20B Quiz Solutions Fall 2004 Bender

Each quiz is worth 12 points.

Q1. Each part is worth 6 points.

(a)

The first is an application of the Fundamental Theorem of Calculus and the rule
for differentiating composition of functions. The answer is

d 2
(x2)3 +1 S 9p/ab 1 L.

dx

There are 3 points for each factor; that is, 3 points for 2z and three points for

(22)3 + 1 (which can be written V2% + 1). If you differentiate 22 incorrectly,
there are no points for that factor. If you get V23 + 1 or some other incorrect
factor, there are no points for that factor.

This is almost identical to a homework problem (5.5 #63). Use the substitution
u =1 — 1 to obtain (remembering that du = dt)

/t\/t——ldt = /(u+1)\/ﬂdu = /(u3/2—l—u1/2)du

) 5/2 ) 3/2 2t — 1 5/2 2t—13/2
S R L R Gt VU
5 3 5 3

+C.

Of course, you might not choose to call the new variable w.

1 point: giving correct substitution;

1 point: getting du = dt;

1 point: doing the substitution correctly;

1 point: evaluating the resulting integral;

1 point: getting the final result in terms of t;

1 point: having +C'.
If you make an error somewhere along the line, you will lose the one point for
that step. If the remainder of the work based on that error is done correctly, you
will receive credit for those steps.
Exception: If you write v/t — 1 = t—1, or v/t — 1, or some similar misuse of square
root, you will lose all subsequent points except possibly +C.

Subsequent quizzes may not give such a detailed point break-down. Also, as we get
more material, subsequent quizzes are likely to be more difficult.

Q2. The region is bounded above by the parabola and below by the line. The curves
intersect at (0,0) and (3,3).

(a) A = /()B(x(él—:v))—x) dr = /03(31'—332)(1:17 = (?—%gr = 33/2 32

0
You need not carry out the arithmetic to get 9/2.

4 points for setting up the integral correctly;
2 points for the integration.
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(b) We need to get = as a function of y, so we have x = y and z = 2 — /4 —y. The
latter comes from y = 4z — 22 = 4 — (x — 2)? and the correct choice of the sign
on the square root. Thus the answer is

7?/03<y2—(2—\/H)2> dy = W/OSdey—W/Og@— 4—y)?dy.

2 points to realize you must express x as a function of y;

2 points for solving correctly for = for the parabola;

2 points for writing down the integral correctly, based on whatever you found
when solving the parabola for x.

Some people may have used the shell method for computing the volume. In that
case, you would have two integrals depending on whether the top boundary was
the parabola or y = 3. To get the intersection: 3 = 4 — (x — 2)? and use the
quadratic formula. Thus x = 1. The answer is

1 3
2
27T/0 z((4x — x )—x)dx—l—%r/l x(3—x) dx.

2 points for realizing there are two integrals and finding = 1;
2 points for writing down each integral correctly, based on whatever limits
you found if you did not get x = 1.

Q3. (a) Since 22 — 1 = (z — 1)(z + 1) and 22 + 1 does not factor and the degree of the
numerator is less than the degree of the denominator, the answer is

A n B n C n D +E$—|—F
r—1 (z—-1)2% 241 (x+1)2 2241

Of course, the order of the terms and the names of the constants A—F' are irrele-
vant.

1 point for the A and C' terms.

1 point for the B and D terms.

2 points for the Ex + F term. (1 each for EFz and F)).

There is an alternate form which is acceptable:

Ax + B +C’x—|—D +E33+F
(x—1)2 (z+1)2 2241

In that case there are 2 points for recognizing that all of A—D must be present.
There is no partial credit for these two points.

(b) Let z = sect (and so dx = sect tant dt) to get

21
= /costdt = sint+C = L—FC.

i

sect tant dt

dx
/:1:2\/902—1 N / sec?t tant
2
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1 point for the correct substitution.

1 point for getting to [ cost dt.

1 point +C.

1 point for correctly substituting back into whatever answer you got to get
an expression in terms of x.

(c) Let t = €® (and so x = Int and dz = dt/t) to get

/exdj-l - /t(tcil) - /(%_t%) dt

= Init|-In[t+1|+C = z—In(e*+1)+C.

You may rewrite this as —In(1 +e %)+ C, —In|1 + e~ *| + C, or something else
that is equivalent — but there is no need to do so.

1 point for the substitution ¢ = e*, or some other substitution (such as
t = e~ ") that gives a rational integrand.

1 point for correct partial fraction decomposition of your integrand.

1 point for correctly integrating your partial fraction decomposition.

1 point for getting the final answer. This point is all or nothing, except you
get the point if +C' is missing. No point if you have |z| instead of z. However, it
is okay to have In|e” + 1| since e + 1 > 0 for all x.

