Homework #1

2. Write «x = :to.dldg...dkdk+l... - 10% with dl 7é 0. If dk+1 < 5, then fl(.flf) =
:l:o.dldz c. dk -10%. So
|z — fl(z)]  0.dpirdiys ... - 107+ < 0.499...-107*
|z B 0.dydsy . .. - 0.1
If dipyy > 5, then fl(x) = £(0.didy . .. dy +107%) - 10%. So
lz — fl(z)] (1 —=0.dpprdpsa...)- 107" < 0.5...-107%
|| B 0.dids . .. - 0.1

=5.107".

=5-107".

4. We are interested in fI(fl(x)+ fl(y)), the machine computation of z +y. For any real
z, fl(z) = z(1 +r), for some r satisfying

() —
r| = W = relative error of fi(z) < u.

So f1() = #(1+7) and fi(y) = y(1-+r2) and FI(FIE)+ 1)) = (F)+ 1) (1475),
for some |r;| < u, with the last equation using z = fl(z) + fl(y). Hence
SIS ) + flly) = (@ 4+71) +y(1+72))(1 +75)
(1 +ry+rs+rirs) +y(l+ry+r3+rorz)
= Gy (14 I Gy )

Tr+y Tty
= (z+y)(1+R),

where
(ri+ 13+ rirs)x N (ro + 13+ 1973)Y

r+y Tr+y

R:

Note
LfI(fU(=) + flly)) — (= + y)]

R| = = relative error of fl(fl(x)+ fl(y
R S (i) + f1(y))
Bl < (il + sl + Irallral) 12— & (o] 4 [l + [rallrs ) 1
2+ o] EF
|:E|+|y| 2 2
< (2u+ u? = Q2u-+u) =2u+ Ou).
2+ ) u (w?)

7. (a) There exists a root, call it p, in [-3,2] by the Intermediate Value Theorem.
Bisection method error formula says

b—a

N I G
[pn =Pl = ==

for starting interval [a, b]. So, in this case,

5
Ip1s — p| < i = 1.52587890625 ... - 1074,

1



(b) Bisection method error formula in our case says

pn =2l < o

Enforcing a bound on the error bound, 5/2" < 107'2, forces |p, — p| < 10712
as well. This is achieved when 5 - 1012 < 2" or log(5 - 10'?)/log(2) < n, which
simplifies to n > 42.1850652335357 . . ., or simply n > 42.

8. (Matlab)

(a) See “hwlafn.m”.
(b) See “hwlbfn.m”.

(c) pr = 0.785398163397448, ps = 0.736310778185108, pyo = 0.737844758972993,
pao = 0.739086624278811.

9. (Math 274)

(a) For any real z, fl(z) = z(1 4 r), for some r satisfying
|f1(z) — 2]

Ir| = ] = relative error of fi(z) < u.
By induction, for n = 1, [[,_; x; = x1, and its machine computation’s relative
error, taking z = z1, is < u = (2n — 1)u. Now suppose the machine computation
of [T%_, x;, call it A, has relative error (2k — 1)u + O(u?). So A = (H’; ) (1+
Ry), where |Ry| = (2k — 1)u + O(u?). The machine computation of [[**1x; is
fU(A - fl(xgy1)), noting A is already a machine number, and

fUA - fl(mpg1) = (Azgpa(1+71))(1 +72)

k
= <H I‘Z> l‘k+1(1+R1)<1+T1+T’2+T1T2)
=1
k+1

= <H$> (1+ Ry),

where Ry = Ry + 11 + ro + mre + Ryry + Ryra + Ryrre, and |Ry| is the relative
error of fI(A- fl(xk+1)). So

| R |Ra| + |r1] + |ro| + [rol[ra| + [Ral[ri| + |Rul|ra| + [Ral|r1]|r2]
2k — VDu+u+u+u®+ 2k — Du? + (2k — Du® + (2k — 1)u® + O(u?)

= (2k+ Du+ O(u?).

<
<

So induction gives us our result.



