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1. SOME EXAMPLES

Example 1.1 (Traffic Equation). Consider cars travelling on a straight road, i.e. R
and let u(t, z) denote the density of cars on the road at time ¢ and space x and v(t, x)
be the velocity of the cars at (¢,2). Then for J = [a,b] C R, N;(t) := ffu(tmc)dac
is the number of cars in the set J at time ¢t. We must have

b
/ At 2)dz = N () = u(t, a)o(t, a) — u(t, bo(t, b)
a ) 8
__ / = [ult, 2)olt, )] dr.
Since this holds for all intervals [a, b], we must have

0
(L, z)dr = —— |u(t 4 .
i(t, 7)o = - [t 2)o(t, )]
To make life more interesting, we may imagine that v(¢,x) = —F(u(t, x), u, (¢, z)),
in which case we get an equation of the form

0 0

—u = —G(u,u,) where G(u,u,) = —u(t, ) F(u(t,x), u.(t, z)).

ot ox

A simple model might be that there is a constant maximum speed, v,, and maxi-
mum density u,,, and the traffic interpolates linearly between 0 (when u = u,,) to
U, when (u = 0), i.e. v = v, (1 — u/uy,) in which case we get

o 0
Ht = ~Ump (Wl —u/um)).

Example 1.2 (Burger’s Equation). Suppose we have a stream of particles travelling
on R, each of which has its own constant velocity and let u(t, z) denote the velocity
of the particle at = at time ¢. Let x(¢) denote the trajectory of the particle which
is at x¢ at time t9. We have C' = &(t) = u(¢, z(t)). Differentiating this equation in
t at t =ty implies

0 = [ue(t, z(t)) + uz(t, 2(t))Z(6)] |t=t, = we(to, zo) + uz(to, zo)u(to, o)
which leads to Burger’s equation
0=ur 4+ u ug.

Example 1.3 (Minimal surface Equation). (Review Dominated convergence the-
orem and differentiation under the integral sign.) Let D C R? be a bounded region
with reasonable boundary, ug : 9D — R be a given function. We wish to find the
function u : D — R such that u = ug on dD and the graph of u, I'(u) has least
area. Recall that the area of I'(u) is given by

A(u):Area(F(u)):/D\/l—i-|Vu|2dx.
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Assuming v is a minimizer, let v € C*(D) such that v = 0 on D, then

o d 5
0—d8|0A(u+sv)—dS|0/D\/1+\V(u+sv)\ do

:/D%h) 1+ |V(u+ sv)|°da

/ 1
D1+ |Vul?

:f/V- ;VU v dx
D

1+ |[Vul?

V. ;VU =0.

1+ [Vaul?

Example 1.4 (Heat or Diffusion Equation). Suppose that @ C R™ is a region of
space filled with a material, p(z) is the density of the material at z € Q and ¢(x)
is the heat capacity. Let u(z,t) denote the temperature at time ¢ € [0,00) at the
spatial point « € Q. Now suppose that B C R" is a “little” volume in R™, 0B is the
boundary of B, and Ep(t) is the heat energy contained in the volume B at time t.

Vu- Vo dz

from which it follows that

FIGURE 1. A test volume B in €.

Then

So on one hand,

(1.1) Est) = /B p(2)e(@)ilt, )dz

while on the other hand,

(1.2 Eu(t) = [ (Gla)Vult,o).n(a))do(o)
oB

where G(z) is a nxn—positive definite matrix representing the conduction properties
of the material, n(x) is the outward pointing normal to B at « € 0B, and do denotes
surface measure on 9B. (We are using (-,-) to denote the standard dot product on
R™.)
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In order to see that we have the sign correct in (1.2), suppose that x € 9B and
Vu(z) - n(xz) > 0, then the temperature for points near x outside of B are hotter
than those points near = inside of B and hence contribute to a increase in the heat
energy inside of B. (If we get the wrong sign, then the resulting equation will have
the property that heat flows from cold to hot!)

Comparing Eqgs. (1.1) to (1.2) after an application of the divergence theorem
shows that
(1.3) / p(x)c(z)u(t, x)de = / V- (G(-)Vu(t,))(z) dz.

B B

Since this holds for all volumes B C €2, we conclude that the temperature functions
should satisfy the following partial differential equation.

(1.4) ple)e(z)i(t, ) = V- (G()Vu(t,))(z).
or equivalently that

1
p(z)c(z)
Setting ¢" (z) := Gij(z)/(p(z)c(z)) and

o (w) = Z 0(Gij()/(p(x)e(x))) /0"

(1.5) u(t,x) = V- (G(z)Vu(t,x)).

the above equation may be written as:
(1.6) u(t,z) = Lu(t, x),
where

(17) (LA)@) = Y0 (@) 5 1) + 3 ()5 )

J

The operator L is a prototypical example of a second order “elliptic” differential
operator.

Example 1.5 (Laplace and Poisson Equations). Laplaces Equation is of the form
Lu = 0 and solutions may represent the steady state temperature distribution for
the heat equation. Equations like Au = —p appear in electrostatics for example,
where u is the electric potential and p is the charge distribution.

Example 1.6 (Shrodinger Equation and Quantum Mechanics).
.0 A .
Interpretation,

/ [ (¢, oc)|2 dt = the probability of finding the particle in A at time .
A

(Notice similarities to the heat equation.)

Example 1.7 (Wave Equation). Suppose that we have a stretched string supported
at x = 0 and x = L and y = 0. Suppose that the string only undergoes vertical
motion (pretty bad assumption). Let wu(t,z) and T'(t,z) denote the height and
tension of the string at (¢, ), po(z) denote the density in equilibrium and Ty be the
equilibrium string tension. Let J = [z, + Ax] C [0, L], then
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Xy + Ax

R
x

e

X o ———
[~3
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FIGURE 2. A piece of displace string

Mjy(t) = / u(t, ) po(x)dx
J
is the momentum of the piece of string above J. (Notice that po(z)dz is the weight
of the string above x.) Newton’s equations state

M
d d;(t) — / ut +(t, ) po(x)dx = Force on String.
J

Since the string is to only undergo vertical motion we require
T(t,x + Ax) cos(aziraz) — T(t, z) cos(ay) =0
for all Az and therefore that T'(¢, z) cos(a,) = Ty, i.e.

To
cos(ay)’

T(t,x) =

The vertical tension component is given by

sin(zas)  sin(ay)
sin(az4az)  cos(ay)
=Tp [ug(t,z + Ax) — u(t, x)].

