
 
I Convolutions

A Translations and Reflections

DefI For f IR 71C and yelp setTyfix fH y We set Rf X fl x

By translation invariance we get Hcyfllc.ptlfllLp all GEIR and IEPEoo

In addition we canstate theproperty of beinguniformly continuous as

11Tgf fHu30 as lyl30

Proposition For ft Irn I Loo then yts yf.is a uniformly continuousmap from 112 LPIRN

pt If feccann then theresult follows From DCT If fCPLINY and so choose

4CCcGM with 114 fIt LE Since It yf cfHLp 11cyf thus we can just

prove 112yd flip 30 as lylso and since fgifollcyf.tlLpfyhI ollTylf y ll1ptyhIoHfee1yptfgIoH54Nlp
Le we may concludeby taking E so

Deke Let fgi.IR 31C betwomeasurable functions such that f g CL Nn
Then we set L fg5 snnfbig.be dx and f g L9,5

Lemire If f y and yellin

1 If Lcyf.gs exists then So does Lt 2yg and they are equal

2 If LRF.gs exists then so does Lf Rg andthey areequal
arme

pI Recall that if T 112 3112 B a nonsingular transformation Tx Ax y then for fcL4124 fottLYNN

and one has Spinflty ldeHAldy Spnflydy seethm2.44 Thus for Tx a y wehate

fIx ygbd f Tx 2gg Tx andthe resultfollows 2 3 also direct



B Convolutions

Defe Fix x c1127 then it f y IR 36 are measurable and if f x ggly c L dy

we define f glx S f Ixgglydy Giventwo such measurable functions we say

f g exists if f g x exists For a e so c IR

Remarly ByTonelli fHg existsand is measurable itt Stfu ggly1dgLoo a e EIR

Lemmy Let f ghttp 46 be measurablefunctions

1 If f glxy exists then so does Eyfag and f zyg andthey are allequal

2 If f gtx exists then sodoes Rf Rglx andtheyare all equal

3 If f g1x exists then so does gifts and theyare equal

4 If fig and g h exists then if If lost hCx exists so doesboth HagthlH andfilgthDi andtheyareequal
closure

5 supplftg E srplfltspplgf f.EERh Z xty xtsppflandytspp1g

PI 1 wehave fgbD LexRf g so because ExyR t R TseRi get f glxg L4 yRfg

Lc RTyfg LTurftyg as needed

2 ftyl a Le serf g LRTnfg L412RfRg RftRg

3 From LARSg Lf RI ng Lf t Rg

4 By definition and FubiniTonelli if LifHlgl existsthen Lg Rf east and Lfag4 Lg Rft

In our case this gives f g hbc Lfits Rh Lf Rgt412k Lf e RIGHT falgthDc

5 Let ZEIR suchthat xty z x supplft or yesupplg Thenforanyyarn flZ ggly 0

because either fAy o or gly o Thus f g17 o

Remaly Some of the aboveformulas become more clear if IflHy CL'lo d CCaliph

thenbyFubiniTonelli fag SSflugly lxtydxdy



Proposition one has the formula ddlfHg ddf g in the following sense

1 If fCSHRM and GELPARM then for all 2 and llftgllckfc.lkHfIlgllgllLp
whee llfllckgpnyjf.LIddfllu for all 127,0

2 If fCdarn and 11flick Loo all 144k and gE L M then fHgECk4Rn

and f gtld f HflickHglly
3 If f cCckapn and ftho412N then fHgECkGRn Note There is no uniform

estimate in this case

4 If f gts then f gts andone canwrite d4f g ddftg f dLg
5 If ftchann and gt Mn then fHgtCktk4Rn and ddtB f g 04 0Bg

for all 1214k and11314122

PI In all cases theproof is basically the same To show SfDcgglydy
is differentiable at we just need daifu g gly Ehly c L dy all Ix MIKI

Higher derivatives can betreated by induction

1 Hereuse ldxiflxylglyllfkclthchntlo.it x l1u ltlx yl
n t g1yI1 h1y1 llHxyiIh IghtC L dy

and Hddfitglh.LI ddfllLpiHgllLpfCHl1HxlYHdtfllu llgllpffllfllglIglLp
2 Similarargument thecontinuity of ddf g For KKK followsfromDCTThe board

llddfxgllfllddfllullg.lk followsfromtriangle inequality

3 Here hole the compact support of fECE n guarantees fdg convergesThen

I ddflx ggly f 11flickXBp.ggy 1gly 1whespplf EBplo
4 If f gES ther la dBlfrog Ix EG 1 1 f1 IgtH t 1041 1 114191

because 1 441 121214 11 yl 1 Ibp Thus llfxgllgpfqlllfllyp.tl lHxiTtlgHLwt11ClHxiYhdtfHLo11glLo
In fact thisshows Tg S 75 when Tgf flag is continuous

