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Dynamics of Connected Rigid Bodies in a Perfect Fluid
Taeyoung Lee, Melvin Leok∗ , and N. Harris McClamroch†

Abstract— This paper presents an analytical model and a
geometric numerical integrator for a system of rigid bodies
connected by ball joints, immersed in an irrotational and
incompressible fluid. The rigid bodies can translate and rotate
in three-dimensional space, and each joint has three rotational
degrees of freedom. This model characterizes the qualitative
behavior of three-dimensional fish locomotion. A geometric
numerical integrator, refereed to as a Lie group variational
integrator, preserves the Hamiltonian flow structure and the Lie
group configuration manifold. These properties are illustrated
by a numerical simulation for a system of three connected rigid
bodies.

I. I NTRODUCTION
Fish locomotion has been investigated in the fields of
biomechanics and engineering [1]. This is a challenging
problem as it involves interaction of a deformable fish body
with an unsteady fluid, through which an internal muscular
force of the fish is translated into an external propulsive force
exerted on the fluid.
Various mathematical models of fish locomotion have been
formulated. A quasi-static model based on a steady state flow
theory is developed in [2], and an elastic plate model that
treats a fish as an elongated slender body is studied in [3].
The effects of body thickness for the slender body model are
considered in [4]. Numerical models involving computational
fluid dynamics techniques appear in [5]. The body of a fish
is modeled as a planar articulated rigid body in [6], [7].
The planar articulated rigid body model has become popular in engineering, as it depicts underwater robotic vehicles
that move and steer by changing their shape [8]. Furthermore,
if it is assumed that the ambient fluid is incompressible and
irrotational, then equations of motion of the articulated rigid
body can be derived without explicitly incorporating fluid
variables [6]. The effect of the fluid is accounted by added
inertia terms of the rigid body. This model is known to
characterize the qualitative behavior of fish swimming [6].
Based on this assumption, optimal shape change of a planar
articulated body to achieve a desired locomotion has been
studied in [9], [10].
By following [6], [7], we develop an analytical model
of connected rigid bodies immersed in an incompressible
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and irrotational fluid. The contribution of this paper is that
the connected rigid bodies can freely translate and rotate in
three-dimensional space, and each joint has three rotational
degrees of freedom. This is important for understanding the
locomotion of a fish with a blunt body and a large caudal
fin.
The second part of this paper develops a geometric numerical integrator for connected rigid bodies in a perfect fluid.
Geometric numerical integration is concerned with numerical
integrators that preserve geometric features of a system, such
as invariants, symmetry, and reversibility [11]. It is critical
for numerical simulation of Hamiltonian systems that evolve
on a Lie group to preserve both the symplectic property
of Hamiltonian flows and the Lie group structure [12]. A
geometric numerical integrator, referred to as a Lie group
variational integrator, has been developed for Hamiltonian
systems that evolve on an arbitrary Lie group in [13].
A system of connected rigid bodies is a Hamiltonian
system, and its configuration manifold is expressed as a
product of the special Euclidean group and copies of the
special orthogonal group. This paper develops a Lie group
variational integrator for connected rigid bodies in a perfect
fluid based on the results presented in [13]. The proposed
geometric numerical integrator preserves symplecticity and
momentum maps, and exhibits desirable energy properties.
It also respects the Lie group structure of the configuration
manifold, and avoids singularities and complexities associated with local coordinates.
In summary, this paper develops an analytical model and
a geometric numerical integrator for a system of connected
rigid bodies in a perfect fluid. These provide a threedimensional mathematical model and a reliable numerical
simulation tool that characterizes the qualitative properties
of fish locomotion.
II. C ONNECTED R IGID B ODIES I MMERSED IN A P ERFECT
F LUID
Consider three connected rigid bodies immersed in a
perfect fluid. We assume that these rigid bodies are connected
by a ball joint that has three rotational degrees of freedom,
and the fluid is incompressible and irrotational. We also
assume each body has neutral buoyancy.
We choose a reference frame and three body-fixed frames.
The origin of each body-fixed frame is located at the mass
center of the rigid body. Define
Ri ∈ SO(3)
Ωi ∈ R 3

Rotation matrix from the i-th body-fixed
frame to the reference frame
Angular velocity of the i-th body, represented in the i-th body-fixed frame
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to the reference frame. Therefore, Vi is given by
Vi = RiT ẋ − RiT R0 dˆ0i Ω0 + dˆi0 Ωi .

d10 R1

The kinetic energy of the rigid bodies is given by

d01
d02

TB =

R0

Fig. 1.

x

e2

Connected Rigid Bodies Immersed in a Perfect Fluid

x ∈ R3
dij ∈ R3

mbi ∈ R
Jib ∈ R3×3

TF =

1
mbi Vi · Vi + Ωi · Jib Ωi .
2

2
X
1
i=0

Vector from the origin of the reference
frame to the mass center of the 0-th body,
represented in the reference frame
Vector from the mass center of the i-th
body to the ball joint connecting the i-th
body with the j-th body, represented in the
i-th body-fixed frame
Mass of the i-th body
Inertia matrix of the i-th body