T(t,x + Az)sin(agraz) — T(t ) sin(ay) = T {

Finally there may be a component due to gravity and air resistance, say
gravity = — / po(z)dx and resistance = —/ k(x)u(t, x)dx.
J J

So Newton’s equations become

r+Ax
/ gt (t, ) po(x)dx = To [uz(t, © + Az) — uy(t, x)]

rz+Az r+Az
—/ po(a;)dm—/ E(x)u(t, z)dz

and differentiating this in Ax gives
Ut t(t,ﬂ?)po(.’]?) = Ug x(tax) - pO(x) - k(x)ut(ta Z‘)

or equivalently that

(18) Ut t(t,m) =

Uy (L, x) — 1 —
T T p

L
po(z)
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Example 1.8 (Maxwell Equations in Free Space).

OE

= _ B
T V x
0B

= _ _ E
5 V x

V-E=V -B=0.
Notice that
0’E 0B
W:VxE:—VX(VXE):AE—V(V-E):AE
and similarly, 882712‘3 = AB so that all the components of the electromagnetic fields
satisfy the wave equation.

Example 1.9 (Navier — Stokes). Here u(t,z) denotes the velocity of a fluid ad
(t,x), p(t,z) is the pressure. The Navier — Stokes equations state,
0
(1.9) 8_1: + Oyu = vAu — Vp + f with u(0, z) = up(z)
(1.10) V - u = 0 (incompressibility)

where f are the components of a given external force and wg is a given divergence
free vector field, v is the viscosity constant. The Euler equations are found by
taking v = 0. Equation (1.9) is Newton’s law of motion again, F' = ma. See
http://www.claymath.org for more information on this Million Dollar problem.

1.1. Some More Geometric Examples.

Example 1.10 (Einstein Equations). Einstein’s equations from general relativity
are

1
Ric, — 5 g8y =T
where T is the stress energy tensor.

Example 1.11 (Yamabe Problem). Does there exists a metric g; = u*/ ("= gq in
the conformal class of gy so that g1 has constant scalar curvature. This is equivalent
to solving

—YAgu + Sgu = ku®

where v = 42=1 o = 2£2 [ is a constant and S, is the scalar curvature of gq.
n—2’ n—2’ go

Example 1.12 (Ricci Flow). Hamilton introduced the Ricci — flow,
dg
5 =
as another method to create “good” metrics on manifolds. This is a possible solution
to the 3 dimensional Poincaré conjecture, again go to the Clay math web site for
this problem.

Ricy,
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2. FIRST ORDER QUASI-LINEAR SCALAR PDE
2.1. Linear Evolution Equations. Consider the first order partial differential
equation

(2.1) Opu(t, x) Zal )O;u(t, x) with u(0,z) = f(z)

where x € R™ and a;(z) are smooth functions on R™. Let A(z) = (a1(x),...,an(x))
and for u € C* (R",C), let

Au(w) 1= Sloule +2(2)) = Va() - Aw) = 3 as()u(a)

i.e. A(x) is the first order differential operator, A(z) = Y7 | a;(2)8;. With this
notation we may write Eq. (2.1) as

(2.2) dyu = Au with u(0,-) = f.
The following lemma contains the key observation needed to solve Eq. (2.2).

Lemma 2.1. Let A and A be as above and f € C*(R™,R), then

(2.3) %foem(m):AfoetA(x):A(foetA) ().
Proof. By definition,

and so by the chain rule

%f oc(z) = V(e (2)) - Ale"(x)) = Af (e (2))

which proves the first Equality in Eq. (2.3). For the second we will need to use the
following two facts: 1) e(*T*)4 = ¢4 0 5% and 2) €' (z) is smooth in z. Assuming
this we find

d A d s)A d A sZ A A
—foe(z) = —lof o eI (z) = —fo [foe o e (x)] = A(foe') (x)
which is the second equality in Eq. (2.3). =
Theorem 2.2. The function u € C* (D(A),R) defined by

(2.4) u(t, ) = f(e(x))
solves Eq. (2.2). Moreover this is the unique function defined on D(A) which solves

Proof. Suppose that u € C* (D(A), R) solves Eq. (2.2), then

%u(t, et (2)) = et e (x)) — Au(t,e () = 0
and hence

u(t e (x)) = u(0,2) = f().
Let (to, 7o) € D(A) and apply the previous computations with 2 = e*4(x) to find
u(to, ) = f(e!*(x0)). This proves the uniqueness assertion. The verification that
u defined in Eq. (2.4) solves Eq. (2.2) is simply the second equality in Eq. (2.3).
|
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Notation 2.3. Let etAf(x) = u(t, ) where u solves Eq. (2.2), i.e.
¢ f(2) = fe ().

The differential operator A : C*(R",R) — C(R"™,R) is no longer bounded so it
is not possible in general to conclude

(2.5) f=3 %A”f.
n=0

Indeed, to make sense out of the right side of Eq. (2.5) we must know f is infinitely
differentiable and that the sum is convergent. This is typically not the case. because
if fis only C'. However there is still some truth to Eq. (2.5). For example if
f € C*(R™, R), then by Taylor’s theorem with remainder,

k n
et‘&f - Z ﬁfl"f = o(th)
n=0

by which I mean, for any x € R",
k
- tn ~
t7F et f(x) — Z —A"f(z)| - 0ast— 0.

n!
n=0

Example 2.4. Suppose n = 1 and A(z) = 1, A(z) = 0, then e*4(x) = 2 +t and
hence
et f(x) = flz +1).

It is interesting to notice that
X in
etazf(l,) — Z ﬁf(n)(x)
n=0 "

is simply the Taylor series expansion of f(x+t¢) centered at x. This series converges
to the correct answer (i.e. f(x+t)) iff fis “real analytic.” For more details see the
Cauchy — Kovaleski Theorem in Section 4.

Example 2.5. Suppose n = 1 and A(z) = 22, fl(m) = 120, then e (z) = g

on D(A) = {(t,x) : 1 — tz > 0} and hence "4 f(z) = f(1=%=) = u(t,x) on D(A),
where

(2.6) up = 22U,
It may or may not be possible to extend this solution, u(t,z), to a C! solution on
all R2. For example if lim, . f(z) does not exist, then lim;, u(t, z) does not exist
for any 2 > 0 and so u can not be the restriction of C' — function on R%. On the
other hand if there are constants cy and M > 0 such that f(z) = ¢y for x > M
and f(z) = c_ for x < —M, then we may extend u to all R? by defining
_Joep if z>0andt>1/x

u(t, z) = { c. if z<0andt<1/x.
It is interesting to notice that z(t) = 1/t solves @(t) = —a?(t) = —A(z(t)), so any
solution u € C*(R?,R) to Eq. (2.6) satisfies Lu(t,1/t) = 0, i.e. u must be constant
on the curves z = 1/t for ¢t > 0 and x = 1/¢ for ¢ < 0. See Example 2.13 below for
a more detailed study of Eq. (2.6).

Example 2.6. Suppose n = 2.
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(1) Tt A(z,y) = (—y, 2), i.e. A( ; ) _ ( v ) ( ; ) then
) =(amn =) ()

et f(x,y) = f (xcost —ysint,ycost + xsint).

