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FEATURED REVIEW.

The zeta-functior(, (s) of a number fieldK has a zero of order(K) =r; +r;—1 ats =
0, r; andry being respectively the number of real and complex placds.dh fact, Dedekind’s
evaluation of the residue @f, (s) ats = 1 together with the functional equation impli€s(s) =
—(hg R Jwg)s"®) + O(s"+72), whereh, Ry, andwy are the class number, the regulator, and
the number of roots of unity ok’. The appearance @iy in this equality is of particular interest
becaus&?x is anr(K) x r(K) determinant of logarithms of absolute values of units K. The
leading term in the Taylor expansion @f (s) ats = 0 therefore encapsulates information about
elements of.

Let K/k be an abelian extension of number fields with Galois grGuBy class field theory,
K /k is determined by arithmetic invariants in the ring of integerg ofowever, the proofs of
class field theory do not provide efficient algorithms for constructingut of these invariants.
Hilbert asked in Problem #12 of his famous list if special values of analytic functions, defined by
arithmetic information in completions &f might generaté . If this is possible in the completion
k, at a placev of k, then we expeck( C k,, and sav should split inK /k.

The identityC (s) =], g L(s, x) factors the zeta-function dt as a product of.-functions
that are defined over by the same arithmetic invariants that determitieas a class field. In a
series of papers [Advances in Math(1971), 301-343 (1971)MR0289429(44 #6620) Ad-
vances in Math17(1975), no. 1, 60-92MR0382194(52#3082) Advances in Math22 (1976),
no. 1, 64-84;MR0437501(55#10427) Adv. in Math.35(1980), no. 3, 197-235MR0563924
(81f:10054), H. Stark proposed conjectures detailing how the leading terms of the Taylor serie
of theseL-functions ats = 0 encapsulate information abostitunits of K, S being any finite set
of k-places containing the Archimedean places and all places that ranfifyAnThe conjectures
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apply most naturally to the imprimitive functiorgg s(s) and Lg(s, x) obtained by removing
Euler factors ovelS. If r(x) is the order of vanishing of.5(s, x) ats = 0, thenLg(s, x) =
L(x) - s 4 O(s"0+1) defines a complex numbdi(y) # 0. Loosely speaking, Stark con-
structed amr() x r(x) determinant of-linear forms inlog |£|,,, thee’s beingS-units of K and
the w’s in the setSy of K-places dividing a place i8, and he conjectured thdt(y)/R(x) €
Q(x), the subfield ofC generated by the values f

When the minimal value of the(y) is unity andS contains a distinguished split place
Stark formulated a precise conjecture that identifies the linear () in terms of anS-unit
e, € K and its conjugates undér. Stark identified the denominator Q(x) aswg, and he
conjectured thaf< (¢7/*x) /k is abelian. This “first order zero” conjecture implies an algorithm,
currently implemented in PARI, for constructidgwhenk is totally real. J. Tate [J. Fac. Sci. Univ.
Tokyo Sect. |IA Math.28 (1981), no. 3, 963-978 (1982)yIR0656067(83m:120184)referred
to this conjecture as defined “ovE&f because it provides a precise denominator. Deligne [see J.
T. Tate,Les conjectures de Stark sur les fonctidnsl’Artin en s = 0, Lecture notes edited by
Dominique Bernardi and Norbert Schappacher, Progr. Math., 47, &iddr Boston, Boston, MA,
1984; MR0782485(86e:11112Chapter V)] applied thé-adic cohomological interpretation of
L-functions to prove this conjecture in function fields.

Suppose, - - -, v, are split places i% and supposg’ is an auxiliary set of finite places disjoint
from S. Let Usr be the group ofS-units that are congruent to unity modulo the place§’in
Inspired in part by work of B. H. Gross [J. Fac. Sci. Univ. Tokyo Sect. IA M88y(1988), no. 1,
177-197; MR0931448(89h:11071), K. Rubin [Ann. Inst. Fourier (Grenoble&)6 (1996), no. 1,
33-62; MR1385509(97d:11174)formulated a general conjecture “oV&t in terms of a Galois
invariant regulator mag: Asr — R[G], whereAg 7 is a lattice inQ ® /\Q[G} Us.r containing
/\;[G} Us . with [Ag 7: /\;[G} Us ] a divisor ofg = |G]. Classical results on cyclotomic units and
Gauss sums provide evidence for this conjecture whernQ, but only “up to primes dividing”,

i.e., after tensoring witi[1/g]. The intervention of the latticd s 7 is a subtlety related to the fact
that the Gras conjectures are not valid, in general, at primes dividing

In the paper under review, Popescu proves Rubin’s conjecture in function field¥ pwerto
primes dividingg. He invokes thé-adicétale cohomology for every prinieas well as crystalline
p-adic cohomology at the characteristiof F,. Popescu proceeds by first proving a strong form
of the conjecture oveZ[1/g] for the caser = 0. Using functorial properties, he then finds a
unique element i1/ g|Fittzi [As 7] - Asr satisfying the conjecture for any> 0. Here, A 1
Is the S-class group ofi trivialized along7'. His techniques involve tensoring thadic [resp.
crystalline] cohomology withC; [resp. C,] and then decomposing intg-components. When
K /k is a constant field extension, Popescu proves a stronger form of the full conjecture.

These results provide the first extensive non-classical evidence for Rubin’s conjecture for art
traryr.

