Lecture 17: Principal ideals

Sunday, March 17, 2019 5:04 PM

Swﬂsze D is on in cam\ G‘Omou'n . ¥For O\‘m(.j JQD ;) e coill

clengte the principal ideal dD by <d3.

Worning. From the cortext ¢jou should Find ot thett coe
are Jalking abost theprincipal ideal and et the group
gererated by d. S0 <d> 3,454,445
Ned- oo coill see Fhe comeckion between properhies <4 d
ond  <dS

cd3 =D 4 D

PR <H=D = de<d

=t 3C€®) 1=CJC.
= olQﬁ(

@ deD = FeceD, 1=dc

=¥ deD, d'=ded)e<d>
= D

= D=<d} -
bla <= ae<by <= <oy T<by-
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B.alb — T ceD, b=ac — be<a>
. be<ay — FceD, b=oc
= VdeD , bd = @c)d = & (cdre<a>
<by S<a
<by €<y = b.le<bro<a>
— beod dor sme deD
~ alb. »
eco> =<k o FueD , o=bu.
P Ex) 1# oo, then <oy =30%; ond so <b>=%0.
Therebore  b=o. =, a=b=o
Suppse A0 . o> —<b> = o=be for some <D
11:: oad For sme deD

QA =£o0
Nno zem-o‘ WISy

= 1=de — Ce(DK @rw\ o= beY) -

= O = be= 0&0‘0 = O\Ci_o\c) =o0 X_:}.:[__O\Q=o
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) a=bu = bla — <o C<b>

L

a=bu j=> b=au = alb = <b>C<e
we D

o> =<b> &l
|

-Recall . Suppose D is o PID .~ Then

d i imedueible in D <= <dY is o mosima | ideal
Deb- Suppore D 15 an irr[‘taml domain; p €D\ (T U3
is called o prime clement o D ¥

P lob == glo or P b
- Sugpese D fs on n'»rkeaml doman ond  d=to . “Then
dis prime in D <=3 <d> is & Prime ideal 0 D.
Bo-d b prme in D 4 d¢T = <> D.
cobedd> — dlab = d o or dlb

= oe<dy or be<dS.

(s%_—.\.<<]> 5 o «Pnhwc ideal = -<c\) +D = °l¢(Dx-
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dlab = abe<dd — acdd or bedd
= d o or dlb.

Comd )’t’) oxssmmf-h'cm clqto-) =

{Stm’\mafg. %u?\msc D 5 an :‘n{‘tgm| domany .

@ <dy=D <= 4T .
& dld = de<dy = <d5 <o<dS.

Su?fose D is a PID.
4> is a mas<ival  ideal & d s red . i D.

@)
(S C‘%o ani <J> s a ")Yl'me. ideal L cl ls "\)nme,
n ‘D .

'n ‘Par‘l'l'lea\\" , n o (PTD, \YYEC\\AC\.L\Q = "m’\me.
Nedt o shoy 5 cmverse .

%?osfhon_ Supgase Dis a PID. Then

ClG'D IS l'rTesJucfHe in (D@?Ol (s ‘Pf‘lh'lt n CD

l”t(=2°3 C‘éD l'l’TEJ-=? cI‘#:o Omcl c\ﬁ.‘(Dx 0m<l (J) Is moO(fmq\
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= d=o and <> i Prime = d s prime..
&) . d s prime —» d=t0 and d¢T.

. Suppose d=oab. = d |ab

= dla or dlb

Qithout loss o 8fnem]f"78 ce can ond il assume
dla  (as the other case is similar): Hence
a=dc - some ceD.

= &= (ab)e —a (k)

— o (1-he) =o.

Notice ‘H«o\{' &#:o Omc‘ d=qL) omcx 0 Aafo .

1bemo — be=d = beD -

And so d=ab = beD® or aeT', chich
im\;h'es d b ireducible n D. =

Next ox shoo the unigneness part o befhg a UFD For on

PID.
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-‘Theomm. Swmose D is a FP.IFD, ?\,...,Tn,c“)...)o"m are
rreducible in D m( o =q..q . Ih =
reducible (n , O «?l?n%tc‘(m en O m=n
e A T R
ooty 1S o\?em&xlnbn A 1, ,m; ana we UD).
Remork. Le_JL"S ‘h'g to Mnciers{'ancl 'Hn‘s c‘w‘m La lookl'nﬁ at on

emm?le-, ’)c(’?(—i—i) — (20(-1—2) (%) 3 Leve, X, % ) x+1, om::\
2%+2. are I'W‘eolv\c( ble in @) and QD vs o PID.
e se= —H«o\-k borth sx‘o\es \'\o\\(e. “Eig rreduci ble —‘?-o\c-\,-ovs ,
the I'r‘(E’.c{\Ac\'Ue ‘ﬁoc‘l‘af* Cowes?owjfna o x is QC:Z ond

the irreducible Poactor Coms?or\c\\'na + X+l s 292 ane\

1 1
(5%~ LMV‘C —19( =(-—2‘)(X. OY\A
m @E’)ﬂx
2%+ 2 = (2) (x+1)

\n @ [‘ij
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—

e C;Be(\m:\/e it Lz_j iY\ClLkCHOY\ on m.

Bose OA? inc\ucl,‘lbn. m=1 . Then okL:Tl.....T . Dince (1 i
n 1

imeducible , ngo (that means g #1-) -

4,= B (Rt = other 3, €D o (pp)el
As p G5 imed. n D, p gD “TherePore B ""'\’neer
=*>(E\ ueD st “'T;""‘Tn=j'3°r n=1 .

—  ether 1G<T2> o nNn=11%1— p=1
Tz s \'YY‘eA \L»T\\és i -4 <T2>

'We, !‘ncl uc,"[‘COY\ S'L‘€L-—

CL 19:“1“\“: Tt = OLWH_‘ \ SN A

9 irred. in D —t—c" Prime in D

O"m—\-l ‘@t ”.?h—D(F" =% ﬂhnﬂ \ (Pl .’F”‘“ o Ckm+l \?Y‘
reperting
'Hn‘s ourav\men‘l'

c"m-q—\\?\ o CT'\m+\ l(Fl oo Ck'm-\‘?n‘

math103b-19-w Page 7



Lecture 17: Unigueness part of being a UFD

Sunday, March 17, 2019 6:17 PM

= 3, st 9 \*p.

=y <?‘.m+‘> - <5Lm+‘> ‘;——’}»<«‘> 7_<o‘/ >
m-rl

P \’YYQCI. = <'P > M(‘I\X\.\”N\l \CLC«I

'mtl het

ch\-H: H'Y‘ch. = <1m+P # D Ny

X
= 3 v e(D ) cL =W r\)
m m-t mrh

m+\

Thokr  qq g M =R
(B(j the ancd[ocl:l'on lacy  cwve ﬂe/‘k’

AR Tl Gl A8 Tl T
Since g 15 ireducible i D ml 0l e T, <> =<
IS o moimal ideal o D, ond S0

u;t‘?‘ s imeducible in D.

Noco LU the induchion ha? esis , m—n-i; ard There
0 (o morc(mhg of  14,,m3N1L %)

are

X
o\ncl u(, ul,...,ume(D such thet
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(1’1— ui <um+l T'L_'L) / CL}_— u?. (2 7 %m— m

~ %
Notice that, since D is o ar‘mxf ond w, Umﬂeb

T

’ -1 X 4
u U, €D - let WU UL So %=
/)

o lggsmed ard the cloim Tollocxs.
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