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5. ORDINARY DIFFERENTIAL EQUATIONS IN A BANACH SPACE

Let X be a Banach space, U C, X, J = (a,b) 30and Z € C(Jx U, X) - Z
is to be interpreted as a time dependent vector-field on U C X. In this section we
will consider the ordinary differential equation (ODE for short)

(5.1) y(t) = Z(t,y(t)) with y(0) =z € U.

The reader should check that any solution y € C*(J,U) to Eq. (5.1) gives a solution
y € C(J,U) to the integral equation:

t
(52) o)) =o+ [ Z(ru(m)ir
0
and conversely if y € C(J,U) solves Eq. (5.2) then y € C'(J,U) and y solves Eq.
(5.1).

Remark 5.1. For notational simplicity we have assumed that the initial condition
for the ODE in Eq. (5.1) is taken at ¢ = 0. There is no loss in generality in doing
this since if g solves

Wity = 20 50) with glt0) =2 € U

iff y(t) := g(t + to) solves Eq. (5.1) with Z(t,z) = Z(t + to, x).

5.1. Examples. Let X = R, Z(z) = 2™ with n € N and consider the ordinary
differential equation

(5-3) y(t) = Z(y(t)) = y" () with y(0) = z € R.

If y solves Eq. (5.3) with & # 0, then y(t) is not zero for ¢ near 0. Therefore up to
the first time y possibly hits 0, we must have

t o y(t) 1109) e i if n>1
t :/ —y(T) dr :/ u "du = 11"22 .
o y(r)m 0 ln‘yw ‘ if n=1

and solving these equations for y(t) implies

if n>1

etz if n=1.

(5.4) y(t) = y(t,z) = { "_Vl—(ﬁ—l)txnfl

The reader should verify by direct calculation that y(t,z) defined above does in-
deed solve Eq. (5.3). The above argument shows that these are the only possible
solutions to the Equations in (5.3).
Notice that when n = 1, the solution exists for all time while for n > 1, we must
require
1—(n—1Dtz" 1 >0
or equivalently that

1
t<mifx"71>03nd
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Moreover for n > 1, y(t,x) blows up as ¢t approaches the value for which 1 — (n —
1)tz"~1 = 0. The reader should also observe that, at least for s and ¢ close to 0,

(5.5) y(t,y(s,z)) = y(t +s,7)

for each of the solutions above. Indeed, if n = 1 Eq. (5.5) is equivalent to the well
know identity, ete® = et™* and for n > 1,

y(s, )
"y/1—(n—1)ty(s,z)"1

x
”’Vl—(n—l)sm"‘l

y(ty(s, @) =

n—1
1= (n—1)t { ”7{/17(72571)5“””71
— " /1-(n—1)san1
n/1—(n— 1#%
- x
"1 —(n—1)szn1 — (n—1)tan1
_ x = y(t + S, ZL’)

""{/1 —(n—1)(s+t)an1!

Now suppose Z(z) = |z|* with 0 < @ < 1 and we now consider the ordinary
differential equation

(5.6) §(t) = Z(y(t)) = [y(®)|* with y(0) =z € R.
Working as above we find, if x # 0 that

B I I o
t—/o (t)adr—/o lu| ™ du = )

|y 1l—«

e’

where u .= |u|""*sgn(u). Since sgn(y(t)) = sgn(x) the previous equation im-

plies

sgn(a)(1 - a)t = sgn(w) [sen(y(t)) ly(t)' ™ — sgn(z) |2/~
= Iy — o)
and therefore,

1—a

(5.7) y(t,w) = sgn(@) (|2~ + sen(2)(1 - a)t)

is uniquely determined by this formula until the first time ¢ where |z|'~*+sgn(z)(1—
a)t = 0. As before y(t) = 0 is a solution to Eq. (5.6), however it is far from being
the unique solution. For example letting = | 0 in Eq. (5.7) gives a function

y(t.04) = (1 = a)) ™=
which solves Eq. (5.6) for ¢t > 0. Moreover if we define

(@ —a))TF i t>0
y(®) _{ 0 if <0

b
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(for example if & = 1/2 then y(t) = $t*1;>¢) then the reader may easily check y

also solve Eq. (5.6). Furthermore, y,(t) := y(t — a) also solves Eq. (5.6) for all
a > 0, see Figure 11 below.

75T

257

FIGURE 11. Three different solutions to the ODE g(t) = |y(t)|1/2
with y(0) = 0.

With these examples in mind, let us now go to the general theory starting with
linear ODEs.

5.2. Linear Ordinary Differential Equations. Consider the linear differential
equation

(5.8) y(t) = A(t)y(t) where y(0) =z € X.

Here A € C(J — L(X)) and y € C'(J — X). This equation may be written in its
equivalent (as the reader should verify) integral form, namely we are looking for
y € C(J,X) such that

(5.9) y(t) ==z Jr/o A(r)y(r)dr.

In what follows, we will abuse notation and use ||-|| to denote the operator norm
on L (X) associated to [|-|| on X we will also fix J = (a,b) 3 0 and let ||¢||,, =
maxe s ||¢(t)] for ¢ € BC(J, X) or BC(J, L (X)).