2) Tt A(z,y) = (2,y), L. A( ; ) _ ( (1) ; ) ( ; ) then
“(3)=(0 ) ()
A f(z,y) = f (wet,yet) .

Theorem 2.7. Given A € C1(R",R") and h € C' (R x R",R).
(1) (Duhamel’ s Principle) The unique solution u € C1(D(A),R) to

(2.7) wy = Au + h with u(0,-) = f

and hence

and hence

18 given by

- t ~
u(t,”) = e f + / e An(r, Ydr
0
or more explicitly,

¢
(2.8) u(t,z) == f(et(x)) + / h(r, e =4 (z))dr.
0
(2) The unique solution u € C*(D(A),R) to
(2.9) wp = Au+ hu with u(0,-) = f
1s given by
(2.10) u(t, ) = efs Mo TN f( e (a))
which we abbreviate as
A (et (2))dr
(2.11) e M) f () = el Mmel TR @NAT p(tA (7)),

Proof. We will verify the uniqueness assertions, leaving the routine check the
Egs. (2.8) and (2.9) solve the desired PDE’s to the reader. Assuming u solves Eq.
(2.7), we find

% {e_tgu(t, )} (z) = %u(t,e_m(m)) = (ut - flu) (t,e A (x)) = h(t,e 4 (x))
and therefore
[e_tAu(t, .)} (@) = ult, e~t4(2)) = f(z) + /0 t h(r,e~™A(x))dr

and so replacing z by e*(z) in this equation implies

u(t,z) = f(et(x)) —l—/o h(r, e~ (x))dr.
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Similarly if u solves Eq. (2.9), we find with z(¢) := {e_“‘u(t, )] (z) = u(t, et (x))
that

2(t) = iu(t, e (z)) = (ut - flu) (t, et (z))

dt
= h(t,e " (2))u(t, et (z)) = h(t, e (x))2(t).
Solving this equation for z(t) then implies
ult, e—tA(x» =2(t) = elo h(T,e**A(x))dTZ(O) — ol h(T,e*TA(x))de(x).
Replacing = by e4(z) in this equation implies
u(t,z) = elo h(‘r,e(t_T)A(a:))de(etA(:L,)).
|

Remark 2.8. Tt is interesting to observe the key point to getting the simple expres-
sion in Eq. (2.11) is the fact that

etA(fg) = (fg) oeth — (foetA) . (goetA) :et/if.etfig'

That is to say et is an algebra homomorphism on functions. This property does
not happen for any other type of differential operator. Indeed, if L is some operator
on functions such that e*(fg) = et~ f - etlg, then differentiating at ¢ = 0 implies

L(fg)=Lf-g+f- Ly,
i.e. L satisfies the product rule. One learns in differential geometry that this
property implies L must be a vector field.

Let us now use this result to find the solution to the wave equation
(2.12) Uy = Uge With w(0,-) = f and u.(0,-) = g.
To this end, let us notice the uy = u,, may be written as
(0 — ,) (B + Da)u =0

and therefore noting that

(O + 0a) u(t, x)|e=0 = g(z) + f'(2)
we have

(0 + 0p) u(t,z) = ' (g + [') () = (g + [) (& + ).

The solution to this equation is then a consequence of Duhamel’ s Principle which
gives

u(t, z) = ™% f(z) + / L (g 4 ) (ot )
0

:f(fcft)+/0 (g4 ) (@ 47— (t—7)dr
:f(m—t)—i-/o (g+ f)(z+2r —t)dr

K 1
:f(wft)Jr/ g(x+277t)d7+5f(:r+277t)|128
0
t

[f(fc—i-t)—l—f(x—t)]—f—%/ g(x + s)ds.

—t

| =
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The following theorem summarizes what we have proved.

Theorem 2.9. If f € C*(R,R) and g € C*(R,R), then Eq. (2.12) has a unique
solution given by

(2.13) u(ta) = 5 1@+ 1) + flz — 0] + %/ oz + s)ds.

—t

Proof. We have already proved uniqueness above. The proof that u defined in
Eq. (2.13) solves the wave equation is a routine computation. Perhaps the most
instructive way to verify that u solves uy = ug, is to observe, letting y = x + s,
that

/t g(z+s)ds = /Mg(y)dy = /Omg(y)dﬁ/xotg(y)dy = /Omg(y)dy/oztg(y)dy-

—t r—t —

From this observation it follows that

u(t,z) = Flx +t) + G(x — t)

P =5 (70 + [ oy} md 6(0) =3 (160~ [ aturan).
Now clearly F' and G are C? — functions and
(0 —0,) Flz+1) =0 and (8 +8,) Gl — 1) = 0
so that
(07 — 02) u(t,x) = (0r — 02) (O + Op) (Fz + 1) + Gz — 1)) = 0.

Now let us formally apply Exercise 2.16 to the wave equation u;; = g, in which
case we should let A> = —92, and hence A = \/—92. Evidently we should take

cos (/<22 f(x) = % [f(z +1) + f(z —t)] and

sin(t —8%) 1/t 1 et
——fig—mngﬁﬂ@+@@:5é%g@@

Thus with these definitions, we can try to solve the equation
(2.14) Ut = Ugy + h with w(0,-) = f and u:(0,-) =g

by a formal application of Exercise 2.15. According to Eq. (2.72) we should have

u(t,-) = cos(tA) f + Sin(tA)g + /t sin((t —7) 4) h(r,-)dr,

A A
i.e.
(215) t t rc+t—T
u(t,z) = % [fz+1t)+ flx—1)] +%/7tg(:c+s)ds+ %/0 dT/th dy h(r,y).
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An alternative way to get to this equation is to rewrite Eq. (2.14) in first order
(in time) form by introducing v = u; to find

(2)-4(2)+(2)
o (1) (1)

where
0 1
A= ( 52 ) .

5z 0
A restatement of Theorem 2.9 is simply
etA(f>(m):<u(t,:c) ):1( fla+t)+ flz—t)+ [, g(z + s)ds )

g us(t, @) fla+t)— flx—t)+g(z+1) +9(z — 1)

According to Du hamel’s principle the solution to Eq. (2.16) is given by

(e )= () [ (o Jar

The first component of the last term is given by

1 t t—7 1 t T+t—T
—/ [/ h(r,z + s)ds} dr = —/ [/ h(r, y)dy} dr
2 0 T—t 2 0 r—t+T1

which reproduces Eq. (2.15).
To check Eq. (2.15), it suffices to assume f = g = 0 so that

TH+t—T1
/ dT/ dy h(t,y).
r—t+T1

Now
1 t
Uy = 5/ [h(r,x+t—7)+ h(r,x —t+ 7)] dr,
0
1 t
Ut = 5/ [hz(77$+t_7> - hm(Tax —t—i—T)]dT-‘rh(ﬁ,SL’)
0
1 t
Uy (t, ) = 5/ drh(r,x +t—7) — h(r,x —t +7)] and
0
1 t
Uge (, ) = 5/ drlhy(r,x +t—7) — hp(T,2 —t + 7))
0
so that uy — uze = h and u(0,2) = u(0,2) = 0. We have proved the following

theorem.

