlements in
ZwT . As shown in the figure,

® °® ] °

the entiry complex plane is covered
b'? requlor hexagong . ¥V re RTW],
? mwit [kl in one o f the hexgons,
° L Snppo it's in the blne me . Sinte the
isthnie of antir of /\(,xA.Jon ank oy

L ) ”JCWF"F\# in L\oxujm s AE most the
s of eirele ) whith & B (85 shoun
™ot e ) Wy st Aone |
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5. .

Ce=bw 5 hob whit, O thrwise

By . there & fe2rw] e [L£-9 <2
(T-42> = a-b4 e 20,
Thn [5l=18-4] ¢« = ir<5ul.
Define BEnelidean functiomn m 2w
N: Ztwl\{ey —> Z,,
o~ —s  \a|”

VY N, beZlnd, b# o,

Bnun. 34, rez2iwl] s k=bq/+r.
Either r=o0,

o (sinte N) Fo)
or N(r) = [r]* £ 517 = 45 N(p) <« NLbD.

= Zw] s Enclidean domain .
Enclinenn domain trplics PLD.

Henee ZCw] is PTD.

bk o sin otheriie A=0=b, contrrdicts thit At Ab+b =p.

L=(Ar-bv) (et Aw),
= 1 = (A-bw|®| exAw]|®

(Ln generad, letdw( = (erdn) tevAm ) = rAwd (eedw )

= ¢*tredlnemwd + APwiv =

=cP-clhd + AT €2,
= L= (2Trebep®) (P -ed+A?) = Ple-edt AT>  §

Swppost  m-bw = (ctdw) (efw ).

Then | A-bwl| = [ ctdnl" letfw]?

=2 ,THro T = LAY (- ef ) =7

= (e s ok h" =l = (erdw (et Awd = L.

WHtR = = Wezw] = ctAw 6 2iw]

=2 ctdAw A whit n ZTw].

Later « CotA+AR"=p = (g*-edi4*) =

= e +tfw [ nnt.
= n-bw is irrtdniblL .



(D First notg that bt o in Zp .
Otherwist b | p. A"+kb<—b1=(kf':b)1+%bzzz},:b?"’/%F >p S,
( p»z = $F7L‘—9%P17F7

Lonsidy % in -ZF
+

(%)14' ‘2‘ L= “',‘)l(k’{—p\_l-,-l—bz) = 0 2p dinle R¥nlotb =0 tmokp >,
~r- b _ﬁ'; = h-A =g,

LN
= &A= 5 i A solation For b-12 and Cr-27.

>." cftu—bw FLthw ) = P (rtet HAOw D) = (b)) + CbHAD >
b (htbwd + P(c+dw) = A+bad t et A Q& = (Ated + (btAD QA
P (eatba)lerdwd) = b (et Uhsberw + bdn> D
= ¢ (Ac + adtbedw + bAw=-1D)
= P (we-bdst Cadtbe-bAdw D
= (ac-bA> +t (k+be-b o) a.
placbwd - plctdwd = \A+bad(erd ad
= het+(al+bed)a +bd a7
S AC (Al b)) R+ bd Lm8-1)
S (e -0AD) + (Ad +be-bdDd a .
= ¢ i r;n} homomorphism .
o PlA-bwdr= a-b-& =0 in 2p by ow choiw of .
= <A-bwy ¢ kKer P
Sinw ZCw] Is PO (ns shown in 4(e>) Ang n-bw is "redncibly
= <a-bw7 Is maximal
= <n-bw7 =kerp cine Opperentiy |cer¢ F+ ZCwW].
W>. ¥ ne2p, by rbnst of notAtion, view a gu elemert in 2.
Then ?SU‘) =
= ¢ i sikjeetive.
= f}y Lot I,sorr\,ar/ﬂ/\/l‘!hv Theorgn. 7‘:Wj/(ﬂ»—bw) QZP.