Notation 5.2. Fort € R and n € N, let

Aty = (e m) ERM0Sm < Sy <8} i 620
T A, ) ERY LS 1, <o < <0} i £ <0

and also write d7 = dm ...dm, and

t Tn T2
/ flr,...m)dr = (—1)"'1“0/ dTn/ dTn_l.../ drif(r1,...Tn).
Aq(t) 0 0 0

Lemma 5.3. Suppose that ¢ € C (R,R), then

(5.10) (—1)mteso /An(t)w(n) A (Tn)dT = i| (/ U(r dT)
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Proof. Let U(t fo 7)d7. The proof will go by induction on n. The case
n =1 is easily Verlﬁed since

(—1)t<o wwmn=/wmm=ww

A1(t
Now assume the truth of Eq. (5.10) for n — 1 for some n > 2, then

(1) heso /An(t)¢( ). () dr= /drn/ 1. / dr(r) ... ¥(7)

= [ an i) = [ an )

W(t) n—1 n
:/ “ du = v (t),
o

n—1)! n!

wherein we made the change of variables, v = ¥(7,), in the second to last equality.
|

Remark 5.4. Eq. (5.10) is equivalent to

/ wmmwmm=%< wwﬁ
An(t) S \JA)

and another way to understand this equality is to view [, ) (). .. Y(1p)dT as
a multiple integral (see Section 8 below) rather than an iterated integral. Indeed,
taking t > 0 for simplicity and letting S,, be the permutation group on {1,2,...,n}
we have

[Ovt]n = UJGSn{(Tl,“'aTn) S R™: 0 § Tol S S Ton S t}

with the union being “essentially” disjoint. Therefore, making a change of variables
and using the fact that ¥(7)...¢(7,) is invariant under permutations, we find

</Ot¢(7)d7>n_ - W(11) .. (7)) dT
_ Z/ W(71) ... p(T)dr

€S, {(T1,+.,7 ) ER™:0< 751 <o <76, <t}

gES, ~/{(s1,.“,sn)ER":OfaS--~§sn§t}

gES, ~/{(s1,.“,sn)ER":OfaS--~§sn§t}

= n!/ (1) ... Y(Ty)dr.
An(t)
Theorem 5.5. Let ¢ € BC(J,X), then the integral equation

(5.11) Mﬂ=wﬂ+AA@Mﬂm

has a unique solution given by

(5.12) mw:mw+234ﬁ“@[;meyumnmmmT
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and this solution satisfies the bound

Iyl < N6l el 1Al

Proof. Define A : BC(J,X) — BC(J,X) by

t
() = [ A
0
Then y solves Eq. (5.9) iff y = ¢ + Ay or equivalently iff (I — A)y = ¢.

An induction argument shows

(Am)(t) = / dr A(r) (A" 6)()

_ / " / " 11 A(r) A1) (A"20) (1)

= /t dr, /OTn dTp_1... /OT2 driA(ry) ... A(T1)d(T1)

(1)l /An(t) A(r) ... A(r1) (1)

Taking norms of this equation and using the triangle inequality along with Lemma
5.3 gives,

1A < 1]l - / 1A . 1A lldr

Ay (t

1 n
<l - ( Lo |A<T>|dr>

1 n
<l [ 1alar)
Therefore,

n 1 "
(5,13 A"y < - ([ a7
: J
and
D A op < el AT < o0

n=0

where |-, denotes the operator norm on L (BC(J, X)) . An application of Propo-

sition 3.69 now shows (I —A)~! = " A" exists and
n=0

(1= 872, < el

It is now only a matter of working through the notation to see that these assertions
prove the theorem. m

Corollary 5.6. Suppose that A € L(X) is independent of time, then the solution
to
§(t) = Ay(t) with y(0) = 2
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is given by y(t) = etz where

o0 n

tA Y pAn
(5.14) et = > n!A.

Proof. This is a simple consequence of Eq. 5.12 and Lemma 5.3 with ¢ =1. =
We also have the following converse to this corollary whose proof is outlined in
Exercise 5.11 below.

Theorem 5.7. Suppose that Ty € L(X) fort > 0 satisfies
(1) (Semi-group property.) Ty = Idx and TyTs = Tyys for all s,t > 0.
(2) (Norm Continuity) t — Ty 1s continuous at 0, t.e. || Ty —I| (x) — 0 as
t10.
Then there exists A € L(X) such that Ty = e where et is defined in Eq.
(5.14).

5.3. Uniqueness Theorem and Continuous Dependence on Initial Data.

Lemma 5.8. Gronwall’s Lemma. Suppose that f,e, and k are non-negative
functions of a real variable t such that

(5.15) ft) <e(t)+ /0 k(1) f(r)dr|.

Then

(5.16) £t < e(t) + / ()e(r)el Ol g

and in particular if € and k are constants we find that

(5.17) f(t) < ee®l,

Proof. I will only prove the case ¢ > 0. The case ¢ < 0 can be derived by
applying the t > 0 to f(t) = f(—t), k(t) = k(—t) and &(t) = e(—1).
Set F(t) = [J k(r)f()dr. Then by (5.15),

F=kf <ke+kF.

