Bender Math 21D  Outline of Solutions to Second Midterm March 2, 2000

1. (a) This can be made into an exact equation with the integrating factor e*, but it is
easier to separate variables:

/l’emd$=—/2ydy and so ze® — e = —y? + C,

where the first integral was done using the given formula with a = n = 1. Putting
in x =0 and y = 2, we obtain C' = 3.

(b) This is a linear equation in #(z): zt/(x) +t = 3x%. The integrating factor is 1
and so ot = 23 + C.
(c) This is exact since d(ye®)/dy = d(y + €¥)/0x. Integrating gives y*/2 + ye® = C.

(d) The solution is y(x) = 0 for all z. Why not separate variables? You can separate
variables provided y # 0. If we ignore the condition and proceed, we obtain
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and so —1/y = 22 + C. Hence y = ﬁ Setting * = y = 0, we obtain
0 = —1/C, which is impossible. Thus C' = oo, a second mistake since C' must
be a real number. With two mistakes, we can obtain the correct answer, but not
credit for the problem.

(e) The roots of the characteristic equation are —1 and 5, so the general solution is
y = Cre t 4 Cyhedl.

(f) The roots of the characteristic equation are 2 + i, so the general solution is
y = (Cy cost + Cysint)e?’. The initial conditions give 0 = C; and 1 = 2C + Cs.
Thus the particular solution is y = e%!sint.

2. This problem can be done by solving the differential equation (separate variables).
However, there is no need to do that much work.

(a) To find them, we solve 0 = y—13, obtaining y = —1, 0, 1 for the three equilibrium
points.

(b) Since (y—y3)’ = 1—3y?, the function y—y3 is decreasing at y = +1 and increasing
at y = 0. Thus y = 1 are stable and y = 0 is unstable.

(¢) The limit is 1. Since y(0) is between the unstable equilibrium y = 0 and the
stable equilibrium y = 1, y(¢) will move toward y = 1.



