
 
I Some properties of the FT on LP

Definition If uC SCRY is a tempered distribution we define UV

via the formula wtf nU RI for all fCScan We call thisthe

inverse Fouriertransform

A general butsomewhat abstract resutabout the computation of Fourier transforms

and the Fourier inversion formula is the following

Proposition Let ucS.cl2n Then tuk U In addition it ut CHRY For Kpfa

and fatsGRM are suchthat fk u in 411124 then Ik in in LP'arn

In addition if we write a E Uh dx then Ip I in LPCnn

PI The abstract inversion formulafollows from computing ITH 17yd Rft nu FR ft uffynRF't

all fCSarn so KMffulft thanksto inversion on Sinn Suppose FkC51112N with fk U

thenby Hausdorffyoung 11Ik Till if GIT llfk http so the resultfollows

Thesame result for Ik replacedby Ximena follows similarly

Just likebefore we have the following list of identities for the FT in LP

Proposition Let fCMinn and GELOCIRN be functions and Ut I 5 be their

Fourier transforms in the sense of distributions Ther

1 f eibEI.ee f cnI foF aTIoCA It allAcGln for 14PEZ
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4 If ftellin for Kaz and yes then I 4 UV f

5 If p q 2 ther f g y II J

pt Theproofs follow easilyfrom the corresponding statements for SLIM and

dusty Note that the conditions on P o is 3 4 are so HausdorffYoung B Satisfied

The constants in 3 comes from lf gY nRlfFg in RI RS GMfugu Dat 4 follows

by takingthe FT of both sides

Now we can prove the followingthing about Fourier inversion

The Let ft 1112N with 14pct Let YESCnn suchthat 461 1 Set

fecx nSei Ey cE I g IE Then as c no one has ft f in LP

and feta fbi for all ac Lf

PI YCc E cSatin so yce.SI Uce f we have Ace E n Cece1 3

Since lets Cnn it is easy to check 14CE.VN Ecff eyn
and SHE.Ynidic L

Thus UCEY is an approximate identity and the result follows

Remorki By splittingfunctions the previous theorem alsoshows that for fC 4th

onehas e y EE EDE fix pointwise a e for any HESCIRM with414 1

A typicalexample B fml fig nS e E ec131 II e d all ft L'ti

II TheUncertainty Principle

We start with the mostbasic uncertainty principle white states that if



is concentrated on a box of site d X Xin then the support of f cannot be compressed

further than boxes of site tix Xxii

The Heisenberg's uncertaintyRelation Let fCSHRM then for No30 C1124112 one has
n

11ft ETKITT I 11 26kfHullCE E KIIle The constant B shop in the12 1

sense that there is equality for f Al eEIA l whee A di yn
13 a positivedefinite diagonal matrix

Remote By the Cauchy Schwarz inequality one has 11ft E 1251 111 761fHell13301Illy
whichin general is a lesspreciseform

Pt first compute In Dkfxkf Dnfxkf Ikf Dnf xKDk f f 11511

YThus 11ftIt 211 Ikf 11,211DkElle 2121T 11 1 fly 113k He Suming an K l n yields

11111 E31211542k DX fit 113k Her Applying thisestimate to e Z I yo f yeilds

the desired result bynoting Ei f e
1430 I 13 30

F e iso IE H IIE77To see the optimality of the Gaussian note that e I f

so with fbd ei 30eElAl o then I _Cmyk A it r eincite24 e It A 133112

By chargeof variables wecompute HfHIz Se Pdx IT Z

Livewire HH to kfH d I Seck e doc I Se da The Xii
And 111350311154115 15131 e de 2n it kxf
Thus 1,11Hxn film111224k 11 L 2 tn 2 n

z 2itYh1lfHf

Next we express anotherversion of the uncertainty principle in terms of LP norms

Thiswillalsoallow us to introduce a fewmore basic conceptsabout distributions



Deke let Ut541127be a tempered distribution Wedefine supplu to bethe

smallest closed subsetof 112 such that Ulf o for all ftsCIRM with

Supp f EIRMsupplu Wesay a distribution UES IRN is of

compact support if supplul B bounded We define E IRN to be all distributions

of compactsupport

LemmajLet UE54112N with compactsupportThen u has a natural extension to a

Map U CooCla E which is continuous withrespect to the seminorms It Hak LENIN and

KEIRNcompact whee 11 fly k If 104111

PI Let yCCeocan with 4 1 on some openset U2 supplu Then fo fescinn

wehave U f U H4 ft yf 414f because Suppl114 f E112Msuppler

This IWAIEC µ11 074 f HufEmf lOBtHµ ppµ Now thismakes sense ever for feculipn

so the extension property on continuity wet 11 Il k Follows at once

The Fourier transform of compactly supported distributions iseasy todescribe dascolly