{See also the following review MR17113152000m:11116)}

Reviewedby David R. Hayes



/msnmain?fn=105&fmt=pdfdoc&r=1&pg1=CNO&s1=656067&loc=fromrevtext
/msnmain?fn=105&fmt=pdfdoc&r=1&pg1=CNO&s1=782485&loc=fromrevtext
/msnmain?fn=105&fmt=pdfdoc&r=1&pg1=CNO&s1=931448&loc=fromrevtext
/msnmain?fn=105&fmt=pdfdoc&r=1&pg1=CNO&s1=1385509&loc=fromrevtext
/msnmain?fn=105&fmt=pdfdoc&r=1&pg1=CNO&s1=1711315&loc=fromrevtext
/msnmain?fn=130&fmt=hl&pg1=RVRI&s1=57543&v1=David%20R%2E%20Hayes
/msnmain?fn=130&fmt=hl&pg1=IID&s1=57543&v1=David%20R%2E%20Hayes

10.

11.

12.

13.

14.

15.

16.

17.

[References]

Berthelot, P.Cohomologie cristalline des schemas de characteristjgiie Lecture Notes in
Math. 407, Springer-Verlag, Berlin, 197441R0384804(52#5676)

Berthelot, P. and Ogus, ANotes on Crystalline Cohomologivath. Notes 21, Princeton
University Press, Princeton, NJ, 1978 R049170558#10908)

Crew, R.: Geometric Iwasawa theory and a conjecture of Kanad. Math. Soc. Conf. Proc.
7(1987), 37-53.MR089431688f:14016)

Gross, B.: On the values of Abelidrfunctions ats = 0, J. Fac. Sci. Univ. Toky69 (1988),
177-197.MR093144889h:11071)

Hayes, D. R.: Explicit class field theory in global function fiel&udies in Algebra and
Number TheoryAcademic Press, New York, 1979, pp. 173-2MR0535766(81d:12011)
Hayes, D. R.: Stickelberger elements in function fiekanpositio Math55 (1985), 209-239.
MRO079571587d:11091)

. Hartshorne, RAlgebraic GeometrySpringer-Verlag, Berlin, 1977MR046315757 #3116)
. Katz, N. M. and Messing, W.: Some consequences of the Riemann hypothesis for varieties o\

finite fields,Invent. Math23(1974), 73—77.MR0332791(48#11117)

. Mazur, B. and Wiles, A.: Class fields of abelian extensiong§) pfnvent. Math.76 (1984),

179-330.MR0742853(85m:11069)

Milne, J.:Etale CohomologyPrinceton Math. Series 33, Princeton University Press, Princeton,
1980. MR0559531(81):14002)

Moreno, C.:Algebraic Curves over Finite FieldsCambridge University Press, 1991.
MR1101140(92d:11066)

Popescu, C. D.: On a refined stark conjecture for function fields, PhD Thesis, Ohio Sta
University, 1996.

Popescu, C. D.: Gras-type conjectures for function fields, to app&aonmpositio Math.
MR17113152000m:11116)

Rubin, K.: A Stark conjecture ‘ové&’ for Abelian L-functions with multiple zerosAnn. Inst.
Fourier 46 (1996). MR138550997d:11174)

Stark, H..L-functions ats = 1, I, II, I, IV, Adv. in Math.7 (1971), 301-34317(1975), 60-92;
22(1976), 64-8435(1980), 197-235MR028942944 #6620)

Tate, J.: On Stark’s conjecture on the behaviour(sf x) ats = 0, J. Fac. Sci. Univ. Tokya8
(1982), 963-978 MR0656067(83m:12018a)

Tate, J.Les Conjectures de Stark sur les Fonctidnsl’Artin en s = 0, Progr. in Math. 47,
Birkhaiiser, Boston, 1984MR078248586e:11112)

(© Copyright American Mathematical Society 2000, 2004


/msnmain?fn=105&fmt=doc&pg1=MR&s1=52:5676
/msnmain?fn=105&fmt=doc&pg1=MR&s1=58:10908
/msnmain?fn=105&fmt=doc&pg1=MR&s1=88f:14016
/msnmain?fn=105&fmt=doc&pg1=MR&s1=89h:11071
/msnmain?fn=105&fmt=doc&pg1=MR&s1=81d:12011
/msnmain?fn=105&fmt=doc&pg1=MR&s1=87d:11091
/msnmain?fn=105&fmt=doc&pg1=MR&s1=57:3116
/msnmain?fn=105&fmt=doc&pg1=MR&s1=48:11117
/msnmain?fn=105&fmt=doc&pg1=MR&s1=85m:11069
/msnmain?fn=105&fmt=doc&pg1=MR&s1=81j:14002
/msnmain?fn=105&fmt=doc&pg1=MR&s1=92d:11066
/msnmain?fn=105&fmt=doc&pg1=MR&s1=92d:11066
/msnmain?fn=105&fmt=doc&pg1=MR&s1=2000m:11116
/msnmain?fn=105&fmt=doc&pg1=MR&s1=2000m:11116
/msnmain?fn=105&fmt=doc&pg1=MR&s1=97d:11174
/msnmain?fn=105&fmt=doc&pg1=MR&s1=44:6620
/msnmain?fn=105&fmt=doc&pg1=MR&s1=83m:12018a
/msnmain?fn=105&fmt=doc&pg1=MR&s1=86e:11112