Hence,
d
dt
Integrating this last inequality from 0 to ¢ and then solving for F' yields:

(e~ Jo ¥®)ds ) = o= Jo k()ds(fr _ k) < fee Jo k(9)ds

t . t .
F(t) < elo k(s)ds | / drk(r)e(T)e” Jg k(s)ds — / di(T)G(T)efT k(s)ds
0 0

But by the definition of F' we have that
[<e+F,

and hence the last two displayed equations imply (5.16). Equation (5.17) follows
from (5.16) by a simple integration. ®

Corollary 5.9 (Continuous Dependence on Initial Data). Let U C, X, 0 € (a,b)
and Z : (a,b)xU — X be a continuous function which is K-Lipschitz function on U,
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ie. | Z(t,x)—Z(t,2")|| < K||z—2'|| for all x and =" in U. Suppose y1,ys : (a,b) — U
solve

(5.18) dy;it) — Z(t () with ys(0) = & fori—=1,2.
Then
(5.19) ly2(t) = w1 (0] < llwz — 1 [|e"1 for t € (a,b)

and in particular, there is at most one solution to Eq. (5.1) under the above Lip-
schitz assumption on Z.

Proof. Let f(t) = ||ly2(t) —y1(¢)]|. Then by the fundamental theorem of calculus,
¢
£O) = () = 12(0) + [ (in(r) =~ in(r))
0

Sf@H*AHﬂﬂwUD*ﬂﬂmUMMT

t
= ||z2 — 21]| JrK'/ fr)ydr
0
Therefore by Gronwall’s inequality we have,

ly2(8) = 51 (@) = f() < fJarz — @[l .

5.4. Local Existence (Non-Linear ODE).
Theorem 5.10 (Local Existence). Let T >0, J = (-T,T), zo € X, r > 0 and
Clzo,r) ={r € X : ||z — x| <71}

be the closed r — ball centered at xo € X. Assume

(5.20) M =sup{||Z(t,z)| : (t,z) € J x C(zo,7)} < 00
and there exists K < oo such that
(5.21) 1Z(t,x) = Z(t,y)| < K ||z —y| forallz,y € C(zo,r) and t € J.

Let Ty < min{r/M,T} and Jy := (—=Tv, Tp), then for each x € B(xo,r—MTy) there
exists a unique solution y(t) = y(t,x) to Eq. (5.2) in C (Jo,C(xo,r)). Moreover
y(t, x) is jointly continuous in (t,x), y(t,x) is differentiable in t, y(t,x) is jointly
continuous for all (t,x) € Jy x B(xo,7 — MTy) and satisfies Eq. (5.1).

Proof. The uniqueness assertion has already been proved in Corollary 5.9. To
prove existence, let C,. := C(xp,r), Y := C (Jo, C(xo,r)) and

(5.22) S () (t) === —l—/o Z(7,y(7))dr.

With this notation, Eq. (5.2) becomes y = S,(y), i.e. we are looking for a fixed
point of S,. If y € Y, then

t
[1S2(y)(t) = ol < [l — ol + ’/0 1Z(7,y(7))|l d7
<|lz—xo|| + MTo <r—MTy+ MTy =,

< |l — @ol| + M [t]
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showing S, (Y) C Y for all x € B(xg,r — MTp). Moreover if y,z € Y,

182 (6)(0) - ||—H/ (r,y(r)) — Z(r, 2(r))] dr

< / 12(r,y(r)) — Z(7, 2(r))| dr

/ ly(r) — 2() ] dr |
0

Let yo(t,x) =« and y, (-, z) € Y defined inductively by

(5.23) <K

(5.24) Y1 2) 1= Su(n1 (7)) = @ + / 27,y (7, 2))dr.

Using the estimate in Eq. (5.23) repeatedly we find

Wsa(6) — g (0)]| < K \ [ foal) = sns(l

t
/dt1
0
t t1 tp—1
K"/dtl/ dtz...’/ dtn||y1(tn)—y0(tn)|’...H
0 0 0

< K" () — o 2)]|o, / dr
Ay ()

_ K" It\

< K?

[ dts st~ -steo

<

wherein we have also made use of Lemma 5.3. Combining this estimate with

K™ t"
i L1
!

t t
|y1<t,w>—yo<t,x>||=] | 2.ayir s] [ 1260 < 2,
0 0
where
To 0
Mo = Ty max / ||Z(T,$)Hd7',/ 12(r,2)| dr b < My,
0 —
shows
K™t K™
Jnin(t2) — gt 2)) < 1 K < 0 KT

and this implies

> sup {lyns1(o2) = yn (@l gy € o} <D0 Mo=—L = MpeRT < oo
— n=0 ’

where

[Yn+1( @) = yn (@)oo, gy = sUP {[Yn+1(t,2) —yn(t,2)|| : L € Jo}.

