
 
Overview semicontinuity weakderivatives Bx Acetc

I Semicontinuity

ADeen examples

Defee A function f X7112 is lowersemicontinuous if f Cca s is open

for all acIR A function gX7112 is uppersemicontinuws if f g is LSC

i e gtooa openall acIR

ego If fs I 7112 is monotone increasing Leftcontinuous its LSC

ed If flag Tobe V openthee f B LSC If glasYelx ther g B USC

B Basic Properties

Then If f X IR B LSC thenforeach xu x onehas a fixflimflam

If is 1stcountable eg a metricspace then if 4

holds for every xn x f B LSC

pI If f is LSC let a x andchoose some ashes Since Va f ca.ws ax is open

fCan CVa for n N Thus aslimflan Taking supaeti gettheresult

Now suppose fIDEtinflan all xn x If f not USC then 3 actR

such that Va notopen so I a cVoAdua Thus for attTopen 3 x CVac

with Kitt Doingthis for a countable nbdbase at a gives a sequence

an Va and xn xEVa Then flan a alt n so limflankasfix

The If fg X3112areLSC d o thenso are Xf ftg



g
PI lftgikca.oojjffavfnqs.ly fEtdlbtnks

frya

The If f X IR is LSCand KEX is conpact then I seek set flakfly allYEK

PI KEAYzVa and there is a finite subcover

TheLetELSCH f X toooo V openall then it faEELSCCX LEI

f supfa B inELSCHDEI

pI f lcaooo 2 cairn

C LSC functions Integration

Recall that for Radon Measures Shedn sup fdm I f TV U open

and Tedn if I Xvdm FEVopen where E is Burel

Sinceopensetsare like Lsc functions and Borelsets are like

arbitrary nonnegative measurable functions we would expect

similar results

Thin let f X loou be an ECSC functionThen if µ B a positiveRadarmeasure

fdµ sup ydµ ofyet yCCalx

PI Let fdµ S µ 1 1 fit c3 It be the lagercake representation

of f Since Xflt µ Ix Has t B monotone its Riemann integrable on ND
m2

so fdin 1 Kelkar tigo inIV'd
where UH.tt Kai3

M2
is open Now fla Tupy x each a cX and foreach number afYhµlVf

k
whatis o we canfin 4,1YUM with 4,4dm af Thus dflkN Esv 4dmtoilet



Thisshows filmIsurf 4dm ofUtf UtcCx and the otherdirection

is trivial

The let µ be a positive RadonMeasureon CCH X Then foreach f X Euro

Borel measurable orehas fdµ mf gdµ g f and GEELSC

If a Ifbb o is o compact ther fdµ surf gdµI ofgff GEEUSC
In particular if f X IR fEL'ldµ 3 gufffg with Sfgegu In LE

pt let nTf be a series of simplefunctions and let gn Lsc with
sn34iony ok o andsuchthat S gndµf l noh din t C2 includingSsnw

Note that noh ak.nlrmn am o and3 EunEvian with 1h14amEmlenn tE
Then f f noh fg I Gn And g is FLSC with game fdartC

Theproof of theUSCpart is similarand in the teat

II CDF BXAC

Let µCMGR be a finite complex Borelmeasure Define Fla µ tapis
is the leftcontinuous CDF of µ

weknow that FCBitar and F zy u FloydFlak.pl M mix

If F cByGio ther LinooFGD FCoo exists

let Byo fcBIG Ftw o For FeByoclR set L ClopGR f by
L 4 F ydm

let h10 and define Ahlf x _ti Iffxth HD ThenLIU thin Fahydm

Inigo Anfedm We estimate it as AhFhD4bDdx
z Jj FlathFa ypDdm

Now EfimnµhjF th AMIE F Bicnn.cnh3 so 1h14 Is 211ftp.vynzjlhlllw
This shows L extends to Cour so I µEM412 such that



this shows L extends to our so I µCM412 such that

A FieIm 216 fp4dm all yeclopGR

Deff let f cByars Apoint xEIR is called a jump if Flocs4Flat
recall that lying Fla FAE alwaysexists forFEAT Wecall a continuouspoint ifitsnot

a jump Its alsoclear jumpif is count.suand 1,1flat Fbi11EHftp.rcpzj
The let FEBVIR and define dµdf by A let GSD µtoox3 be the

rightcontinuous CDF of µ Then jumplf jump G at G 3 discontinuous at x atomsµ

pts Its thesame to saythatthe continuouspoints of F are exactly the continuous

points of GodThese are exactly thepoints where µlEx3 o Now fixany xoHR
Man

let eifonxfnloaypeyj.se then Sundar 11 71617 He Sx I is asmoothevenburp

On theother hand him SFiedm him nSFlaminiaan dx
Fortheintegralwe compute SFloatfx XbDdx fjfflxottniDfbioDXixidxtfowlfbiott.at Flat doc

flat tfbio Thefirsttwoterns go toZeo so fix GGD at allpoints

of continuity

Yoko Ifa IIs Aliwxo ttms.ir rG1aD zm1lxoi IHaittIGbio2

Thins let yunYu in Mex andbe tight in thesense that giver Cso 3 R o

so that gun cou R he all n Then if GnCx Gex are the CDF

of µ µ wehave Gn was all points of continuity of G

pI wealsohavetightness for G because altara ElinArteaga Choose a severe

Rks w with MISRA o andlet be a continuous pointofyaThen

µ crispy41112,437 14443 Thos him.tnERmx3 xllRmx3 EhnyunlcRcpD

Since 1411,2x1KµnCrupi thoimplies both Antakya 4Knickx3 41112mi
Thos Gnlx Gk animaGIB o so hintGimGINIEdin Galba GCNEoka


