
 
I Regularity of Radon Measures

In what follows X willbe a LCHspaceWesay X B o compact if X kn kncompact

Proposition ARadarmeasure is regular on every o finite set I e if E IEEn
andµhEnLoo then µ E sup Mlk KEE compact

pI First start with the case where µLE Lou Then I F EV open with

µ V L µ IE te and F EV compact with HIV LµLF te Since VIE also

has finitemeasure we have Vir c IT open with µllT L MINE TE

Set K F IT which is a closed subset of F andhence compact

Since ITCC UnEc V UE and since FEU we get K FmT EE For if we compute

µ K 7µLF Mtv µ U E MCVIE C MIE 2E Sincethis worksfor every E o

he get µ E sup Mlk KEE compact as was to be shown

Finally in the case when yalE oo and F En Alen Loo we MayWLOG assume ErEEnt

Taking 14 CEn compact with µlkn KIEN 1 wehave himµlKn doo because

1hLEn µ E bycontinuity of measures

Corollaries Fvery 0 finite RadonMeasure B regular EveryRadarmeasure on a o compact

space is regular

WarningThere exists a compayt Hausdorffspace and a Finite Boelmeasure µ on X

such that µ isnot regular i e not a Radarmeasure Theproblemis that in general

even if XD compact it mighthave large opensets that cannot be measured From

withinby compact sets Takingcompliments its the same as having closed subsetswhich

cannot be approximated Fromwithout by open sets on a compactHausdorff space inner

outerregularity are thesame thing



Proposition Let µ be a o finite Radonmeasure on X Thenfor everyBorel subset FEX

we have

a For E o thee ex3B V openand f closed with FE F EV and µ Vlf LE

b There exists an FosetA and Go set B with AEFEB and µlBIA o

PI For part a we canwrite F En with ErnEnid ntm and µ En Loo

For each n choose EnEVn open with µ Un4µLE t 2 E Ther EE V IEVn
and VIE E IEUnten and so µ IVIE LIE Similarly let F IT with MINE C42

Setting F it wehave F closed FEE with HELF L andwe are done by Ulf VIE U Elf

Part b Follows at once

theoremLet be a LCH Forwhich every open set is o compact Then if µ is a Borel

measurewhich is Finite on all compact subsets of X then µ B a Radarmeasure hmu both

innerandouter regular in thiscase

Pt Since µ is finite or compactsets wemust have CcCX C L dm Thus themap

f H S fdµ I f B a positive linear functional on Cccx Let be the Radon

measure associated to I Let V n kn be an open union of compact sets For each n

choose fn by induction so i KilUitSupplf1 Y YV I set fFol Then of 17 Xv

soby met HIV himSfndµ himS fndv VIV Thus µ V on open sets

Next if FEX is any Borel set since X B open B o finite so I f C F EV

open closed sets with VLVIF LE so µ Ulf CE because Ulf is open

Thisimplies µIV LplE tE so M B outer regular

The inner regularity of µ or opensets follows at once from continuity of Measures

Itake V IIkn knEkn compact



CorollaryLet X be a 2ndcountable LCHspace thenevery Borelmeasure which is finite or

comsactsets is both inner outer regular E g eachsuch Bordmeasure on112 B regular

Proposition For all Radarmeasures on LCHX Cc X is dense in LPldµ for all 1EpLoo

Rt Sincesimple functions are dense in LPldyn it suffices to provesuchtheorems For

characteristic functions of Borel sets F of finitemeasure For such F onehas

KEEEV with µlVlk Loo let K4fYV then I f HeIPEXu so Hf Xv f E P

Proposition Lusin'sThr Let µ be a Radonmeasure on an LCH X Then if f X e

B a measurable function with f Io outside a set of finite measure for each e o

3 yCCcCX and a Burelset F with yl E LE and f 4 on Ec If HflluLoo

then we can also take 11411nFHfHu

Pt By the support condition on f continuity of measures 3 E EX with

µI E L E and IX f IECeLoo Thus it suffices to prove thesame result for

bounded f Then fCL'Ldµ so take UnCCCX with HfUnh 30 and WLuc assume

Yn If pointwise µ c Thenby Egoroff and inner regularity 4n f uniformly on some

compactset KelsitXI fhi 103 5 with KESEV andMUIR cc Then f K B cautions

so we canfind an extension 4CCcCX with 41 f and supply EV In addition 11414411ftp.llu

Since next Ifm 6131 o C Vik we are done Note that we have used

The LCHTietzeExtension let be a LCHand K EV compact doper subsets

let f k71C be continuous Then 3 y cCecil with 44ft and supply EV