So y(t,x) = limy,—co Yn(t, z) exists uniformly for ¢ € J and using Eq. (5.21) we
also have

sup {[[Z(t,y(1)) = Z(t yna (D) - ¢ € Jo} < Kly(,2) = yn-1( @)l o 4, — 0 a8 0 — 0.
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Now passing to the limit in Eq. (5.24) shows y solves Eq. (5.2). From this equation
it follows that y(t,z) is differentiable in ¢ and y satisfies Eq. (5.1).

The continuity of y(¢,x) follows from Corollary 5.9 and mean value inequality
(Corollary 4.10):

ly(t, @) —y(', )| <y, 2) =yt 2 + lly(E,2") =y, 2]

/t/t Z(t,y(r,2"))dr

=nya¢w-—ya¢ﬂn|+\

< Iott.a) =yt + | [ 12Gatra ) ar

(5.26) <l — 2| 5T +

[ 1zt ytralar

<o —2'|| BT + Mt —t].

The continuity of ¢(¢,x) is now a consequence Eq. (5.1) and the continuity of y
and Z. m

Corollary 5.11. Let J = (a,b) 3 0 and suppose Z € C(J x X, X) satisfies
(5.27) |Z(t,z) = Z(¢ty)|| < K|z —y| foralz,y€ X andt e J.

Then for all © € X, there is a unique solution y(t,z) (for t € J) to Eq. (5.1).
Moreover y(t,z) and §(t,x) are jointly continuous in (t,x).

Proof. Let Jy = (ap,bp) 2 0 be a precompact subinterval of J and Y :=
BC (Jo, X) . By compactness, M := sup;¢j, [|Z(t,0)|| < oo which combined with
Eq. (5.27) implies

sup ||Z(t,z)|| < M + K ||z|| for all z € X.
tedo

Using this estimate and Lemma 4.4 one easily shows S, (Y) C Y for all z € X. The
proof of Theorem 5.10 now goes through without any further change. m

5.5. Global Properties.

Definition 5.12 (Local Lipschitz Functions). Let U C, X, J be an open interval
and Z € C(J x U, X). The function Z is said to be locally Lipschitz in x if for
all z € U and all compact intervals I C J there exists K = K(z,I) < oo and
e = ¢(z,I) > 0 such that B(z,e(x,I)) C U and
(5.28)

|Z(t,x1) — Z(t,z0)|| < K(x,I)||z1 — o] for all zg,z1 € B(x,e(x,I)) and t € I.

For the rest of this section, we will assume J is an open interval containing 0, U
is an open subset of X and Z € C(J x U, X) is a locally Lipschitz function.

Lemma 5.13. Let Z € C(J x U, X) be a locally Lipschitz function in X and E be
a compact subset of U and I be a compact subset of J. Then there exists € > 0 such
that Z(t,z) is bounded for (t,x) € I x E. and and Z(t,z) is K — Lipschitz on E.
for allt € I, where

E.:={z e U :dist(z, E) < €}.
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Proof. Let e(z,I) and K(x,I) be as in Definition 5.12 above. Since E is com-
pact, there exists a finite subset A C F such that £ C V := UzeaB(z, e(x,1)/2). If
y € V, there exists € A such that ||y — z|| < e(x,I)/2 and therefore

1ZE I < N2t 2)| + K(z, D) ||y —zl| < [|Z(t, 2)|| + K(z, D)e(z, 1) /2
< sup {[|Z(t 2)| + K(x,I)e(x,1)/2} = M < oo.
zeANte]
This shows Z is bounded on I x V.
Let

1
= ) < —mi
e:=d(E, V) < 211116111\16($,I)

and notice that € > 0 since E is compact, V¢ is closed and ENV¢ = 0. If y, 2z € E,
and ||y — z|| < ¢, then as before there exists x € A such that ||y — z| < e(z,I)/2.
Therefore
Iz =z <z =yl +lly — =l <e+e(@1)/2 <e(z,1)
and since y, z € B(z, e(z, I)), it follows that
1Z(t,y) — Z(t, 2)|| < K(z,D)[ly — z[| < Kolly — =||

where Ky := max,ep K(z,I) < co. On the other hand if y, z € E. and ||y — z| >,
then

2M
1Z(t,y) = 2(t,2)|| < 2M < = lly — 2|
Thus if we let K := max {2M /e, Ko}, we have shown
|Z(t,y) — Z(t,2)|| < Kl||ly — 2| for all y,z € E. and t € I.
]

Proposition 5.14 (Maximal Solutions). Let Z € C(J x U, X) be a locally Lipschitz
function in x and let x € U be fized. Then there is an interval J, = (a(x),b(x))
with a € [—00,0) and b € (0,00] and a C'—function y : J — U with the following
properties:

(1) y solves ODE in Eq. (5.1).

(2) If § - J = (a,b) — U is another solution of Eq. (5.1) (we assume that

0€ J) then JCJ and § =1y ;.
The function y : J — U is called the maximal solution to Eq. (5.1).

