
 
I SobolevSpaces

A Basicdefinitions andproperties

DefeLet ut 511127 then for any LEIN we define Odu via Odu f 11 uld't

for all ft511127

RemarK Thus if UES'C1RDn4oeGRn then wedefine Odu via 1 1 nuddfdx all ftSann

In general for UEL'locllRn anygrowth asbchoo this formula Makes sense for fCCioclRn

DefyLet KEN Wesay UE54112 is in HKCIRn if OduCEarn forall 1214k

In thiscase we set HullIk Hultztuff110411
Note we will replacethisnorm laterwith anequivalent one

Proposition UCHk iff 111312 Il c turn

Pt we have LOT f Loan I f 1 Lu I Lu Light Luh f Effy
L i3 I f Now OduC t.tt LOLug71fC1lgl1uallgESllRn and

Hoddle is the best constant in this inequality Thus y 143in f I _sup l Lau I 1 1214 1104112
fts HEHE12Wh

Itsi e HEtiIKE Hddully So uCHkimplies

11h11 tuff 113 THE Slit211342 turn'd Loo Theproof follows bychoosing Ck o
Kkk

so that CI IHEIDKE It 542ECK HIER

Desi Let SEIR we define HYNDE511127 to be all uC541PM suchthat

E she turn where 3 5 111312 we set Hull s 1113settle

Lemnia HSCIRD is a Hilbertspacew inv product Lf gSs LEHI I e Thedual of HS is HS



In addition for any acIN OdHs 4HS d is a continuous linearoperator

PITheproofs are more or less immediateby doingthings on the Fourier transform side

B Sobolev Embeddings

theorem et s Nz Then every UCItsCRM can be changed on a set

of measure too so that uCCOURT and one has the bound 11UH ECsHullHs

pt we know uCH iff CEsunCL2 If s ni ther CZ s et s by Hilder

T L35 Lz sci E L4127 Then nine nSei Tied C CoClin htt and we

know this formulaholds porture a e Finally lubdl astuteld3E NIKEShu11411µs

Remake ThBproofalsoshowsthat for UEHSwith S Mtk we have uCClfCRM

because by inversion we cancompute the difference quotients Akhu K lulxther Ubc

nSh either l e Tiled and takethe limitbyDct toget due nSe E 4E Filed3

for 121Ek where Edith n

We now turn to Sobolev embeddings involving other LPspaces The mostbasicresult

is the following

The DyadicSobolev Embedding Let UES'C1Rn be such that support c 21412112kt someKEK

Then if u CEarn we have UELPARM for p Z and HUILpypnyE.CIUHHnctIp

pt This isTst Bernstein's inequality which gives 11h11pm E C Hk PHulk and the

fact that 2 Hulk null P
Kya Ille ECHLE THE HullHs 5nuhYp



It wouldbenice to provethis result w o the restriction on theFourier support of u

Thiswouldwork if we could prove something like 11h11 Cplf 11PkuHtp 2 whee

PKT pickI1z and pick supported where 13122k and IPIEC
We'llgetback to this issue in a bit For now we give a shop result using

a differentidea

theorem Let q E 131 S for Olsen Then fix _Crystals whee

Cn 5 this In particular it uCHS we can write texts'tMsu whee

Msf Cms1315ICE Thus from llmsullefcn.glUllHs and theHLS inequality we have

HullLp CpHull MkYp for all 2EPL co Hee Cptoo as psoo

Pt Recallthat the definition of Als Soots eTdt Rescaling this gives

Cs131 s S t e It where 2 f Recall that e42131
V hhEntee It

Thus csis sY S II e It 21 15 2nkfowtns ie tdt z.TT2cn.six1s n

Thisshows 1315 Cms1 15 n Theformula listens Msu MI Cn 131ST follows

at least forthecase MsuC S whichistrue if Uts and it vanishes for 17141 and 121571

In general it atHSthen MsuCL2 so tomake sense of therestwe onlyneed to show

nsit L LP for Ocs_nHoYp Ln Recall that HLS says 1 1 tx LO LP for

Intl Yp 1 Applyingthis to 8 2 and En s gives 5 nthYp as desired