Q4 (a) Since h=(b—a)/n=(1—-0)/3 =1/3, we have

Hae2y/1- ()42 1= (3)+0) or (5 S 1) 1- @) +o)

where, of course, you can leave off the “+0”.
1 point for getting the interval (1/3) correct.
1 point for knowing that the integrand must be evaluated
at 0, 1/3,2/3 and 1.
1 point for knowing that the end values are multiplied by h/2 rather than h.

Since the problem was vague about the form of the solution, you could also write the
answer as

%(f(())+2f(1/3)+2f(2/3)+f(1)) where f(z) = /1 — a.

If you do not say what f(x) is, you lose 1 point because there no value for f(x) was given
in the problem. Otherwise, points are calculated as indicated above.
(b) (3 points) It is convergent. You can do this by evaluating the integral:

* dx ) -1 1 ) 1 1 1
——5 = lim = lim | = — = —.
4 (x—=1) a—oo |z —1], a>c\3 a-—1 3

3
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Q5. (a)

You lose 2 points if you do not rewrite the improper integral as a limit.

O dt

You can do this by a change of variable: f 4 1)2 = J; {z, which we know
converges by the test in the text since 2 > 1.

You can do this by the comparison test. That is a bit tricky: in @ 11)2 > %, the
inequality is in the wrong direction. It can be shown that @ 1)2 < 9162, but I'll
omit the details since I doubt that anyone has done this correctly.

(3 points) It diverges since % > % and floo C;—x diverges.

One point for each correct identification. I = 5.05, Rog = 5.06, 1oy = 5.02.

If you’re interested, here’s one way to reach this conclusion. Since the function is
increasing (f’ > 0), Ry is greater than all the other estimates we studied. Since

the function is convex (f” > 0), the Midpoint Rule underestimates the integral.
(You can also see how R and T behave by drawing a picture.)

We have 3y’ = b? and so (23’ — y)? = (2b)2 = 4y'. Thus the answer is all b.
4 points for getting all b; otherwise no points.

We have y' = —c/x? and so (zy’ — y)? = (—c/z — ¢/z)? = 4c?/x?. For this to

equal 43" we must have 4¢? = —4c. Thus the answer is ¢ = 0 and ¢ = —1.
If you say all ¢, no points.
2 points each for ¢ = 0 and ¢ = —1, but if you have any answers other than

these, you lose 2 points, but don’t go negative. For example, the answer ¢ = 0,
c=1and ¢ = —1 is worth 4 — 2 = 2 points; the answer ¢ = £1 is worth 2—2 =10
points; the answer ¢ = 5 is worth no points.

Since we are rotating about the y-axis, the area is [ 2mz+/(dz)? + (dy)?. At this
point we can proceed in either of two directions:

o If we integrate over y, then z(y) = (64/y>)'/? = 8y~3/2 anda’(y) = —12y~°/2.
Thus the answer is

4 4
7r/ 8y~32\/1+122/y5 dy = 167?/ y~3/2\/14 144/ dy.
1 1

o If we integrate over z, then y(z) = (64/22)Y/3 = 4272/3 and
y' () = —(8/3)x~5/3. Thus the answer is

® 1
2 / o\ /14 (8320105 do = 2 / /1 + 64/9210/3 da.
1

1 point for knowing the correct form of the integral, either

2m [x+/(dz)? + (dy)?, 27 [2/1+ (y 2dx or 27 [z(y)\/1+ (2/(y))? dy.

1 point for solvmg for z(y) or y(x) correctly, with or Wlthout doing the arith-
metic. For example, y = (64/22)/3 is fine.

4
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Q6. (a)

1 point for having the final integral written down correctly, doing the arith-
metic.

. . ir__ _—ix 2ix —2ix .
Since sinz = <—=%— and cos(2z) = <——— The answer is
it _ pTiT 62196 + 672295 63133 — e e €f3zx
21 2 47 ’

which could be rearranged in various ways.
Alternatively, one could use the identity for a product of sine and cosine to write

sin(3x) + sin(—x)
2

1(32) — s
sinz cos(2z) = sin 93)2 S or, equivalently,

and then convert this to exponentials.

1 point each for knowing how to write sinz and cos(2z) in terms of expo-
nentials or, in the second method, sin(3z) and either sin(—z) or sinz.

2 points for getting the final answer correct.

Since 2% + 4 = (x + 2i)(z — 2i), the form is mf% + x]_BQZ.. By whatever method
you choose, A = B = 1.

2 points for knowing the form.

1 point each for A and B.

Since —1 = e = e% cos y + (e” sin y)i, we see that siny = 0 and so cosy = 1.
To get e” cosy = —1, we must have x = 0 and cosy = —1. Thus y = 7 plus any
multiple of 27. In other words, any odd multiple of 7 is an acceptable answer.

2 points for z =0

2 points for y = m or y = —7 or y = 3w, etc. (1 point if you realize that
siny = 0 but do not get y.)