Proof. Suppose that y; : J; = (a;,b;) — U, i = 1,2, are two solutions to Eq.
(5.1). We will start by showing the y; = y2 on J; N Js. To do this® let Jy = (ag,bo)
be chosen so that 0 € Jy C J; N Ja, and let F := y1(Jy) U y2(Jy) — a compact
subset of X. Choose € > 0 as in Lemma 5.13 so that Z is Lipschitz on E.. Then
Y1lJos Y2lso + Jo — Ee both solve Eq. (5.1) and therefore are equal by Corollary 5.9.

9Here is an alternate proof of the uniqueness. Let
T = sup{t € [0, min{b1,b2}) : y1 =y2 on [0,]}.
(T is the first positive time after which y1 and y» disagree.

Suppose, for sake of contradiction, that 7' < min{by, b2}. Notice that y1(T) = y2(T) =: «'.
Applying the local uniqueness theorem to yi(- — 7)) and y2(- — T') thought as function from
(=6,8) — B(z',e(z")) for some § sufficiently small, we learn that y1(- —T) = y2(- —T') on (-4, 9).
But this shows that y1 = y2 on [0,7 + 0) which contradicts the definition of 7. Hence we must
have the T'= min{b1, b2}, i.e. y1 = y2 on J1 NJ2N[0,00). A similar argument shows that y1 = y
on J; N J2 N (—o0,0] as well.
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Since Jy = (ag, bg) was chosen arbitrarily so that [a,b] C J; N J2, we may conclude
that y; = y2 on Jy N Js.

Let (Yo, Jo = (@a,ba))aca denote the possible solutions to (5.1) such that 0 €
Jo. Define J, = UJ, and set y = y, on J,. We have just checked that y is well
defined and the reader may easily check that this function y : J, — U satisfies all
the conclusions of the theorem. m

Notation 5.15. For each z € U, let J, = (a(x),b(x)) be the maximal interval on
which Eq. (5.1) may be solved, see Proposition 5.14. Set D(Z) = Ugeu (J x{z}) C
J x U and let ¢ : D(Z) — U be defined by ¢(t,x) = y(t) where y is the maximal
solution to Eq. (5.1). (So for each x € U, ¢(-,z) is the maximal solution to Eq.

(5.1).)

Proposition 5.16. Let Z € C(J xU, X) be a locally Lipschitz function in x and y :
Jp = (a(z),b(x)) — U be the mazimal solution to Eq. (5.1). If b(z) < b, then either
limsup, 1, [| 2 y(2))|| = o0 or y(b(x)—) = limyp(a) y(t) exists and y(b(x)—) ¢
U. Similarly, if a > a(x), then either limsup, . [ly(t)| = oo or y(a(z)+) =
limy |, y(t) exists and y(a(z)+) ¢ U.

Proof. Suppose that b < b(z) and M = limsup,,, [[Z(2,y(t))|| < co. Then
there is a by € (0,b(z)) such that | Z(t,y(t))|| < 2M for all t € (b, b(z)). Thus, by
the usual fundamental theorem of calculus argument,
< 2M|t —t'|

IIy(t)*y(t’)HS/t 12t y(7))l dr

for all ¢,¢" € (bo, b(x)). From this it is easy to conclude that y(b(x)—) = limgyp(z) y(2)
exists. Now if y(b(z)—) € U, by the local existence Theorem 5.10, there exists 6 > 0
and w € C' ((b(z) — 8,b(x) + 6),U) such that

w(t) = Z(t,w(t)) and w(b(z)) = y(b(z)-).
Now define 7 : (a,b(x) + ) — U by

() = y(t) ifted,

YW= wt) ifte (bla)—6bx)+0)

By uniqueness of solutions to ODE’s 7 is well defined, § € C*((a(x),b(z) + ), X)
and ¢ solves the ODE in Eq. 5.1. But this violates the maximality of y and hence

we must have that y(b(z)—) ¢ U. The assertions for ¢ near a(z) are proved similarly.
|

Remark 5.17. In general it is not true that the functions a and b are continuous.
For example, let U be the region in R? described in polar coordinates by r > 0 and
0 <6< 3n/4 and Z(z,y) = (0, —1) as in Figure 12 below. Then b(z,y) = y for all
x,y > 0 while b(z,y) = oo for all x < 0 and y € R which shows b is discontinuous.
On the other hand notice that

{b>t}={xz<0}U{(z,y) : 2 >0,y >t}
is an open set for all ¢ > 0.

Theorem 5.18 (Global Continuity). Let Z € C(J x U, X) be a locally Lipschitz
function in x. Then D(Z) is an open subset of J x U and the functions ¢ : D(Z) —
U and ¢ : D(Z) — U are continuous. More precisely, for all zg € U and all
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W(.f'e_“-e) - Qloav-) J:M(l%em;%)>

FIGURE 12. An example of a vector field for which b(z) is discon-
tinuous. This is given in the top left hand corner of the figure.
The map 1 would allow the reader to find an example on R? if so
desired. Some calculations shows that Z transfered to R? by the
map ¥ is given by

Zy) = —e* <sin (%” 4 %tan_l (y)) cos (%” 4 %tan_l (y))) .

open intervals Jo such that 0 € Jy CC Jy, there exists § = 0(zo,Jo) > 0 and
C = C(xg, Jo) < oo such that Jy C Jy and

(5.29) [6(2) = (s w0) | Bo(se.0) < Cllx = ol for all z € B(xo, 6).