Theorem 2.10. If f € C*(R,R) and g € C*(R,R), and h € C(R?,R) such that
hy exists and h, € C(R% R), then Eq. (2.14) has a unique solution u(t,z) given by
Eq. (2.14).

Proof. The only thing left to prove is the uniqueness assertion. For this suppose

that v is another solution, then (u — v) solves the wave equation (2.12) with f =
g = 0 and hence by the uniqueness assertion in Theorem 2.9, u —v =0. &
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2.1.1. A I-dimensional wave equation with non-constant coefficients.

Theorem 2.11. Let ¢(x) > 0 be a smooth function and C = c()d, and f,g €
C?(R). Then the unique solution to the wave equation

(2.17) uy = C%u = cuy o + uy with w(0,-) = f and u(0,-) = g

18
t

@18 ultw) = 3 1 @) + S @]+ [ e @as
—t
defined for (t,xz) € D(C)ND(-C).
Proof. (Uniqueness) If u is a C? — solution of Eq. (2.17), then
(-C) (a+C)u=0
and 3 3
(00 + €) ult, )iz = g(x) + Cf (@),
Therefore 3 )
(0 +C) ut.2) = ' (g + 1) (@) = (g + ) (¢ (@)
which has solution given by Duhamel’ s Principle as
t
_ —tA —(t—7)C c TC d
u(t.a) = A f(a)+ [ e (g +6r) (O a)ar
t
_ f(o—tC 5. @7=C (1)\d
fe @)+ [ (9+Cf) (e @)ar
t

=1 @)+ 5 [ (a+Cr) (@a)as

=1 @)+ 5 [ aeC@yis g [ el @)

—t

(e @) + £ @)+ [ aleC@)as

(Existence.) Let y = e*“(z) so dy = c(e*“(x))ds = c(y)ds in the integral in Eq.
(2.18), then
tC

t eSC ., . e (x) d_y_ etc(z) ﬂ 0 d_y
[tg( (x))d _/e—w(m) IW) —/0 W +/6_tC(I)g(y)c(y)

tC

ey dy
—/O g(y)c(y) /0 g(y)c(y)-

From this observation, it follows follows that
u(t,x) = F(e'“(2)) + G(e 7" (2))

N =

where

P =3 (1@+ [CawZ5) and G = 3 (10~ [“at) 7).

Now clearly F' and G are C? — functions and

(at - é) F(et€(z)) = 0 and (at + é) G(eC(z)) =0
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so that

(af - 62) u(t,z) = (at - é) (at + é) [F(e'€ () + G(e~*C(x))] = 0.

]
By Du hamel’s principle, we can similarly solve
(2.19) uy = C*u + h with u(0,+) = 0 and u(0,-) = 0.

Corollary 2.12. The solution to Eq. (2.19) is
1t Solution to Eq. (2.17)
u(t,z) = 5/ at time t — T dr
0 with f =0 and g = h(r,")

1 t t—7
= —/ dT/ h(r,e*¢ (x))ds.
2 0 T—t

Proof. This is simply a matter of computing a number of derivatives:

g = % /0 ar (7, e~ (@) + h(r, e ()]

uge = h(t, x) + ; /Ot dr [C’h(T elt T)C(l’) — Ch(r, elm= t)c(x))}

t t—7
Cu = 1/ dr Ch(r,e*( / dT/ sC(z))ds
2 0 T—1
1 t
= —/ dr [h(T,e(t_T)C(x))—h T (g ] and
2.Jo

C%u = %/Ot dr [C’h(r, e x)) — Ch(r, e(T_t)C(:zr))} .

Subtracting the second and last equation then shows uy; = A2y + h and it is clear
that «(0,-) = 0 and u¢(0,-) =0. m

2.2. General Linear First Order PDE. In this section we consider the following
PDE,

(2.20) Z a;(z)Ou(x) = c(x)u(x)

where a;(z) and c(z) are given functions. As above Eq. (2.20) may be written
simply as

(2.21) Au(z) = c(z)u(z).

The key observation to solving Eq. (2.21) is that the chain rule implies

(2.22) Su(eA (@) = Au(e (@),

which we will write briefly as

d ~
—uoett = Ayo e,
ds

Combining Eqs. (2.21) and (2.22) implies

Lu(e () = (e (@)l (2)
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which then gives

aA(

(2.23) u(e?A(z)) = elo 7 @Ay (1),

Equation (2.22) shows that the values of u solving Eq. (2.21) along any flow line
of A, are completely determined by the value of u at any point on this flow line.
Hence we can expect to construct solutions to Eq. (2.21) by specifying u arbitrarily
on any surface ¥ which crosses the flow lines of A transversely, see Figure 3 below.

Flow Lies of
A

FI1GURE 3. The flow lines of A through a non-characteristic surface 3.

Example 2.13. Let us again consider the PDE in Eq. (2.6) above but now with
initial data being given on the line z =t, i.e.

uy = 2%u, with u(X\,\) = f(N)
for some f € C! (R,R). The characteristic equations are given by

(2.24) t'(s) =1 and 2/(s) = —2?(5s)

and the flow lines of this equations must live on the solution curves to ‘fi—f = —22,

i.e. on curves of the form z(t) = % for C' € R and z = 0, see Figure 2.13.
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Any solution to u; = z?u, must be constant on these characteristic curves. Notice
the line © =t crosses each characteristic curve exactly once while the line t = 0
crosses some but not all of the characteristic curves.

Solving Egs. (2.24) with ¢(0) = A = 2(0) gives

(2.25) t(s) =s+ X and z(s) = 1 —:\s/\
and hence :
u(s + A, H——s)\) = f(A\) for all X and s > —1/A.
(for a plot of some of the integral curves of Eq. (2.24).) Let
A

2.26 t = A —

(2.26) (t.2) = (s A 7o)
and solve for A :

A 2
= — — — 1 — =
x 1+(t_)\)>\or:1:)\ (xt—1)A—2=0

which gives

(zt — 1) £ 1/ (xt — 1)* + 422
2x '

Now to determine the sign, notice that when s = 0 in Eq. (2.26) we have t = A = z.
So taking ¢t = z in the right side of Eq. (2.27) implies

(2.27) A=

(@ -1+ @ -1 +42 (2104 (2+1) [ = with+
2x N 2z Tl —2/x with —
Therefore, we must take the plus sing in Eq. (2.27) to find
(zt — 1) + y/ (xt — 1)* + 422
2z

and hence

(zt — 1) + 1/ (zt — 1)* + 4a2
2z

(2.28) u(t,z) = f
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When z is small,

422 o
/\_(xt—l)+(1—xt) Lty (-t

so that
T

u(t,z) = f <1—xt

Thus we see that u(t,0) = f(0) and u(t,z) is C* if f is C1. Equation (2.28) sets up
a one to one correspondence between solution u to u; = z%u, and f € C1(R,R).

