
Homework 6

1
.

(A) By Fermat little  theorem
,

XPE  ×  imodp ) txe  Z
.

So  in Xp ,
XP - x  +1  =  x - x  

+1=1
to

.
( since P  t  l )

⇒ The equation  XP - xtl has  no  zero In Xp .

( b > .
 To prove  x3 - x  +  1  is irreducible In 2/3 Fx ]

,

it  suffices  to prove  that  x3 - xtl has  no  Zero  In  2/3 since  the degree of  x
'

. xtl Is 3

,
and 213  Is a field

.

It's  true by part  (a) if  we let p  =3
.

2
.

 (a)
. To prove x3 - 2  Is irreducible in Dex ]

.
 it  suffices  to prove  that  x3 -2 has  no

rational root  since Q  is a field and deg ( x3 -27  =3
.

Assume by contradiction  that  r= F t Q  is a  root  of  x3 -2
,

with a , b EZ
, at o ( since  o  Is not  a  root

,
) ,

bto , gcd I a ,  b)  =  1
.

Then (F) 3=2  ⇒  a3=zb3
.

ged I  a.  b2  =L  ⇒ a } | 2
.

 ⇒ a| 2  ⇒  a  =  1=1  or  ±z
.

a  =  1=1  =>  1=1  =  zb3  
⇒ b3  

= tz £
.

a  =  ±z  => ±& 1 2 ( since  h3|2 )
.

£
.

⇒ Our  assumption  is wrong .

( b ) f 1)
. $ }q ( ×3 . z ) = (353 } - z  =  0  =>  2×3 - 27  C Ker  0/352

.

x 3- 2  is irreducible In D  Fx ]
,

 and QF×J is a principal ideal domain ,
Qtx ]

Is  not  a field ( x  Is not  Invertible )

⇒ < x3 - 27 Is a  maximal ideal
.

The inclusion < x3 - 27  c Ker  $352 =>  Ker  0/3 ,  = QE× ]

or  Ker  0/352  =  L X
'  

- 27
.

But  $352  l  t )  t  1  to  ⇒ Ker  $35,  t QFXT

⇒ Ker  ¢ ,  a  =  ( x3 - r > .

1-2) ( b - I ) implies  that ×3 - 2  is  the minimal polynonimnl of  352
.

By the main theorem  of  evaluation  map : For  an  algebraic  element  a
,

let

$2 be  the evaluation  map , macx )  Is the minimal polynomial of  2  sit
.

Ker  0/2  =  C Marx ) >  and malx ) Is  irreducible
.

Then



Imf a  = { Co  +42  +  " it  Cn  2
"

| CIGQ }
,

where  n= degree main .

Apply this  to  the case  when  2=352  and n= Aeg ( x3 - r ) =3
,

⇒  Im$3E  = { lot  a  3ft  4¥ )2 | eit A }
.

= 02352 ]

1-3) By 1st isomorphism  theorem :

Q7E×Yker$sp E In  0/352
.

i.  l . @ Fx ]/<×3 - z > Z OF 3h ]
.

t4 )
. Again by The main  theorem  of  evaluation  map ,  we have Im$a  Is a field .

( Where 2
,

Pa are  as  above 7

⇒ Imf a  =

OF
352 ] Is a field

.

Remark .

.

You  can  also prove 1-2 ) and I -47 without quoting the main theorem
.

For  L -27
. prove  the two  sides  Inclusion

,
you  may want  to  use long division for  this

.

For ( - 47
. prove 05×34×3-27  is a field instead

,  had it's because  ( x
'  

- 27

is maximal ideal
.

3. ( a > .
 .

 FI to

i
 Fy  Is  not  a  unit

.
Otherwise 7- atb FI e- ZTEI ] st

.

FI . ( at bfzl ) =  I
.

⇒ | Fy . ( at b Fy ) 12  
= 12 ( where 1312=3.5 for  3  e  e)

⇒ 1 Fat . I atb Fat  
= I

.

Note  that

⇒ 21 . ( a2+  21 b2 ) = 1 {
.

( katbFat = ( at BFI ) ( a- bFy ) =a2t4b2 )
. Now  suppose Fzl = ( at BFF ) ( ctdfz ) with a. b.  c. dt 21

.

Then 1 Fzl 12  
= I at b El 12 lctdfa 12

⇒ 21 = ( city b2 ) ( it  4 d '

)
.

Case  1 :  h2+zlb2= 3
.

 4 >  3  ⇒ b=  O  ⇒  of  =3 £

Case  2 :  AZ  +  ab2= 7 .
 zl > 7 ⇒ b=o  ⇒  a2=7 £

.

Case  3 :  a2 +  2lb
'  

=  1
.

21 >  I  ⇒ b=o  ⇒  a= -4 ⇒ at bfzl  = -4 Is  unit .

Case  4 :  pity b2=  21 ⇒ c2t4d2=  1  ⇒  ct  d Fu  =  1=1 is  unit
.

⇒ Fy is irreducible in 21 [ Fu ]



(b)
.

 21 E  < Fzl 7
. 21=3×7 .

Now  we  show 3  ¢ < Fzl 7 . 7 4- ( Fu >
.

Suppose 3  E  L Fzl 7
,  then 3 = Fy . ( at bFu 7

1312  
= I Fy 121 at bfal

2  
⇒ 9 =  21 ( a2+4b2 ) £

.

Suppose 7 E  < Fa >
,  then 7 =  Fy ( et d El )

⇒  49 =  21 ( a 't  2162 ) .

but  4+49 .

£
.

⇒ < Fu 7 Is not  a Prime ideal .

(c) . Assume by contradiction  that  ZEFHT Is PID ,

then < Fa > Is maximal ideal since El is  irreducible

⇒ c Fu > is Prime ideal
.