Proof. Let |Jo| = by — ag, I = Jy and E := y(Jy) — a compact subset of U and
let € > 0 and K < oo be given as in Lemma 5.13, i.e. K is the Lipschitz constant
for Z on E.. Suppose that z € E., then by Corollary 5.9,

(5.30) 6, ) — ¢(t, z0)|| < ||z — 20| < [jz — zo|eXI]

for all t € Jy N .J, such that ¢(¢,2) € E.. Letting 6 := ee= %1701 /2, and assuming
x € B(z, ), the previous equation implies

llo(t, ) — @(t,z0)|| < €/2 <eforallte JynJ,.

This estimate further shows that ¢(¢,z) remains bounded and strictly away from
the boundary of U for all t € Jy N J,. Therefore, it follows from Proposition 5.14
that Jo C J, and Eq. (5.30) is valid for all ¢ € Jy. This proves Eq. (5.29) with
C := eKlol,

Suppose that (tg, o) € D(Z) and let 0 € Jy CC J,, such that ¢y € Jy and J be
as above. Then we have just shown Jy x B(zg,0) C D(Z) which proves D(Z) is
open. Furthermore, since the evaluation map

(to,y) € Jo x BC(Jo,U) 5 y(to) € X



ANALYSIS TOOLS WITH APPLICATIONS 67

is continuous (as the reader should check) it follows that ¢ = e o (x — ¢(-,x)) :
Jo X B(zp,d) — U is also continuous; being the composition of continuous maps.
The continuity of ¢(to, x) is a consequences of the continuity of ¢ and the differential
equation 5.1

Alternatively using Eq. (5.2),

16(to, ) = @(t, zo)|| < l|¢(to, ) — d(to, zo) | + ll¢(to, z0) — ¢(£, zo) |

to
SC||1E$0|+'/ |1 Z (7, ¢(7,w0))| dr| < C'||lx — 2ol + M [to — t]
t

where C' is the constant in Eq. (5.29) and M = sup, ., [|Z(7, ¢(7,20))|| < oc. This
clearly shows ¢ is continuous. m

5.6. Semi-Group Properties of time independent flows. To end this chapter
we investigate the semi-group property of the flow associated to the vector-field Z.
It will be convenient to introduce the following suggestive notation. For (¢,z) €
D(Z), set ' (x) = ¢(t, ). So the path t — e'?(z) is the maximal solution to

d
aetz(m) = Z(e'?(x)) with % (z) = .
This exponential notation will be justified shortly. It is convenient to have the
following conventions.

Notation 5.19. We write f : X — X to mean a function defined on some open
subset D(f) C X. The open set D(f) will be called the domain of f. Given two
functions f : X — X and g : X — X with domains D(f) and D(g) respectively,
we define the composite function fog: X — X to be the function with domain

D(fog)={zxe€X:xe€D(g) and g(z) € D(f)} =g~ (D(f))

given by the rule f o g(z) = f(g(z)) for all x € D(f o g). We now write f = g iff
D(f) = D(g) and f(z) = g(x) for all x € D(f) = D(g). We will also write f C g
iff D(f) € D(g) and g|p(s) = f-

Theorem 5.20. For fived t € R we consider €' as a function from X to X with
domain D(e'?) ={z € U : (t,x) € D(Z)}, where D(¢) = D(Z) C Rx U, D(Z) and
¢ are defined in Notation 5.15. Conclusions:

(1) Ift,seRandt-s >0, then et? 0 e3? = e(t+9)2,

(2) IftE€R, thenet? oe % = Idp(e-1z).

(3)  For arbitrary t,s € R, e'Z 0 e*Z C 197,

Proof. Item 1. For simplicity assume that ¢,s > 0. The case t,s < 0 is left to
the reader. Suppose that © € D(e'? o e*Z). Then by assumption z € D(e*?) and
e*?(x) € D(e'?). Define the path y(7) via:

(7) = e (x) if 0<7<s
= eT=0Z(z) if s<T<t+s

It is easy to check that y solves 9(7) = Z(y(7)) with y(0) = x. But since, "% (x) is
the maximal solution we must have that z € D(e“t*)%) and y(t + s) = e T9)% ().
That is e(*+5)%(2) = €' o e3%(2). Hence we have shown that e*Z o e5% C e(t+5)Z,
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To finish the proof of item 1. it suffices to show that D(e(*+5)%) C D(et? o e57).
Take 2 € D(el*+)%) then clearly z € D(e*?). Set y(1) = e""*)%(z) defined for
0 < 7 <'t. Then y solves

y(r) = Z(y(r)) with y(0) = e*?(x).

