Lecture 16: Limit does not exist.

Friday, October 28, 2016 9:25 AM

ln the r?mvu‘ous lec",‘ura we leamecl the -5 cle-?-\'m'—l-lbn o-e h‘mf‘l:,
nd saw o exam?les on ha 1o Prve o [imit exists. In '&xiaas

lechwe, we will see what ' mems to say a Limi does NOT
exist. Abng the cony we leam  hows 1o negarte (Pm\;os:‘lvbns that
have both universal ond existential quantrPiers.

Recall e oy lim Yeo=L #

X—¥+a

Vere, 8%, (o<aal<s = [Poo— L|<E)

For any €30, there is S0, such that
l‘? A 3~C|ase":‘o a, ‘H\en -ch) IS S-Clo.Se ‘I.’o L

Itheﬂl)rt—\nhg this stodemert in ferms o2 8ame.s :

You Cl'wxllenge me '|Jo 56'7 iv—doSe.'\w L, | have o Find O\Suf“?aUeS

Uovur ymove,‘ ma “move™
4 meek Umr*’c}w\"ewa@’ T 3uo.mn+e£— tat F0 gets eclae
‘E_L.. s e"°53l‘ to chose x S—close fo o

S isa élosmg aame“—

To Sma lim '?‘f?ﬂ c‘oes NOT exis".', we I'tave_ to shoe

X—p O~
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Lecture 16: Limit does not exist.

Sunday, October 30, 2016 10:56 AM

VLieR, lm P + L.

xX—rcn

[Remark. In calcwlus, somebimes it is said  Lim -pm:+°°-
X—>0n

This shill means lim  Fexy does NoT exist, but we are also
A—>on

add \‘n% the reaon 1:)6 So&a l‘ng that the C{u«am%f\a WEC;Q 1S
arbﬁl’mh(g large € x 8&5 closer ond claser +o q]
For o cat'ven LeR, cohat does & mean lim ‘ﬁéx)q/.- L?

X—ra

To ‘f‘lmi ‘H\e. Ylegctl‘lo‘n , Ohe Coan %s¢ 'H\e, ﬂame ‘Hleor g I‘n‘kﬂ?m'b\'hbm

“The O‘FPosl;l?e ¥ a [osu‘nq qome s & iming game . So the
U v U v

first ?haer shauld be oble 4o Pid a nice mave . Inthis @se,
l"l?' memns s/he 31\9‘4” be qUe +o QLu"enae, ‘H\e !Lhé T\aaex- co\"H'\

a surtable £%o , So thet no move G<P +he ZN‘ rf\oder Could
meet this C,L\m“en‘jc: For any B o

A(# & i $-che to o, then Foxy s e-clase o L)
A Goncli‘l:\MA\ (\)ro'?osfl'\bn —Pails e,mcHa colr\en its k(a?a-lrhesrs l\alJS

ona s Conclusion Poils. One other H\mg +o which we have to

math109-f-16 Page 2



Lecture 16: Limit does not exist

Sunday, October 30, 2016 11:11 AM

poy aHexhion s the imy)ru'{' universal o\uqu'eP for X - the above

implicoction s Swn)ose.cl 1o be Yrue for ony xeR.
So we need to understand
=1 (¥xeR, x is S—chse 4o oo Py is &-close +o L)
For sme xeR, % is S—chse to o and Fexy is NOT E—chsedo L.
In mathemectical lanﬁua\ae we crite it
FxeR, o<lx-aks A Heoo-LI<E -

So overall e hae

[

lim -?'m cloes NOT exn‘s+ = VLe‘\R,, lim ‘PC‘?O;E L.

X—+a X—ro

< VLeR, Fevo, ¥8>0, 1 (ocix-a<s = [For-LI<E)

= VLeR, Jeyo, ¥6¥0, Fx, o<lx-al<S A [Roo-L|>¢.

OFten one con use the —?olloco\'ma 'bchlates ‘o write neaorhbn
ot shitements inva)vfng a\uo\rrh’-‘zl'ers , but one ;\6\5 Jo be cmh[

about ’Famnﬂes IS-

—l(\'/XeA, T(m\ = dxcA, P -
- (5‘ xeA ?(rx)) = Y xeA » 1 Poo -
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Lecture 16: Limit does not exist

Sunday, October 30, 2016 11:42 AM

Toblem. Bove that lim Sin (L} does NOT exist.
- A—=> 0 x

We stort with ‘l'raln% o visualize The ?rzslolem b% lookl'nﬁ ot

The cdrwl:[\ Y = SinC_;lT)

N

As 8ou. can 82 Hne Hue, curve Con %efdose, 'I':o ang <Pou‘n‘l7 on 'Hne

seamen"? [4,1] in the y—oxds. (The o=k chich consists o
the. mentioned sequeil; ond grach of Sin(t) & e u‘nfereghha set
In topology you coill leam ot Hhs st s comnected, butr it 5 not
poth-conrected .)

we Focus on the goirs b top and bottom . Le. we aill
fird oo sequences %7 and % cotth bhe folloning propertie
both %) ond o, geb closer ond clwer fo zero 5 for any n,

Sin(L/pty =1 and sin(ifp-)=-1.
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Lecture 16: Limit does not exist

Sunday, October 30, 2016 11:41 PM

Let’s see hoco \navfng these sequences 1S sufbicient +o deduce thet
r}c‘g . Sin (_1/7& does not exist-

Assume to the Con‘l,'mrg that «xli"o sin(¥)=L. S0
for any &0, there is $y0  such hat
it % 5 S-cle o 0, thn Sin(l/ ) is g-chse to L.
Se % are qettivg closer ond claer 4o 0, eventually theg
get $-cbse 1o 0. Hence Su‘n(i/,xz;) are €—clse 4o L.
Therefore  both 1 oand -1 are &-clse o L. Thus L is
e-che fo 1 ond s-cle do -1. Bub, for e<1, there is

no nhumber ooln'd\ IS Ld'ﬂ'\ g-clse 4o 1 oﬁ E— clase 1.

