
I LCH spaces andRadonMeasures

A Basics of LCHspaces

Lemma Let X be a Hausdorff space and set X fX x lx X and

F VEJ X'tle whee EEXiscompact Then Jx't B a topologyor X't making

it into a compact space Finally i X X is an embedding

PI First note that it VEXopenandEEXcompact then UV e UU e us IV'recufx c in

l Uche and Vane is compact in X In addition Url e Une wh.ch B open in X

Thus weonlyneed to show that U V V EY de ie G compact in X implies

V nuts YVaEs I e nlxTez leveal de.ua compactin X and ylxkei XTM.es

where the compact in X Theseareallobvious

Finally let X YVa lb tJ Thensome VEX'ties because xx tho then

EdoC I MX and KNX is alwaysopen Thus GoCit Vai d Yo lL covers X

Finally i ht VnX isopenall lTtJ Also in EX B open all VtF

LCH
Defe A Hausdorff space is called locallycompact if X B Hausdorff We call X

the onepoint compactification of X

Lemire If X Ba LCHand eCVEX with E compactandUopen Then3 f C XcoB

with f le l and f 0 outside some compact subset of V

PI Note that eEVEX are compact respopen Thus X't IV is closed andthere

exists EET and HIV CIT with TiTEJ andTNT_lo

Thos e ETE ET EV and E is correct in X ByUrysohn's lemma thereexists

f CCHsoD with fleet and fly c o Thussupplf atX1fIxI E I B compact



Restricting f to X yieldsthedesired function

Remarth Not thatone of thesteps in thisproof shows if e cVEX w E compactand V openthen

3 open IT with EET EIEV with IT compact

Defy Let be an topological space If VEX is an open set then we for fecal

we write f TV if 0 Eff l and Supp f is a compact subsetof V If E EX D a compact

subset we write Eff if f e I Of ffl and Supplf is compact Thus the conclusion of the

previousresult canbewritten as Effy V

Lemmas Let X be a LCH space and E E Vn a compact subset with open coveringVi

Thenthereexists a collection of Ui EC X with YitVi and EY IIYi

pt Asshown in the Remarkabove Foreach Xte with setVi 3 an openset IT with

C VxEVIcVi and The compact let Vx j l m cover E For each i set

Fi Fbi Then Fiori are compact and e cftFi Nowlet fit CCXsoR
with Fitfitvi Then II fi I on E and II fit VIIVi Let 4ECCX.coB
begiven so that eY4Y xtX I IIfind o SettingUi_ftpy I f givesthe desiredresult

B RadonMeasures
Borelsets

Defe Let X be a LCH space Then a Radarmeasure ar X B is a Borel measure

such that µ e Loo for a compact EEX andsuch that

i outerRegularity µLE inffµIV V2 E and V apu all FCBx
ii InnerRegularity on0pmSets µ IV sup yule 1 E EV e compact all U open



es If F 1127112 is monotone increasingand right continuous there is a unique Radar

measure on 112 Such that µ laD Flb Fla Andall Radar measures on

112 are given in this way In fact one onlyneeds toassume µ e Loo all EEIR

compact and we evenget µ B inner regular on all Boelsets getback tothis

in general later

Deke Let be a LCH space We set CcCX the set of all fecal such that

supplf Text is compact A positivelinearfunctional on Cc X B a

linear map I Gcn 41C such that It f Do all fro

Proposition Let X be a LCHspace and I a positive linear functional on Cc X

Define thefunction µ 3 5112 by µ U sup IIF I f YU and 1h14

Then theFunction pit P x 3112 definedby µHA inf µ V AEVopen is an outer measure

PI By a 240A result we justneed toshow if U Vi ther µlV ffI Alvi
because the µHA mfi µlVi AE.IEVi is anopencolor

To show the inequality let fYV andset Kisuppifl Then K E ivi so let yit Can
be given with 4 YUI and KYFIYi YU Then F Uif and since UifTV we get

It f Ily f E luVilE I 1ulVil Takingthe sup aw all f TV gives the result

Proposition Let X I µ't be as aboveThenall open sets are pit measureable

In particular pit induces a Borelmeasure µ on X with µIV sup Ilf f TV

and µIE int KIU I F EVopen



PI weneed to show that for all sets AEX with µHA Loo that

µHlA3µHlAnV tµHAlV all VEX open Giver E 0 choose 112A open

with guiltLµHA te Then it µHxnVtµHxw f pith we get

µHANVtµHAw fµHA tE for all E o So it suffices to prove theinequalityfor

open sets offinite outermeasure let IT be such a set

For so choose f Y VNV with Itf µ Vnv E Since Visupplf

B open and finitemeasure we can also find gY It supplf with Ilg µ Visupplf E

Then ftgY IT so feat Ilftg µlxnV talk supplft 2t µtHnV tµHHlV LE Take C o

Proposition Let X I µ be as above Then µ B a Radarmeasure and in fact onehas

B µ e inffIH Etf for all EEX compact

PI Fix E compact and let e EV arm Then 3 EY f TV Thus inflitt Eff

inff IH l exffV Mtv Since this works for all E EV we certainly have

inffIt f Ietf µ e On the other hand let etf and set Ve fxtX1 fat I E

Then EEVe and for all GYVE wehave th e g 0 So Itg I Itf

Supping our such g gives µ e fmlVe f Itf andtaking E to gives pile EIA all Etf

Thus µ Ie E int III f I Etf and we are done

This main identity A alsoshows µ Ie coo all compact e EX

Finally if VEX open choose LlynIV and f TV with Itf 2 let E supplf

then for any Efg wehave g f 7,0 so Ilg Ifl 2 andby the main identity of the

propositionweget µ e L as well Thus sp pile EEV compact xlv and

the otherdirection B immediate from monotonnity



theorem LetXbe a LCHspace and I ccCX 56 a positive linearfunctional Thenthere

exists a unique Rado measure µ suchthat I fdµ MoreoverMtv sup I f I f TV

for all V open while µ e inf Itf 1 eff all e compact

pI wehave already giventhe construction I Hpe when µ is Radon with the

correct formulas for µIVIand µ e

To get the integral formula by splitting into real andimaginary parts thenpositiveand

negativeparts and finally resealing it suffices toshow fdµ Ilf all fCCc XcoR

Givensuch an f choose NEIN and for 5I N and define Kj xtX f 7 JN l

Since Ki ae closed and ESupplfl Ko they are compact For each 1154Nset

f m ff iinail IIIik's minfmanffE.io t Thus N XKE f faith In addition
µ l Xt Kj

we have II fj f Thus N'Yuck E fjdµ EN11h45 and we get

Ii Mkikxfd.net Ionckil
On the other hand if Kj EU open we get Alf TV so Ilf ENYalu and

taking if our ki EV we get Ilf ExitKIKI Butsince KjYNfj we also

have Nbulk t Iif bythe previousproposition Thus 1 E IH E'T oµlKj as well

Takingthedifference yields 1 Itf Sfdµ1ENY µlKo µlK 1 M dfD
Taking Hoo givesthedesiredresult

Finally we prove the uniqueness result If it is anyRadonmeasuresuch that

It f S fdµ all fCCcCx If VEX is openand f YU ther 0 Eff Xv So

integration gives It f ER Lv On theother taking K EV compact with FCK MTV

we can find Kntfntv so integration gives S fndµ Itv Thus

I IV supIII f I f TV µLV whee µ is the Radonmeasure constructedabove

Since µTr mf KTV Europa if KIVI Europa µlE all Boel F we are done