But since 7 — €"Z(e*Z(z)) is the maximal solution to the above initial valued prob-
lem we must have that y(7) = e"Z(e*?(z)), and in particular at 7 = ¢, et+)Z(z) =
et?(es%(x)). This shows that = € D(e* 0 e5?) and in fact e(*+9)Z C etZ 0 52,

Item 2. Let z € D(e ') - again assume for simplicity that ¢ > 0. Set y(7) =
e(T=97(z) defined for 0 < 7 < t. Notice that y(0) = e~*4(z) and ¢(1) = Z(y(1)).
This shows that y(7) = e74(e~*4(z)) and in particular that € D(e!? o e~*%) and
e'Z o e7'Z(z) = x. This proves item 2.

Item 3. I will only consider the case that s < 0 and ¢t + s > 0, the other
cases are handled similarly. Write u for ¢t 4+ s, so that ¢t = —s 4+ u. We know that
et? = e"? o0 %% by item 1. Therefore

etZ o esZ _ (euZ o e—sZ) o BSZ.

Notice in general, one has (f o g) o h = f o (goh) (you prove). Hence, the above
displayed equation and item 2. imply that

tZ sZ _ euZ o (e—sZ o €SZ) _ e(H—s)Z

etZ o e t-‘rs)Z.

o ID(ESZ) C 6(

]
The following result is trivial but conceptually illuminating partial converse to
Theorem 5.20.

Proposition 5.21 (Flows and Complete Vector Fields). Suppose U C, X, ¢ €
CRxU,U) and ¢+(x) = ¢(t,x). Suppose ¢ satisfies:

(1) ¢o = 1Iu,

(2) drods = drys for allt,s €R, and

(3) Z(x) := ¢(0,) ewists for all x € U and Z € C(U, X) is locally Lipschitz.
Then ¢ = et%.

Proof. Let x € U and y(t) = ¢+(x). Then using Item 2.,

. d d d

y(t) = E|oy(t +5) = E\(ﬂb(ws) (z) = E\ofbs o ¢i(x) = Z(y(t))-
Since y(0) = = by Item 1. and Z is locally Lipschitz by Item 3., we know by
uniqueness of solutions to ODE’s (Corollary 5.9) that ¢;(x) = y(t) = e'?(z). m
5.7. Exercises.

Exercise 5.1. Find a vector field Z such that e®t5)Z is not contained in etZ o e5Z.

Definition 5.22. A locally Lipschitz function Z : U C, X — X is said to be a
complete vector field if D(Z) = R x U. That is for any z € U, t — e'Z(z) is defined
for all t € R.

Exercise 5.2. Suppose that Z : X — X is a locally Lipschitz function. Assume
there is a constant C' > 0 such that

1Z(x)]| < C+|z||) foral z € X.

Then Z is complete. Hint: use Gronwall’s Lemma 5.8 and Proposition 5.16.
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Exercise 5.3. Suppose y is a solution to g(t) = |y(t)|1/2 with y(0) = 0. Show there
exists a, b € [0, 00] such that
1E—=0b?% if >0
y(t) = 0 if —a<t<b
—1(t+a)? if t<-—a

Exercise 5.4. Using the fact that the solutions to Eq. (5.3) are never 0 if z # 0,
show that y(t) = 0 is the only solution to Eq. (5.3) with y(0) = 0.
Exercise 5.5. Suppose that A € L(X). Show directly that:

(1) €4 define in Eq. (5.14) is convergent in L(X) when equipped with the
operator norm.
(2) €' is differentiable in ¢ and that Le'4 = AetA.

Exercise 5.6. Suppose that A € L(X) and v € X is an eigenvector of A with
eigenvalue )\, i.e. that Av = Av. Show e*4v = e'*v. Also show that X = R” and A
is a diagonalizable n x n matrix with

A= 8DS™! with D = diag(\y, ..., \n)
then et4 = SetPS~1 where e!? = diag(et™, ..., et ).

Exercise 5.7. Suppose that A, B € L(X) and [A, B] = AB — BA = 0. Show that
e(ATB) — gAB,

Exercise 5.8. Suppose A € C(R, L(X)) satisfies [A(t), A(s)] = 0 for all s,¢ € R.
Show
y(t) 6(10 A(T)dT)

is the unique solution to y(t) = A(t)y(t) with y(0) =
Exercise 5.9. Compute e'* when
=(4)
and use the result to prove the formula
cos(s +t) = cosscost — sin ssint.
Hint: Sum the series and use e!4es4 = e(t+9)4,

Exercise 5.10. Compute e!4 when

A:

o OO

b
c
0

o O 9

with a, b, ¢ € R. Use your result to compute e!*+4) where A\ € R and I is the 3 x 3
identity matrix. Hint: Sum the series.

Exercise 5.11. Prove Theorem 5.7 using the following outline.
(1) First show t € [0,00) — T} € L(X) is continuos.
(2) For e >0, let S :=1 foe T.dr € L(X). Show S — I as € | 0 and conclude
from this that S is invertible when € > 0 is sufficiently small. For the
remainder of the proof fix such a small € > 0.
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(3) Show
1 t+e
TtSe = —/ TTdT
€ Jt
and conclude from this that

1
. 1 _ _ _
1t11r8t (T; = 1) S. . (T. — Idx) .