_IT\I'S 8!‘Ves us a Co&radfc+(bﬂ.

Here is the ‘gomo\\ ?vw‘?'

Si‘bh.j_" “There is a sec\uenc.e. ‘X:- o numbers Sucl\ ‘Hﬁo\".'

® x %C}Z'S cliser ond closer to 0. Te.
VYiro , INeR, nyN=p \‘X:KS-
@ $inciﬁx"r\\'3 = i .
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Lecture 16: Limit does not exist

Monday, October 31, 2016 12:01 AM

Prook of Shep 1. We start coith fi)ar'l? Cb) and use o backward arzaumenl:-.

sm(i/%ﬂ =1 &« 91(+ =_73t__+ 2n7TC
n

i

<= fx:= :
_Tg-g-ZnTC
2

To ,acl; (qu-’r(m, we S'lnfl.’ corl'lﬂ o cdl'ven o o Omc] c\ﬂql‘n use
‘omcko\)onf‘cl O\Yaumcn‘k +o ‘g\nc‘ o surtable N.

i
1< 8 <%
X 4 2nTC
Z
2ZnTC
S _:L_ <n.
27 §
(N1 & a saifable CL\O!‘C&.B

2 $

S'l‘eg 2. There 5 a SRquence % such that
@ %, 36‘[’8 closer and cloer o ©.

¥Y$>0, INS>e, n>N =>|fx;\<% :

©) %(n(i/,x;\ =-1.

Prook of sl;e}?_. i s similar ‘L‘o{'ke,?mr?a% 8—I:eYi,
sm(i/o(;)=_1 <= ol 2 +2n T &= %, -Il+7_n7c
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Lecture 16: Limit does not exist

Monday, October 31, 2016 1:23 AM

i

%1 <& <= <%
"2;—+2n7£
— 1 <9
2(n-1y7T
i -1 " —L—’—:L<n
(%o I-’?or e, N= ! +1 s a suitable chaice \
27T S
Finishig the b Suppose 1o the conbm bim  Sin (32 =L .
inishing The prost wppo 0 The ﬂz_ am (%)

In rFar'[:\'Culmr, thee is S>o  such that
I.=£ o<|9C|<S° . ‘H'ten Sl‘n(i/(x) S _-'é__ _ Close 'L‘o L - @
‘Ba S‘L‘etf i and S{;er 2, there s N such that
2N =o<I% | <8 @

Hence,l)g @ ,@,

n>N = S(n(:;'c;\‘_) anc‘ Sl'n(—';(—:) are —ii——close '[b l_

= |s.‘n(1T:§_L\<£l ond |s.'n(gi(ﬂ_l_|<%
= [tLi<h o |H-L <
= -12_;<L<_32_ and —3/2<L<—i/2

ooLl‘cJ\ s o Cﬂrf’:ﬂ\cl(c)ﬂo'n ||
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Lecture 16: Limit does not exist

Monday, October 31, 2016 1:33 AM

The. ke\& |b|em In ‘H\e, al)ove ‘FYDGP oolu'ck can Le uScJ In si\mt')ar* '?rauetns
is the ‘P‘auooét'na:

“To shaw lim -?(fx‘) cloes no'l' Qxfs't it & enouﬁh t 'f‘l'ncl ‘oo

X—ro
Sec(uences x;:' Cmcl 'X: Sucl\ 'l'kar[-
@) 9(: and £ 6e‘l’ closer and closer 4o a. Te.
+
Veye, IAN>e, nzN = |[X -a|<E -
+

(we Y lim X, =a )
N—eo

) WP‘C‘XZ\ %e:ks clser and closer o L,:
‘f‘Cfx;) ‘3&5 closer ond claer to L‘2 ;
And L o#L, .

(Ie. V&>, ANwo, Nn>N= [wgcx}jy—}_i\@
ad [Foc)-L\<e )

This is f\w«"\,' 0'{2 %owr‘ kame&)orlz o\ssiﬂnmerr‘?- “To see kooo USC'?ul ‘H’\\s
is let’s use 4 to show the +o llocoin%:

Boblem . let foo=51 # xe®@ Cexhional )
i o P2 xeR\Q@ Cirrational) -
Prove that ,‘1Qor~ am\d aelR, Lim -P('X) does NOT ex@['
X—ra
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Lecture 16: Limit does not exist

Monday, October 31, 2016 1:44 AM

Ske‘%ck of a Tmo'P' To show this it is enouc&\ +o hotice

’wajc ana reo\l number Ga  Con be Cxﬂ:mximﬂ:eé b% m‘h‘om\

N bcrs ‘XI ano\ |h’>rh°om' Numbers ‘Xh— [0

. +
o l[m 9Cn = O
N—e0

ot =1 od FO)=0  For ony .
Hence b\a the above menhoned ?myer{‘g lim  foo does NOT

X—>
€X \‘S‘L‘ .
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