
 
I The FT on SHRM class functions

Deff For fCSann we set Fl f E IIE Seix Eff doc

Proposition F 51112N 15412N and B continuous Also f Dj Ej F whee D taxi
and Fxi D F when D itdzi

Pt TheFormula 13 iz Ite follows at once via IBP D It I z is alsodirect

By induction 32053 exists and 13 2511311 1134 137 z f 11DixitHu 141111 DtxBfHu

Csp Il Il fils B whichalso Shows F S 35 is continuous
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Lemmai Let T S S be a lineartransformation such that T ai5ETd i o

Then Tf cf for somefixed CEE

pI First let fES besuchthat f1 7 0 Thenusing Taylor's formulawith remainder

wehave fbe II Sdjflxx.tlxxodx1xxoP so choosing XECFARM with XII on Nkt

wehave flat _E IxTopolIx where toG lxxdtodjflxxtltilx.at l XlxxoDfcxff tSClRn

Since T IxYo153 0 we get Tf bi E IxYoJT j x so Tf1 1 0

Now let fCScan begeneral then f 1xl fix Xcx fbio is suchthat 1 1 1 0

So 5 Tfs no Tf1xo fl lo 41yd In 41 1 7 1 Since Tfts setting

f II in thenbd of fixedpoints shows LeeCoogan On the otherhad

since CTdj o we get Ojy f o all fts 5 1 in Hence U c some constant

theorem Fourierinversion one has RF c Id for some CEE

pI we have F Dj F f f Dj F and Frei f D F x F

Hua RF Oj ERMsis3 0 and the result follows



The Fourier inversioncont Let f e Then I 131 44 4212 Thus for every
f ES one has floe y Sei Ice dz
PI Note that iDjtxJ f o thus iz Dj I o or iDjt3 f o as well

The only functions whichsatisfy these ODE in eachvariableare h c e t

Thus I 13 c eHER for some Ceci and fix Sei Flack is

goredbythe previousresult To find a note that Flo Sfb dx
so c S et The zit 2

We now recapand extendthe resultsthus far

theorem Let f gtSCiRn then I I CSHRM and

1 fix nSei EIK dE
2 Dff g I and xTf D I Schematically la 5 E x

3 TF e bEI ei 4 and fort Iola1 t all AcGin
4 LI g Lf I
5 fig IS
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7 f g I I Thus HALF nullIlle
Pt wehavealready shown 1421 and3 is a direct calculation

4 Bothintegrals are 5 e Effi glE dad by Fubini
5 For f gES andafter wehave Sdlxjfnglxldx ffflxlglyldxtyl.setig clxi ei 3 itfollows

6 By 1131,5 ftp.RF I g pnR I.g fpnRF2f.RF'g f.g
Applying F to bothsides andusing nFRF µRF Id gives theidentity

7 Holethat 5 125 by 1 37,47 wehave lf.gl t nLRFI gS etTtnLI RF57 dTtsnLIgS



II The Fourier transformon S IRN and in LPGRn

Defy Let X be LCTVS whose topology is givenby seminars 11Hj JE J

possibly uncountable he set X u X31C I InhaleCu IlseHjk where

Jk 3 somefinite collection of indicesdepending on u

Dede we call 54124 5 11124 the space of tempereddistributions We give

S the weaky topology Un U ift unifltulf all fts

If we S 11124 we define Its 11pm via the formula u f u I all fCSHRM

We say a UES B a function if Ulf Lg f for some gtlli.clRn

with CIHxi gtl for N large

We say UES B in LP if Ulf Cgf Some gt 1112

In general we'llwrite Ulf Luf forthe pairing S'XS E

Lemmy If uc 51112 is a function then 3 a unique gt 4oc IRN up to a e equivalence

such that Luf Sgfdx all ft SHRM In addition UELPCIR for lcpfoo.tt

3 C o such that Kaif I ECHthpicypny all ftSHRM

Remark If lLu f I ECHftp.qpn we cannot concludethat utillan but we doknow

there exists a unique corphic Radon measure gu suchthat cuffsµfdµ all fC511pm

PI Let 51g 5 f o all f CCeann with g gcL'too Then one can take

a sequence fn SXB.no pointure and Offs Balto by the CoE version of

Urysohn'slemma Thus Cg51 0 all 310412 and no Thus 9 5

at everyLebesgue point of g5 hence a e



that if I HH I ECHAILp Some KP zoo forall fCSLIM then by density
u extends to an element of LP Thus Ulf Smgf da some g t Inn

all f E SELP Note that the gt LP represting u is unique everfromold results

We'll develop the theory of Starn later For now we use it to give theresult

Iem Hausdorff young Let UE SClan then if uELP n For Ifp 2 If LP'c1Rn

and one has the estimate 11TillLp'dpn f zit P 11h11Lpcpn More specifically one has

i If uCL4124 the nutCollRn and ltuHoof114114
Ii If u c EllRn then I CLYNN and Halle 21T Hulk

PI Firstprove it and ii If UEL and f tf then we candefine ICE Sei EU x dx

dirty andwe still have Ldf Lu I 41ft IH Thus it as a distribution

is givenbyintegration against The as a functionTheresult thenfollows fromthe

uniquenesslemma above That ICCollin follows from density of SEL and F S 55

Now let ut L Then for all ftSGRn we have the estimate

tulf tuff Su I l f 11h11 Ille_2417 11411,211 f Ily Thus bythe
abovelemma 3 unique get with it Iff Sgt3 E I all fts wecall his gl3

byabuse ofrotation By the above inequality weactually hate HIKE flat I 1,111,144171
But HAILE I HIlle all f ES and F is a bijection on 5

So the RHS abovebecomes sur Ich I I _fit SP lcu.fi 2itYhllullLr
11111,24211742 11114 1f esfts

iii we nowknow F L'tL L tL with bonds 11FHL Look1 and 11FILL RT
so the rest follows from RieszThorin interpolation Notice that for at 04124 leper



the function IELP'arn gnusby the RieszThorinthm Mustagree with it as a

distribution because it UkC L4124 are suchthat 4k u inLP ther Ik 75 in LP

where Ikdd are givenby RiesaThorin but IKLE Se i 34cmdx B also the
distributional FT as explained in 1 above and thus die 1T as distributions

so the RT distributional FT of u agree because the distributional FT is continuous

underweaklimits