(4) Using the fact that S, is invertible, conclude A = limyo¢~! (T} — I) exists
in L(X) and that

A:l(TE—I)Sgl.
€

(5) Now show using the semigroup property and step 4. that %Tt = AT; for
all t > 0.
(6) Using step 5, show %e*“‘Tt = 0 for all t > 0 and therefore e *AT}, =
eioATO =1.
Exercise 5.12 (Higher Order ODE). Let X be a Banach space, , U C, X™ and
f€C(JxU,X) be aLocally Lipschitz function in x = (x1,...,2,). Show the n'*
ordinary differential equation,
(5.31)
y ™M (1) = Fty(),9(), ...y V(X)) with y*(0) = yg for k=0,1,2...,n—1

where (yg, ... ,y(’}fl) is given in U, has a unique solution for small ¢ € J. Hint: let
y(®) = (y(t),9(t),...y" V(1)) and rewrite Eq. (5.31) as a first order ODE of the

form
y(t) = Z(t,y(t) with y(0) = (45, .-, 55 ").
Exercise 5.13. Use the results of Exercises 5.10 and 5.12 to solve
J(t) — 29(t) + y(t) = 0 with y(0) = a and y(0) = b.
Hint: The 2 x 2 matrix associated to this system, A, has only one eigenvalue 1

and may be written as A = I + B where B? = 0.

Exercise 5.14. Suppose that A : R — L(X) is a continuous function and U,V :
R — L(X) are the unique solution to the linear differential equations

V(t) = A(t)V(t) with V(0) =T
and
(5.32) U(t) = —U(t)A(t) with U(0) = I.
Prove that V(t) is invertible and that V~*(¢) = U(t). Hint: 1) show 4 [U(¢)V (t)] =
0 (which is sufficient if dim(X) < co0) and 2) show compute y(t) := V(¢)U(t) solves
a linear differential ordinary differential equation that has y = 0 as an obvious

solution. Then use the uniqueness of solutions to ODEs. (The fact that U(t) must
be defined as in Eq. (5.32) is the content of Exercise 22.2 below.)

Exercise 5.15 (Duhamel’ s Principle I). Suppose that A : R — L(X) is a contin-
uous function and V : R — L(X) is the unique solution to the linear differential
equation in Eq. (22.28). Let z € X and h € C(R, X) be given. Show that the
unique solution to the differential equation:

(5.33) y(t) = A(t)y(t) + h(t) with y(0) =«
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is given by
t
(5.34) y@%:V@x+VUX/XKﬂ*%ﬁﬁh
0

Hint: compute <[V ~1(t)y(t)] when y solves Eq. (5.33).

Exercise 5.16 (Duhamel’ s Principle II). Suppose that A : R — L(X) is a con-
tinuous function and V' : R — L(X) is the unique solution to the linear differential
equation in Eq. (22.28). Let Wy € L(X) and H € C(R, L(X)) be given. Show that
the unique solution to the differential equation:

(5.35) W (t) = A(t)W (t) + H(t) with W(0) = W,

is given by

(5.36) W(t)=V(E)Wo + V(¢) /t V(r)"'H(7)dr.
0

Exercise 5.17 (Non-Homogeneous ODE). Suppose that U C, X is open and
Z :R x U — X is a continuous function. Let J = (a,b) be an interval and ¢, € J.
Suppose that y € C*(J,U) is a solution to the “non-homogeneous” differential
equation:

(5.37) y(t) = Z(t,y(t)) with y(t,) =z € U.

Define Y € C'(J —to,R x U) by Y (t) = (t + to,y(t + to)). Show that Y solves the
“homogeneous” differential equation

(5.38) Y(t) = Z(Y(t)) with Y(0) = (to, o),

where Z(t,x) = (1, Z(z)). Conversely, suppose that Y € C'(J — to,R x U) is a
solution to Eq. (5.38). Show that Y () = (t + to,y(t + to)) for some y € C'(J,U)
satisfying Eq. (5.37). (In this way the theory of non-homogeneous ode’s may be
reduced to the theory of homogeneous ode’s.)

Exercise 5.18 (Differential Equations with Parameters). Let W be another Ba-
nach space, U xV C, X x W and Z € C(U x V, X) be a locally Lipschitz function
on U x V. For each (z,w) € U xV, let t € J; ,, — ¢(t,z,w) denote the maximal
solution to the ODE

(5.39) y(t) = Z(y(t), w) with y(0) = a.
Prove
(5.40) D:={(t,z,w) eERxUxV:teJy,}

isopenin Rx U x V and ¢ and qﬁ are continuous functions on D.

Hint: If y(¢) solves the differential equation in (5.39), then v(t) = (y(t),w)
solves the differential equation,
(5.41) o(t) = Z(v(t)) with v(0) = (z,w),

where Z(z,w) = (Z(z,w),0) € X x W and let ¢ (¢, (z,w)) := v(t). Now apply the
Theorem 5.18 to the differential equation (5.41).



