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This is not a complete list of the solutions. Problems with sufficient
solutions in the back of the text were not included.

Problem 3.1: Prove by induction that for each natural number n, each
of the following s true.

m) 4" — 1 is divisible by 3.

Proof. Let S = {n € N: 4" — 1 is divisible by 3}. Since 4 —1 =3
is certainly divisible by 3, 1 € S. Now suppose n € S. Then 4" — 1 is
divisible by 3. Then

4l 1 =4.4" —1=4-4" —44+4—-1=4(4"-1)+3

is divisible by 3. Thus n+1 € S, and by the Principle of Mathematical
Induction, S = N. [ |

q) (1+3)">1+3%.

Proof. Let S={neN:(1+1)">1+2}. Since (1+1) =1+1,
1 € S. Now suppose n € S. Then (1+ %)n >1+ 7%, and

(H%)"Hz (1+3) (1+3)
e ()

_1+1+n+n_1+n+1+n>1+n+1

S22 4 2 4 2
Therefore n+1 € S, and so by the Principle of Mathematical Induction,
S=N. [

Problem 3.2: Prove by induction that for each natural number n,
(cos(z) + isin(z))™ = cos(nz) + isin(nz). Assume that 1> = —1 and
also assume the following trigonometric identities:

cos(z + y) = cos(x) cos(y) — sin(x) sin(y)
and
sin(z + y) = sin(z) cos(y) + cos(z) sin(y).

Proof. Let x € R. Let

S ={neN: (cos(z)+ isin(lx))” = cos(nx) + isin(nz)} .
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1 € S because (cos(x) + isin(z))! = cos(z) + isin(z). Assume n € S.
Then

(cos(x) + isin(x))"™! = (cos(z) + isin(x))"(cos(z) + i sin(z))
= (cos(nx) + isin(nzx))(cos(x) + isin(x))
= [cos(nz) cos(z) — sin(nx) sin(z)]

+ 4 [sin(nx) cos(z) + cos(nz) sin(z)]
=cos|[(n+ 1)z] +isin[(n + 1)x]

where the second equality is due to the inductive hypothesis. Hence
n+ 1 € S. Therefore, by the Principle of Mathematical Induction,
S=N. [ |

Problem 3.7: Take an equilateral triangle, divide each side into n
equal segments, and connect the division points with all possible seg-
ments that are parallel to the original sides. Find a formula for relating
the number n to the number of small triangles and prove, by induction,
that your formula holds.

If we divide each side into 1 equal segment — that is, we don’t divide it —
then we have 1 triangle. If we divide each side into 2 equal segments and
connect the division points in the way described, we have 4 triangles.
Similarly, for n = 3 equal segments we end up with 9 triangles, and
n = 4 equal segments generates 16 triangles. So we guess that the
number of small triangles is n?, and shall attempt to prove this by
induction.

Claim 0.1. Let f(n) be the number of small triangles created when an
equilateral triangle is divided as described above. Then f(n) = n?.

Proof. Let S = {n € N: f(n) = n?}. We have seen that 1 € S.
Now suppose that n € S and divide each side of an equilateral triangle
into n + 1 segments and connect the division points with all possible
segments that are parallel to the original sides.

Now delete one side of the original triangle, say the bottom side, and
all the small line segments that connect this side. We now have a large
triangle in which each side has been divided into n equal segments and
the division points are connected with all possible segments that are
parallel to the original sides. By the induction hypothesis, we have n?
small triangles, and the question is, how many small triangles have we
deleted. The picture is as follows:

(note: When dividing an interval into n equal intervals, you get
n+ 1 endpoints of those intervals. That’s why we have n + 2 endpoints
when we divide one side of the triangle into n + 1 equal segments.)
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We see that the line segment joining x; to y; and the one joining x;
to yo create 1 small triangle. Now for each 1 = 2,3,...,n+ 1, the line
segment joining x; to y; creates 1 small triangle, and the line segment
joining x; to y; 41 creates another small triangle. So the total number
of small triangles which were deleted above is 142n.

