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I Ground States in Quantum Mechanics

A Quantization of Newton's Equations

In classical mechanics one considers systems in 015cal for

curves xit i Rd Ie IR an interval and Ila lRd iR

one has conservation of energy E Embiid Tix

one makes this into an ODE via E moi ther F Entsitlila
where x E DEE E 0 B E Hamilton's Eq
The quantum mechanical version of this B to evoke the wavefunction lt c It CIRD

according to ihq nApd limo so the energy of the system is

F 4111 5 10412 11131412 Ix For this problem 11411311 const DEIR
Ipd

so normalizing 11414 1 we have 144Pdx µ 4 IctTde are the

probability densities for particle position and momentum

B Standing waves and bound States

we nowlook for special solutions of ihdt h mA tx

whichare of the form afctpy eiEYhto.cn These solve the t.me independent

equation h md tV E Rescaling x variables aka n Enea V QEma
o o o o

we get d Q uo Eno
wehope to find such mo by minimizing the functional

Icu S10412taint dx overHull _I Indeed if Uo is a minimizer with Eo IEuo

formally Ilutthly u yp e LSoho.ae1Quote Foho4 251 auto E u 4
whichimplies AytQuE no in thesense of distributions



II Solution of the variationalproblem
A Admissible potentials

we now discuss theclass ofpotentials for whichwe expectgoodminimization
repcoo D 2

By Sobolev embeddings wehave u p EC H for zepeza.de d 3

Based on thiswe set S Qlur I ECHQ11pm UH
ind

when p d L I D whee Lao a ccool It coo all t oL1two d 3

Thisleads us to our first result

Prof let QcPld Then IEufslouplQ.lu2 is well defined and

3 C CCQ o suchthat IED C all nett with Kullu I

In addition I B weaklyCSCon H in the sensethat if Un U in H

onehas IEDs himIEun

pI let QCPcd then for every Cso we cansplit Q Qe1Qe
when 11Qcpegft and QeE S and Then usingSobohy 1Holder
as above 1SQlui l E C E11h11I t 11QeywHull letting CEE1 we set

IEDs QeLoo11h14
Similarly to get the LSCpart Since Oun 10in we know

510m12 ElinS10hr12 We claim that for QCPld in fact
SQianl S Q1412 Fist suppose QE SGRI then this
followsby Rellah compactness In general for Qc Pld we write Q QetQe



Then In SQluni Qin LI SIQellinnitini ECE hillluminthuli

Letting C o givestheresult

B Existence of the minimizer

we now show one can construct a minimum

Thin Assume I Lo forsome melt Then onecan find 11 11,2 1 with

Eo IEuB mf Icu
Human

PI ht E.co be this infinal valve and until with Hunn _I and

IEun Eo As above splitting Q QetQe as above

110411,7 I SQlunt E ICudt cellUnify t 11Quell In particular

11Unity E C Q uniformly in A WLOG assume Un 1M for some noc It

Then IEUDEEo Lo Thus auto Now if HaullusI we'd have IEwo Eo
where Ilwu11 1 by setting wo mµ Thus 11hr11m4 andwe are done

Remark Notethat toget LSC for Q Rell.ch compactness wasessential

Also it is Q white providesthe Bindingforce what allows Moto
in thelimit If Q o we'dget un 10 i.e all the mass escapes to laysoo