Prep If uC E 11124 then I c Coo inn and is givenby the formula TIE u e it

and satisfies an estimate logicalEC HIEI some fixedN On the otherhand

if I CE Rn then u cCOOCH is givenby uLH ynI e and satisfies

an estimate of thfwm 10,4441fg 111 1 forsome fixed111

pt First definethe function cite u e it Us e 3 Since the difference quotints
i In ei3 sc

5 the
Ogg e I in Coogan wrt x variable luniform a cometsetsAKine 3 30



we get AkhilE us AnhE 4 1 ink e 3 Inductiongives 04h exists

and Oddie i U lad e 3 thus Id'dtell EC 1101362e 111µg some compact

KEIR Thus Id Il EC 1 111 follows Finally to show her is the FT of u

in thesense of distributions we need to show Lu Seix If eDE Scu ei find

forall ft Sann By density continuity of FT it suffices to consider fCCioCnn

Then the result followsfrom linearityand Riemannintegration because for any sequence

of meshes 1A'E'le Io ch j wehave ei Etcs Ajc z Sei find
andby smoothness of Lu e i we have Lu ei 3 fIz A 3 Scue i f13113

as well

Corollary let ut 5912M then 3 a sequence heCCY Nn such that he U

weakly in sense of distributions Moreover the convergence is uniformlybounded intheSera

sua that Khe f IEC µHfly p For C M uniform in o
IBIEm

pI Let 6 CCcaClan with 6 1 on 1 1El Define UelD UCE c we n

where c 4 En I i.e Get f I UCe f Since JEE E Irn

wehave WelshCCooCnn so ClCtx Wen CGwynn Fix fCSARN

then Lue f we f t we 4C 1 f Thus to show he 14 Uniformly in oursense

we need we 14 and Ilive g I ICE Hgh p uniform as C to Both of these follow
1211N
IBIkm

at once because Lwf f Te fr LI Yee fr And 4Ce fu 7 fu in S

while Its'ann so Kun yet gv IEC pull514 E E µ s yp
uniform as C 0

INLm

We now use these regularitations to set up thebasic convolution identities

for distributions



Defy let uC511124 and fCSURD Then we define U f to be the function

H Lu cserfs

Theory Let uc541124 and f gtSHRM Then

1 Utf CCooCnn andthere exists an N o depending onlyon 4 andGio depending on

on both U and f such that I04h f INIEC H1n1 Onehas 04 7 4 04

2 one has UH f g u lfxg and Lu f g L U RfgY

3 UHF II and uxfk fnYUV.fr when multistration 3 defined by f u g LufgS
4 If nhII and a f uV fV

Pt 1 To show wtf CCooch and d f UH f we use induction and the

fact thatthe difference quotients in sc for fixed AkhfHy _th flathery fly
converse to 0k f hi y ch51112M

To get the boundnote IutthDIfc µm1lI fHyp and 115HLB yddBfly x Laydy

Ca 111 141141lyxD dBfly aHudy E C CHIH yall f IL B
To show the identities 2 4 we usethe sameidea repeatedly If he he511124

and Ue 14 then fo ftSCIRn Uetf 144A This is a simple consequence of the

formula SLu Rf glxdx u Starfglasda for gecococirn whichcan be shown

using the Riemann sum idea of the FT proof for E'Cnn above By density this

gives lust g Lu Rfsg all bits n and fgtS Inn and Ucsf lust follows

Now 2 4 all follow fromtheir counterparts in the case at SHRM as well

Now wereturn to uncertainty principles for the Fourier transform The following

estimate is often useful in the theory of PDE



The Bernstein'sInequality Let UC541124 be a tempered distribution such that

I is supported in a rectangle 12 13412 1 13,23 1E Xk for some 39 112

and Xk o Then it UELPLIRM one has ut HARM all of p and the Ba fixed C o

not depending on po such that 11h16EC1121 HUH where IRI_IIhe
is the measure of R

Pt By multiplying u by E we can assume 30 0 Let 4CCiocinn be

a function with 4 1 on the box 1 1442 Fu LEI n and set URL3 4 A x

where A diagli dn Then I 4R I so by the Fourier inversion formula we

have U UtherV By interpolaing we onlyneed toshow both 114441,1C and 11144Hoo Earl

Thesecond band follows at once from 144314 n11411yd while the second

follows From the formula RYN lAlU4Ax and 44 54124