Therefore, the total number of small triangles is n?+2n+1 = (n+1)2.
Son—+1 € .S, and by the Principle of Mathematical Induction, S = N.

|

Problem 3.9: What is wrong with the proof in the text that all mem-
bers of the human race are of the same sex?

Az does not exist if n = 1.

Problem 3.19: Prove that for each odd natural number n > 3,

DD ()

Proof. Let S={ne€N:nisevenorn >3,nisoddand (1+1)(1—
H1+5 -1+ %) = 1}. 2 is even, and so 2 € S. Note also that

(1+3)(1—3)=3-2=1,andso 3 € S. Suppose n € N, n > 3 and

{2,3,...,n} CS.
Case 1: nisodd, and son+1iseven. Thusn+1€ S.
Case 2: n>2iseven,andson—12>3isodd and n—1 € S. Then

(DD (25 -

(D0 (+ )
2 3 4 n+1
()57
2 3 4 n—1
X (1 + ﬂ) (1 + (_1)n+1>
n n+1
n+1 (n+1)—1
T n n+1
where in the last equality we have used that n even implies (—1)" =1
and n + 1 odd implies that (—=1)""! = —1. Thus n+1 € S, and by the

Extended Second Principle of Mathematical Induction, {n € N : n >
2} C S. [ ]
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Problem 3.20: Prove that for each natural number n > 6, (n+1)? <
2™,
Proof. Let S ={neN:n>6and (n+1)*><2"}. 6 € S because

(64 1) =49 < 64 = 25, Assume n € S, for n > 6. Note that since
n > 6, n? > 2. Then

(n+1)+1)P2=Mn+2)*=n*>+4n+4
=m*+2n+1)+(2+2n+1)
<P+2n+1)+ (n*+2n+1)
=2(n+1)?<2.-2" = 2"

where the second inequality is due to the inductive hypothesis. Hence
n+ 1 € S. Therefore, by the Extended Principle of Mathematical
Induction, S ={n € N:n > 6}. [ ]

Problem 3.37:
a) Prove that for each natural number n, any set with n members has

@ 2-element subsets.

Proof. Let S = {n € N : any set with n elements has @ 2-

element subsets}. Then clearly 1 € S because a set with 1 element has
no 2-element subsets. Now suppose n € S. To show that n +1 € S,
consider an (n+ 1)-element set A, and let @ € A. Then the set A —{a}
has n elements, and so has @ 2-element subsets. Clearly these are
all the 2-element subsets of A which do not contain a. There are n
2-element subsets of A which contain a. Thus, there are n + @ =
@ 2-element subsets of A, which was a random set of (n + 1)-
elements. Thus, n + 1 € S, and since S is inductive, S = N. |

b) Use the result of (a) to show that for each natural number n, any
set with n members has W 3-element subsets.

Proof. If n =1 or n = 2, then there are no 3-element subsets. So the
base case should start with n = 3, which has exactly one subset, which
agrees with the formula w =1

Now suppose any set with n members has nln=1)(=2) 3 glement sub-
sets. Let A = {ay,aq9,...,an, any1}. There are two types of 3-element

subsets, those that contain the element a,; and those that don’t.

Case 1: a,; is an element of the 3-element subset. In this case, the
other two elements must be in {ay,as,...,a,}. From part (a), there

are exactly @ 2-element subsets in {ay,as, ..., a,}.
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Case 2: a,; is not an element of the 3-element subset. Then the 3-

element subset must be contained in {ay, as, ..., a,}. By our inductive
hypothesis, there are W 3-element subsets of {ay,aq, ..., a,}.
Thus, there are a total of 271 4 r0=D@=2) _ 3n®=3n | n?—8n*42n _
; 2

n’on ("H)Z("fl) 3-element subsets of {ay,as,...,an,ani1}. By in-

6
duction, we have that the number of 3-elements subsets of a set with

n members is "(”+)("_2) for all n > 3. [ |