) when z is small.

Example 2.14. To solve
(2.29) TUy + Yuy = Azyu with uw = f on St
let A(z,y) = (z,y) = 20, + y0,. The equations for (z(s),y(s)) := e*4(z,y) are
a'(s) = x(s) and y/'(s) = y(s)
from which we learn
e*Ha,y) = e*(z,y).
Then by Eq. (2.23),
u(e (z,y)) = Mo Ty (g y) = o3 (FVavy (g ),

Letting (z,y) — e *(z,y) in this equation gives

u(e,y) = 20 (@)
and then choosing s so that

L= e @) = 7@ +?),
i.e. so that s = %ln (x2 + y2) . We then find

_ A 1 (z,9)
s =e (3 (1 e ) ) F )
Notice that this solution always has a singularity at (z,y) = (0,0) unless f is
constant.

Characteristic curves for Eq. (2.29) along with the plot of S*.
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Example 2.15. The PDE;,
(2.30) eug + uy = u with u(z,0) = g(x),

has characteristic curves determined by z’ := e* and ' := 1 and along these curves
solutions u to Eq. (2.30) satisfy

d
Solving these “characteristic equations” gives
S S
(2.32) —e20) f gm0 = / e *x'ds = / lds = s
0 0
so that
(2.33) z(s) = —In(e™™ — s) and y(s) = yo + s.

From Egs. (2.32) and (2.33) one shows
y(s) =yo+e " —e ")
so the “characteristic curves” are contained in the graphs of the functions

y=C — e * for some constant C.

Some characteristic curves for Eq. (2.30). Notice that the line y = 0 intersects
some but not all of the characteristic curves. Therefore Eq. (2.30) does not
uniquely determine a function u defined on all of R%. On the otherhand if the
intial condition were u(0,y) = g(y) the method would produce an everywhere
defined solution.

Since the initial condition is at y = 0, set yo = 0 in Eq. (2.33) and notice from
Eq.(2.31) that

(2.34) w(—=In(e™ — s),5) = u(z(s),y(s)) = e’u(xzg, 0) = e’g(zo).
Setting (x,y) = (—In(e™™ — s), ) and solving for (zg, s) implies
s=yand rg = —In(e™ " +y)
and using this in Eq. (2.34) then implies
u(z,y) =e’g (—In(y +e7)).
This solution is only defined for y > —e™%.
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Example 2.16. In this example we will use the method of characteristics to solve
the following non-linear equation,
(2.35) 2u, +y? uy, = u? with u:=1on y = 2x.

As usual let (z,y) solve the characteristic equations, 2’ = x? and y' = y? so that

(w(s)0(6) = (T2 T2 ).

1—sz9’ 1— sy

Now let (zg,y0) = (A, 2X) be a point on line y = 2z and supposing u solves Eq.
(2.35). Then z(s) = u(x(s),y(s)) solves

7 = Y (z,y) = 22u, +y* u, = v’ (z,y) = 2°
s
with z(0) = u(A,2X) = 1 and hence
A 2\ 1
(2.36) u (1—s>\’ m) =u(z(s),y(s)) = 2(s) = 1—s

Let

A 2\ 1 1
(237) (x,y)— <1_s)\’]__23)\) o <>\1_3’)\1/2_S)

and solve the resulting equations:

AMtos=ztand A\ 1/2-s=y""!

1

for s gives s = 71 — 2y~ ! and hence

(2.38) l—s=1+2yt—az =2y (ay+22—y).
Combining Egs. (2.36) — (2.38) gives
- Yy
u(@,y) = xy+2x—y

Notice that the characteristic curves here lie on the trajectories determined by
de __ dy -1 _

=g ie y 2~ + C or equivalently
oz
Y71 +Cz

Some characteristic curves
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2.3. Quasi-Linear Equations. In this section we consider the following PDE,
n
(2.39) Az, z) - Vau(t,z) = Zai(m,u(m))ﬁiu(x) = c(z,u(x))
i=1
where a;(x, z) and ¢(z, z) are given functions on (z,z) € R® x R and A(z, z) :=
(a1(z, 2),...,a1(x, 2)) . Assume u is a solution to Eq. (2.39) and suppose z(s) solves
z'(s) = A(z(s),u(x(s)).Then from Eq. (2.39) we find
d n
s ux(s) = > aila(s) ul@(s))du((s)) = c(x(s), u(z(s))),
i=1

see Figure 4 below. We have proved the following Lemma.

t Jyeé 7()&,  Uim)

\X&)'\

’xo =z (y)

Crosging fowt
~FOSING POT

FIGURE 4. Determining the values of u by solving ODE’s. Notice
that potential problem though where the projection of character-
istics cross in x — space.

Lemma 2.17. Letw = (z,2), m(w) = z, me(w) = z and Y (w) = (A(z, 2), c(z, 2)) .
If u is a solution to Fq. (2.39), then
u(my o e (g, u(x0)) = T2 0 €Y (o, u(wo)).

Let ¥ be a surface in R™ (z— space), i.e. ¥ : U C, R""! — R"™ such that
¥(0) = xp and DX(y) is injective for all y € U. Now suppose ug : £ — R is given
we wish to solve for u such that (2.39) holds and u = ug on . Let
(2.40) Os,y) =m0 e (3(y), uo(2(y)))
then

%(0, 0) = 71 o Y (29, uo(x0)) = A(zo, uo(x0)) and

D,6(0,0) = D, £(0).
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Assume ¥ is non-characteristic at xg, that is A(xg, ug(zo)) ¢ Ran 3'(0) where
¥(0) : R*~! — R™ is defined by

d
¥ (0)v = 9,%(0) = g\oZ(sv) for all v € R" 1,
Then (%‘f, 6%‘%, R %) are all linearly independent vectors at (0,0) € RxR*~1.
So ¢ : R x R*™! — R™ has an invertible differential at (0,0) and so the inverse

function theorem gives the existence of open neighborhood 0 € W C U and 0 € J C
R such that ¢|JXw is a homeomorphism onto an open set V := ¢(J x W) C R™,

see Figure 5. Because of Lemma 2.17, if we are going to have a C'' — solution u to
- AN
/—{:L>
1. W ansly

FicURE 5. Constructing a neighborhood of the surface ¥ near xg
where we can solve the quasi-linear PDE.

C'D(.T xw )

pa

Eq. (2.39) with v = up on ¥ it would have to satisfy
(2.41) u(z) =m0 ™ (S(y), uo(X(y))) with (s,y) = ¢~ (2),
ie. = ¢(s,y).