£
.

4 .
(a) . First  note  that  ×2tx  +1=0  is irreducible in A  Fx ] since  it 's  two  roots  are

W ,  in while W ,  in ¢ a .

Consider  the evaluation  map  at  W

$w : Qtx ] - ¢ .

f- ( x )  1-7 f ( W )
.

< ×2tx+ , > C Ker  $w since  x2txt1 admits  was  zero
.

But Q  Ex ] Is  PID & x2t×+l  is  irreducible ⇒ 1×7×+1 >  =  Ker  Pw  since Ker  $w

Is obviously not Qtx ]
.

Now  apply the main theorem  of  evaluation  map I as  started In  2. lb >  i - z ) ) ,

we have In  $w  = Dtw ] and QEWT Is n field .

By 1st isomorphism  theorem
, DtxT/<x2tx+ , > I QFW ]

.

lb > .
 The black dots  are  elements  in

ZEW ]
.

As  shown  in  the figure ,

the entire  complex plane  Is

coveredby regular
hexagons

.

VZEQTW ]
.

• z 53 Z must land in one  of  the hexagons ,

÷t¥h¥
± suppose it's  In  the blue  one

.
Since the

distance  of  center  of hexagon  and any
other point In hexagon  Is at  most  The

radius  of  circle ,  which Is

E
( as  shown

in  the ofiywre ) ,  we  are done
.



(c) . Consider FEDFWT . By cbs
,  there  Is qezfw ] st

.

1 E - q| e F

Let  r  = b ( Fs - q 7 .

=  a - bq EZEW ]
.

Then IF 1 = 1 Fs - q / < ¥ ⇒ Irl e  §3lb1
.

(d) Define Euclidean function  on ZEW ]

N ; ZEWT \ { ° } → 21 >  o

a  l→ 142

F  A
, be  ZCWT

,
bt  0

.

By (e)
.

7- q ,  

rtzlw
] sit

.
 a= bqtr .

Either  r=  0
.

→ ( since  Nib )  to )
.

or N ( r )  = Irl
2  E b- Ibl

>  
=  tz N ( b ) < N  ( b >

.

⇒ ZEWT Is Euclidean domain
.

(e) . Euclidean domain implies PID
.

Hence ZEWT is PID .

5. (a) .

.ae- bwt o  since  otherwise a=o=b
, contradicts  that  aitabtb

'

=p .

i  a - bw  is  not  unit
.

Otherwise 1 = ( a- how ) ( ctdw )
.

⇒ 1112 = In - bw 121 etdwl
2

.

( In general .
lctdwp  

= ( ctdw ) ( etdw ) = ktdw > ( etdw )

=  c2t  cd ( wtw )  + d2 WE  =  c2 - cd + d2 EZ
>

D
⇒ 1 = ( a' +  abt  b2 ) ( i - cdt d2 ) = P ( c2 - cdt a

'

) £
.

- Suppose  a - bw  = ( ctdw ) Leetfw )
.

Then I a- bw 12=1 ctdwl
"

1 etfw 12

⇒ as +  abt b2  
=  ( c2 - cdtd

'

) ( e2 - eft f 2) =p .

⇒ Case  1 :  it - cdtd2=1
.

 ⇒ ( et dw ) ( ctdh ) =  1
.

Wtw = -1 ⇒ in c- zfw ] ⇒  ctdw E Zew ]

⇒ ctdw  is a  unit  In ZIWT .

Laser :  5- cdtdhp  ⇒ ( e2 - ef  + f 2) =)

=> e  + fw  is unit .

⇒ a - bw  is  irreducible
.



( b ) .
 First  note  that bto  In Xp .

Otherwise blp .  oitab + b2= ( at  ±b5+3qb2 = 3g b2 7 3g p
'

> p £
.

( p >  3  ⇒  I, p > 1- ⇒  TE P2 > p ) .

Consider £ In Zp .

( F )
2

+ It 1 = fb )
2

( a2+abtb2 ) =  o  in Zp since a4abtb2=o  ( modp )
.

a - b . Fo =  a - a =  o
.

⇒ 2  = ¥ Is a  solution for ( b -17  and L b - 27 .

( c )
.

• ¢ ( atbw  +  ctdw ) =  $ ( atct  ( btd >  w ) = Lhtc ) t  C b  + d) 2
.

⇒

$ ( at bw ) t  $ ( ctdw ) =  at bat  ct d 2 =  ( at  c) +  ( bt d) 2

.  $ ( catbw ) ( ctdw ) )

±
$ ( act ( adtbc )  w  + bdw2 )

= 4 lace  +  ( ndtbc >  w  + bdtw - i ) )

= $ I Cac- bd >  + ( adtbc - bd )  W )

= ( ac - bd >  + ( adtbc - b d ) 2
.

$ ( at  bw ) .  P ( ctdw ) = \ htb2) ( et d 2 )

=  not @cdtbc ) 2 + bd 22

=  Act ( ndtbc ) 2 t bdl - 2 - l )

a

⇒

ftp.bing.homom.rpnILT.ba' + iadtbc . . a , a .

))

a - b .  2  =  0  in zp by our  choice  of  2
.

⇒ < a - bw >  c Ker  4 .

since Zlew ] is PED ( as  shown  in 4ce ) ) and a - bw  is irreducible
.

⇒ < a - bw >  Is maximal

⇒ < a - bw >  =Ker$ since  apparently Ker$ FZEWJ .

(e) .
the Zp , by abuse  of  notation

,  view n as element  In Z
.

Then $ in > =n

⇒ $ Is swrjevtive .

⇒ By 1st Isomorphism Theorem .

ZMWYC a- bw )
a Xp

.