5 Similar to 1 4 above



RemakeTheprevious result shows that convolution improves thelocal properties of functions

However in general it worsens the global lie decey properties of functions

theorem young'sineg etc Let gtl.PLRn and ft L1112MtLP'aRn then

fHg a exists for a e KEIR Moreover

1 If FEL ther f gELP and llftgllpfllfHL.MGlLp
2 If fELP then fHg is inifornly continuousand llftgllykllfllp.mg1p If lcpcoothufltgtc.cl2n

3 If fcLb for f tf It't the fig CLr and llfbgllrfllfllpllgllglnulell.SEp ri g

4 If gELP then 3 holds for Icp gLoo and llftgllrfclp.gl lfHfllgllLpoo

Pt D OU Minkowski HsglxylfhddyllpESHglxyillp.lt41ldy HgHpHfll

2 UseHoldr I sflxjgljdylfllflxyllllpgllglllp.IMftp.tgllp If either ft 44127 o gtc.CM
weget 11Iylfby figHu HTsf flip11511ps or I11ftp.tTyggl1p which goes to Zero as lyl so
Then one can approximate by 41112 because either pfoo or P'too

To get fastCCNN wejust need toapproximate both f g by Callan whatis possible

when Kpcoo

3 we can use D82 above and RieszThorn Setting Tgf f g we get

HTglhpye.SIgllpondllTgHy LpEllg11pThus for f t tf Ep and I t p Ep

he have HTgHLq µ EkgHp Then tf Ept Itf so 111514411glpllfHg

9 weprovedthisusingMarcinkiewicz interpolation

C Approximate Identities Via Convolution

The main use of convolutions is to smooth functions out in a uniformway

Thus a major question is how regularitations He f YEE h61E'si 4C L 112

converge to f as E so Wehave alreadyproved if ftLP for IEPLoo and 54 1



then ye f f in LP Here we give a more general discussion

Definition Let KdGDCL IRN be a sequence of functions defined for occredo with

1 SKofidx I

2 HksHutC
3 Foreach so Obe dx o as 8 so

We say Kola B a goodkernel if 1 3 hold

Cod If 4thInn and 54 1 then Kobe d n610 hasthese properties

theorem let ko nd be a good kernel Then for f team and KPL Kd team

and Kd f f µ LP

pt write Kott f Ix S agfa Au Kolydy Thus for Esu byMinkowski wehave
11kdltffllpfcsyyp.glTyf fllptygyqllTyfftp.tYyekoHLpyyy.ThvshIollKrHf fHpfCsyyfeHTyffllp
and sincethisworks for Cso we gettfI HIGH flip 0

Whenstudying the Fouriertransform it helps to knowwhen Kott f pointwise

By theprevious result we have a sequence on o with Koff 1 f c e

To get more information we put more conditions on kg

Defoe let Kobe satisfy

i 5141 7 1

ii Ikon If co n

iii I I Kola1EC ynti

We call such ko an approximate identity



Remote ii d iiit Kr the and cit iii above hold

The LetKo be an approximate identityThen if It 1112N for any Kpfoo we have

Kotflx fix for all in the Lebesgueset Lf xHRd trying Stfu flyIdy o

In particular Kdaf f a e

PI We have lkoxfln fbdlfflflx yj fhdl.lk y11dy Fix d o and write

SIflx yj fhnl.lk yj1dy CdnySeglflxy fh41dytz gIkCd where

Ik 151
2 y fxDflidl.lk g11dy Since the first integral o as dso when xtLf weneed

toshow firing zfgIkld 10 as Fso For a fixed K we have

Italo f 82K E gfl D FINIdy f SE 2 If I 2 PHflip
Because Jk µftxD fbildy 50 as K S oo choose K4414 such that

Jkke all KEK Ther gIdols A Et d 2 lflail t 2 Http
where A o B universal notdpan 9,8 f Choosing E first wecan make 8 so small

that RHSELAE so we are finished

Corollary Let ytS4Rn with 54 1 and set Karla d nylon Then if f C Earn

and KPLoo we have Kg f f in LPand pointwise for all x in theLebesgue set off

If ft Loo4124 then the pointwise resultholds forall x in the Lebesgue set off