Proposition 2.18. The function u in Eq. (2.41) solves Eq. (2.39) on V with
U= ug on 2.

Proof. By definition of u in Eq. (2.41) and ¢ in Eq. (2.40),
¢'(s,y) =mY o™ (B(y), uo(S(y))) = Ale(s,9)), u((s,y))
and
(2.42) d%ﬂ(cb(s,y)) = m2Y (¢(s,9), u(d(s,y))) = c(d(s,y), u(¢(s,9)))-
On the other hand by the chain rule,

(2.43) d%ﬂ((lﬁ(s, Y)) = Vu(¢(s,u) - ¢ (s,y) = Vu(¢(s, u)) - A(¢(s,y)), u((s,y))-
Comparing Egs. (2.42) and (2.43) implies

Vu(o(s,y)) - Ald(s,y), u(d(s,9))) = c(o(s,9), u(d(s, y)))-

Since ¢(J x W) =V, u solves Eq. (2.39) on V. Clearly u(¢(0,y)) = uo(X(y)) so
u=1ugonx. N
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Example 2.19 (Conservation Laws). Let F' : R — R be a smooth function, we
wish to consider the PDE for u = (¢, x),

(2.44) 0=1us+ 0, F(u) = uy + F'(u)u, with u(0,z) = g(x).
The characteristic equations are given by
d
(2.45) t'(s) =1, 2'(s) = F'(2(s)) and Ez(s) =0.
The solution to Egs. (2.45) with ¢(0) = 0, (0) = z and hence
2(0) = u(t(0), z(0)) = w(0,z) = g(z),
are given by
t(s) = s, 2(s) = g(z) and z(s) = z + sF’'(g(z)).
So we conclude that any solution to Eq. (2.44) must satisfy,
u(s, + sF'(g(z)) = g(x).
This implies, letting 1 (z) := = + sF'(g(z)), that
u(t,x) = g(vy ().

In order to find 9, ! we need to know 1) is invertible, i.e. that 1, is monotonic in
x. This becomes the condition

0 < ¢p(x) = 1+ tF"(g(x))g (z).
If this holds then we will have a solution.

Example 2.20 (Conservation Laws in Higher Dimensions). Let F': R — R" be a
smooth function, we wish to consider the PDE for v = u(t, z),

(2.46) 0=wu+V-F(u) =u + F'(u) - Vu with u(0,z) = g(z).
The characteristic equations are given by

d
(2.47) t'(s) =1, 2'(s) = F'(2(s)) and —z( ) =0.

)

The solution to Eqs. (2.47) with ¢(0) = 0, 2(0) = « and hence

2(0) = u(£(0), z(0)) = u(0,z) = g(x),
are given by

t(s) = s, 2(s) = g(z) and z(s) = z + sF'(g(z)).
So we conclude that any solution to Eq. (2.46) must satisfy,
(2.48) u(s,x + sF'(g(z))) = g(z).
This implies, letting 1 (z) := = + sF'(g(z)), that
u(t,x) = g(vy ().

In order to find v¢; ! we need to know 4 is invertible. Locally by the implicit
function theorem it suffices to know,

Yi(@)v = v +tF"(g(x))dug(x) = [I + tF"(9(x))Vg(z) ] v
is invertible. Alternatively, let y = « + sF'(g(x)), (so x = y — sF'(g(z))) in Eq.
(2.48) to learn, using Eq. (2.48) which asserts g(x) = u(s,z + sF'(g(x))) = u(s, y),

u(s,y) =gy —sF'(g(x))) =g (y — sF'(u(s,y))) -

This equation describes the solution u implicitly.
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Example 2.21 (Burger’s Equation). Recall Burger’s equation is the PDE,
(2.49) ut + uuy = 0 with u(0,2) = g(z)

where g is a given function. Also recall that if we view u(t,x) as a time dependent
vector field on R and let x(t) solve

(t) = u(t, (1)),
then
Z(t) = up + ug® = ug + ugu = 0.
Therefore x has constant acceleration and
z(t) = =(0) + &(0)t = (0) + g(=(0))t.
This equation contains the same information as the characteristic equations. In-
deed, the characteristic equations are
(2.50) t'(s)=1, 2'(s) =z(s) and 2'(s) = 0.
Taking initial condition ¢(0) = 0, 2(0) = xg and z(0) = u(0,x0) = g(zo) we find
t(s) =s, z(s)=g(zo) and x(s) = zg + sg(zo)-

According to Proposition 2.18, we must have
(2.51) u((s,zo + sg(xo)) = u(s, z(s)) = w(0,2(0)) = g (o) -
Letting ¢ (xo) := zo + tg(xo), “the” solution to (¢,x) = (s,x0 + sg(xg)) is given by
s =t and xg = ¢, '(x). Therefore, we find from Eq. (2.51) that
(2.52) u(t,z) =g (wt_l(az)) .

This gives the desired solution provided 1), Lis well defined.
Example 2.22 (Burger’s Equation Continued). Continuing Example 2.21. Sup-
pose that g > 0 is an increasing function (i.e. the faster cars start to the right),

then 1)y is strictly increasing and for any ¢ > 0 and therefore Eq. (2.52) gives a
solution for all ¢ > 0. For a specific example take g(x) = max(z,0), then

[ QA+tx if z>0
wf(m)_{ e if z<0

[+t if >0
W (x)—{ x if <0

and therefore,

_ 1 A+t if >0
u(tvx) =g (d}t (ZL’)) - { O lf T S 0
Notice that u(t,z) — 0 as t — oo since all the fast cars move off to the right leaving
only slower and slower cars passing z € R.

Example 2.23. Now suppose g > 0 and that ¢'(z¢) < 0 at some point zg € R, i.e.
there are faster cars to the left of zy then there are to the right of x(, see Figure 6.
Without loss of generality we may assume that xg = 0. The projection of a number
of characteristics to the (¢,2) plane for this velocity profile are given in Figure 7
below. Since any C? — solution to Eq.(2.49) must be constant on these lines with
the value given by the slope, it is impossible to get a C? — solution on all of R? with
this initial condition. Physically, there are collisions taking place which causes the
formation of a shock wave in the system.
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-2.5 -1.25 0 1.25 25

FIGURE 6. An intial velocity profile where collisions are going to
occur. This is the graph of g(z) =1/ (1 + (z + 1)?).

FiGURE 7. Crossing of projected characteristics for Burger’s equation.

2.4. Distribution Solutions for Conservation Laws. Let us again consider
the conservation law in Example 2.19 above. We will now restrict our attention to
non-negative times. Suppose that u is a C! — solution to

(2.53) up + (F(u))y = 0 with u(0,z) = g(z)
and ¢ € C2%(]0,00) x R). Then by integration by parts,

0= —/Rd:n /m dt(uy + F(u)e)p

_ /R el | do+ /R dz LO dt(upy + F(1)6,)
= [sr0.0pdo+ [ do [ aruttarentn) + Pt )60,
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Definition 2.24. A bounded measurable function u(t, x) is a distributional so-
lution to Eq. (2.53) iff

0= /g(z)cp((),:c)dm + /Rd:r /t>0 dt(u(t, z)d(t, x) + F(u(t,z))o.(t, ))

R
for all test functions ¢ € C%(D) where D = [0,00) x R.

Proposition 2.25. If u is a distributional solution of Eq. (2.53) and u is C* then
u is a solution in the classical sense. More generally if u € C*(R) where R is an
open region contained in D° := (0,00) x R and

(254) [ o [ drtutt.pentt.) + Flute,a)o (,2)) =0
R t>0
for all ¢ € C2(R) then uy + (F(u)), :=0 on R.
Proof. Undo the integration by parts argument to show Eq. (2.54) implies

/ (ur + (F(u)),)dadt = 0

R
for all ¢ € C}(R). This then implies u; + (F(u)), =0 on R. m

Theorem 2.26 (Rankine-Hugoniot Condition). Let R be a region in D° and x =
c(t) fort € [a,b] be a Ct curve in R as pictured below in Figure 8.

S

fx:C.LH

FIGURE 8. A curve of discontinuities of u.

Suppose u € CH(R\ ¢([a,b])) and u is bounded and has limiting values u™ and
u” on x = c(t) when approaching from above and below respectively. Then u is a
distributional solution of ur + (F(u)), =0 in R if and only if

(2.55) ur + %F(u) :=0on R\ c([a,b])
and
(2.56)

ét) [ut(t,c(t) —u (tc(t)] = F(u™(t,c(t)) — F(u™ (t,c(t) for all t € [a,b].
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Proof. The fact that Equation 2.55 holds has already been proved in the pre-
vious proposition. For (2.56) let Q be a region as pictured in Figure 8 above and
¢ € CHQ). Then

(2.57)

0= [ (ugs + F(u)py)dt de = | (ups + F(u)gy)dt de + | (ud + F(u)¢,)dt dx
! / /

where

x < c(t)

Qi:{(t,x)eQ: z > eft) }

Now the outward normal to 24 along c is

1+ ¢é(t)?
and the “surface measure” along c is given by do(t) = /1 + ¢(t)2dt. Therefore
n(t) do(t) = £(é(t), —1)dt

where the sign is chosen according to the sign in .. Hence by the divergence
theorem,

/ (s + F(u)gp)dt da = / (u, F(w)) - (61, 62)dt da = / o(u, F(u)) - n(t) dot)

Qi Qi o004
B
= i/ Bt (1) (i (¢, e()é(t) — F(uif (t,e(t))))dt.

Putting these results into Eq. ( 2.57) gives

B
0= / {e(t) [u™ (¢, c(t) —u™ (8, e(t)] = (F(u” (£, c(t)) = F(u™ (t,c(t))) }o(t, c(t))dt
for all ¢ which implies
&(t) [ut (¢, e(t) —u” (¢, e(t)] = Fut (¢, (1)) = Fu™ (¢, c(t))-
]

Example 2.27. In this example we will find an integral solution to Burger’s Equa-
tion, u; + uu, = 0 with initial condition

0 rz>1
u(0,z) = 1—-z 0<z<1
1 z <0.

The characteristics are given from above by
z(t)=1—z)t +z9 z0 € (0,1)
z(t) =x9+tif xo <0 and
z(t) = xg if g > 1.
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iy

Projected characteristics
For the region bounded determined by ¢ < x < 1 and ¢ < 1 we have u(¢, z) is equal

to the slope of the line through (¢,z) and (1,1), i.e
z—1
t = .
ulbe) =35
Notice that the solution is not well define in the region where characteristics
cross, i.e. in the shock zone,
Ry :={(t,x):t>1, x> 1and x <t},

see Figure 9. Let us now look for a distributional solution of the equation valid for

o )

/// - =i\
ot ZENEN

\ \M

FicURE 9. The schock zone and the values of v away from the
shock zone.

all (z,t) by looking for a curve c(t) in Ry such that above ¢(t), v = 0 while below
c(t), u=1.

To this end we will employ the Rankine-Hugoniot Condition of Theorem 2.26.
To do this observe that Burger’s Equation may be written as u; + (F(u)), = 0

where F(u) = “72 So the Jump condition is
s —u) = (F(uy) - F(u))
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(0—1)e= (%_1;) :_%.

Hence ¢(t) = 4 and therefore c(t) = 3t + 1 for ¢ > 0. So we find a distributional
solution given by the values in shown in Figure 10.

that is

Ficure 10. A distributional solution to Burger’s equation.

2.5. Exercises.

Exercise 2.1. For A € L(X), let
A X n
o Y oun
(2.58) =Y A
n=0

Show directly that:

(1) e'4 is convergent in L(X) when equipped with the operator norm.

(2) et is differentiable in ¢ and that Set4 = Aet4.

Exercise 2.2. Suppose that A € L(X) and v € X is an eigenvector of A with
eigenvalue )\, i.e. that Av = Av. Show e*v = et*v. Also show that X = R and A
is a diagonalizable n x n matrix with

A= 8DS™! with D = diag(\y, ..., \n)
then e'4 = SetP S~ where e!” = diag(et™:, ... et ).

Exercise 2.3. Suppose that A, B € L(X) and [A, B] = AB — BA = 0. Show that
e(AtB) — gAeB,

Exercise 2.4. Suppose A € C(R, L(X)) satisfies [A(t), A(s)] = 0 for all s, € R.
Show A
y(t) = (jot A(T)dT)x

e
is the unique solution to y(t) = A(¢)y(t) with y(0) = «.

Exercise 2.5. Compute €' when

=(4)
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and use the result to prove the formula
cos(s +t) = cos scost — sin ssint.
Hint: Sum the series and use et4es4 = e(t+9)4,

Exercise 2.6. Compute e’ when

A:

o O O

b
c
0

o o Qe

with a, b, ¢ € R. Use your result to compute e!*+4) where X\ € R and I is the 3 x 3
identity matrix. Hint: Sum the series.

Theorem 2.28. Suppose that Ty € L(X) for t > 0 satisfies
(1) (Semi-group property.) Ty = Idx and T:yTs = Tyys for all s,t > 0.
(2) (Norm Continuity) t — Ty 1s continuous at 0, t.e. || Ty —I| (x) — 0 as
t10.
Then there exists A € L(X) such that Ty, = e where et is defined in Eq.
(2.58).

Exercise 2.7. Prove Theorem 2.28 using the following outline.
(1) First show ¢ € [0,00) — T} € L(X) is continuous.
(2) For e >0, let S := 1 [ Trdr € L(X). Show Sc — I as € | 0 and conclude
from this that S, is invertible when € > 0 is sufficiently small. For the
remainder of the proof fix such a small € > 0.

(3) Show
1 t+e
T:S. = —/ T.-dr
€ Jt

and conclude from this that

1

limt™' (T, — I) Se = = (T, — Idx) .

tllrg (T: ) Se . (T dx)

(4) Using the fact that S is invertible, conclude A = lim;ot~! (T; — I) exists
in L(X) and that

A:l(Te -10)St
€

(5) Now show using the semigroup property and step 4. that %Tt = AT; for
all £ > 0.

(6) Using step 5, show Le~*AT, = 0 for all t > 0 and therefore e *AT, =
e Ty =1.

Exercise 2.8 (Higher Order ODE). Let X be a Banach space, , Y C, X™ and
f€C(JxU,X) be a Locally Lipschitz function in x = (21, ..., 2,). Show the n't
ordinary differential equation,

(2.59)
y ™M (1) = F(ty(@),9(), ...y V(X)) with y*(0) = yg for k=0,1,2...,n —1
where (yg, ... ,y(’}fl) is given in U, has a unique solution for small ¢ € J. Hint: let

y(®) = (y(t),9(t),...y" V(1)) and rewrite Eq. (2.59) as a first order ODE of the
form

y(t) = Z(t,y(t)) with y(0) = (y,....y5 ")
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Exercise 2.9. Use the results of Exercises 2.6 and 2.8 to solve
§(t) — 29(t) + y(t) = 0 with y(0) = a and §(0) = b.
Hint: The 2 x 2 matrix associated to this system, A, has only one eigenvalue 1

and may be written as A = I + B where B? = 0.

Exercise 2.10. Suppose that A : R — L(X) is a continuous function and U,V :
R — L(X) are the unique solution to the linear differential equations

V(t) = A(t)V(t) with V(0) =T
and
(2.60) U(t) = —U(t)A(t) with U(0) = I.
Prove that V(t) is invertible and that V() = U(t). Hint: 1) show <4 [U(t)V (t)] =
0 (which is sufficient if dim(X) < o0) and 2) show compute y(t) := V(t)U(t) solves
a linear differential ordinary differential equation that has y = 0 as an obvious

solution. Then use the uniqueness of solutions to ODEs. (The fact that U(¢) must
be defined as in Eq. (2.60) is the content of Exercise 77 below.)

Exercise 2.11 (Duhamel’ s Principle I). Suppose that A : R — L(X) is a contin-
uous function and V : R — L(X) is the unique solution to the linear differential
equation in Eq. (??). Let x € X and h € C(R, X) be given. Show that the unique
solution to the differential equation:

(2.61) J(t) = A®)y(t) + h(t) with y(0) = @
is given by
(2.62) y(t) = V{t)z + V(1) /0 V() h(r) dr.

Hint: compute <[V ~1(t)y(t)] when y solves Eq. (2.61).

Exercise 2.12 (Duhamel’ s Principle II). Suppose that A : R — L(X) is a con-
tinuous function and V : R — L(X) is the unique solution to the linear differential
equation in Eq. (??). Let Wy € L(X) and H € C(R, L(X)) be given. Show that
the unique solution to the differential equation:

(2.63) W (t) = A(t)W (t) + H(t) with W(0) = W,
is given by
(2.64) W(t) = V()W + V(1) / Vo) H () dr

Exercise 2.13 (Non-Homogeneous ODE). Suppose that U C, X is open and
Z :R x U — X is a continuous function. Let J = (a,b) be an interval and ¢, € J.
Suppose that y € C*(J,U) is a solution to the “non-homogeneous” differential
equation:

(2.65) y(t) = Z(t,y(t)) with y(t,) =« € U.

Define Y € CY(J —to,R x U) by Y (t) = (t + to,y(t + to)). Show that Y solves the
“homogeneous” differential equation

(2.66) Y(t) = A(Y (1)) with Y(0) = (to,90),
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where A(t,z) = (1, Z(x)). Conversely, suppose that ¥ € C1(J —to,R x U) is a
solution to Eq. (2.66). Show that Y (t) = (¢t + to,y(t + to)) for some y € C*(J,U)
satisfying Eq. (2.65). (In this way the theory of non-homogeneous ode’s may be
reduced to the theory of homogeneous ode’s.)

Exercise 2.14 (Differential Equations with Parameters). Let W be another Ba-
nach space, U xV C, X x W and Z € C(U x V, X) be a locally Lipschitz function
on U x V. For each (z,w) €e U xV, let t € J, ,, — ¢(t,z, w) denote the maximal
solution to the ODE

(2.67) y(t) = Z(y(t), w) with y(0) = x.
Prove
(2.68) D:={(t,z,w) ERXU XV :t€ Jyu}t

isopenin R x U x V and ¢ and ng are continuous functions on D.
Hint: If y(t) solves the differential equation in (2.67), then v(t) = (y(¢),w)
solves the differential equation,

(2.69) o(t) = A(v(t)) with v(0) = (z,w),

where A(z,w) = (Z(x,w),0) € X x W and let 9(t, (x,w)) := v(t). Now apply the
Theorem ?7? to the differential equation (2.69).

Exercise 2.15 (Abstract Wave Equation). For A € L(X) and t € R, let

X 1\2n
cos(tA) := Z ((22)' 2" A%™ and

n=0

sin(tA) — i (_1)2n+1t2n+1A2n'
A = (2n+1)!
Show that the unique solution y € C? (R, X) to
(2.70) §i(t) + A%y(t) = 0 with y(0) = yo and ¢(0) = g € X
is given by
sin(tA) .

A Yo
Remark 2.29. Exercise 2.15 can be done by direct verification. Alternatively and
more instructively, rewrite Eq. (2.70) as a first order ODE using Exercise 2.8. In
doing so you will be lead to compute e!® where B € L(X x X) is given by

0 I
o-( % 1)

where we are writing elements of X x X as column vectors, ( :xcl ) . You should

y(t) = cos(tA)yo +

2

then show .
OB — cos(tA) ~ SnlA)
—Asin(tA) cos(tA)
where
Asin(tA) = i thnJrlAQ(nJrl)
) (2n +1)! ‘

n=0
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Exercise 2.16 (Duhamel’s Principle for the Abstract Wave Equation). Continue
the notation in Exercise 2.15, but now consider the ODE,

(2.71) () + A%y(t) = f(1) with y(0) = yo and §(0) = 5o € X
where f € C(R, X). Show the unique solution to Eq. (2.71) is given by

sin(tA) . Psin((t — ) A)
_— d
i+ [ D ey
Hint: Again this could be proved by direct calculation. However it is more in-
structive to deduce Eq. (2.72) from Exercise 2.11 and the comments in Remark
2.29.

(2.72) y(t) = cos(tA)yo +

Exercise 2.17. Number 3 on p. 163 of Evans.