(3)

1
Mif Vi · Vi + Ωi · Jif Ωi ,
2
2

(5)

where Mif , Jif ∈ R3×3 are referred to as added inertia matrices [14], [15]. The resulting model captures the qualitative
properties of the interaction between rigid body dynamics
and fluid dynamics correctly [6], [9].
Total kinetic energy: Define total inertia matrices as
Mi = mbi I3×3 + Mif , Ji = Jib + Jif for i = {0, 1, 2}. From
(3) and (5), the total kinetic energy is given by

for i, j ∈ {0, 1, 2}.
A configuration of this system can be described by the
location of the mass center of the central body, and the
attitude of each rigid body with respect to the reference
frame. The configuration manifold is G = SE(3) × SO(3) ×
SO(3), where SO(3) = {R ∈ R3×3 | RT R = I, det R = 1},
and SE(3) = SO(3) s R3 .
The attitude kinematic equation is given by
Ṙi = Ri Ω̂i
for i ∈ {0, 1, 2}, where the hat map ˆ· : R3 → so(3) is
defined by the condition that x̂y = x × y for any x, y ∈ R3 .
III. C ONTINUOUS - TIME A NALYTICAL M ODEL
In this section, we develop continuous-time equations of
motion. As the fluid is irrotational, they can be expressed
without explicitly incorporating fluid variables, and the effects of the ambient fluid is accounted for by added inertia
terms [6]. To simplify expressions for the added inertia terms,
we assume each body is an ellipsoid.
A. Lagrangian
Kinetic energy of rigid bodies: Let Vi ∈ R3 be the
velocity of the mass center of the i-th body represented in
the i-th body-fixed frame for i ∈ {0, 1, 2}. Since ẋ represents
the velocity of the 0-th rigid body in the reference frame,
V0 = R0T ẋ.

2

Kinetic energy of
kinetic energy of the fluid
R fluid: The
2
is given by TF = 12 F ρf kuk dv, where ρf is the density
of the fluid, u is the velocity field of the fluid and dv is
the standard volume element in R3 . We assume the fluid
is irrotational and the rigid bodies are ellipsoidal. Under
these conditions, the kinetic energy of the fluid surrounding
ellipsoidal rigid bodies is given by

e1
e3

2
X
1
i=0

d20
R2

(2)

(1)

The location of the mass center of the i-th rigid body can
be written as x + R0 d0i − Ri di0 for i ∈ {1, 2} with respect

T =

2
X
1
i=0

2

1
Mi Vi · Vi + Ωi · Ji Ωi .
2

(6)

Substituting (1)-(2), this can be written as
1
T = ξ T I(R0 , R1 , R2 )ξ,
(7)
2
where ξ = [Ω0 ; ẋ; Ω1 ; Ω2 ] ∈ R12 and the matrix
I(R0 , R1 , R2 ) ∈ R12×12 is given by (4). Since there is
no potential field, this is equal to the Lagrangian of the
connected rigid bodies immersed in a perfect fluid.
B. Euler-Lagrange Equations
Euler-Lagrange equations for a mechanical system that
evolves on an arbitrary Lie group are given by
d
Dξ L(g, ξ) − ad∗ξ · Dξ L(g, ξ) − T∗e Lg · Dg L(g, ξ) = 0,
dt
(8)
ġ = gξ,

(9)

where L : TG ' G × g → R is the Lagrangian of the
system [13]. Here Dξ L(g, ξ) ∈ g∗ denotes the derivative of
the Lagrangian with respect to ξ ∈ g, ad∗ : g × g∗ → g∗ is
the co-adjoint operator, and T∗e Lg : T∗ G → g∗ denotes the
cotangent lift of the left translation map Lg : G → G [16].
Using this result, we develop Euler-Lagrange equations
of a system of connected rigid bodies in a perfect fluid.
To simplify the derivation, we consider the configuration
manifold given by G = SO(3) × R3 × SO(3) × SO(3), lefttrivialize TG to yield G × g, and identify its Lie algebra g
with R12 by the hat map. For ξ = [Ω0 ; ẋ; Ω1 ; Ω2 ] ∈ g and
p = [p0 ; px ; p1 ; p2 ] ∈ g∗ , the co-adjoint operator is given by
ad∗ξ p = [−Ω̂0 p0 ; px ; −Ω̂1 p1 ; −Ω̂2 p2 ].
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J0 − dˆ01 R0T R1 M1 R1T R0 dˆ01 − dˆ02 R0T R2 M2 R2T R0 dˆ02
6
−R1 M1 R1T R0 dˆ01 − R2 M2 R2T R0 dˆ02
I=6
4
dˆ10 M1 R1T R0 dˆ01
dˆ20 M2 RT R0 dˆ02
2

2

dˆ01 R0T R1 M1 R1T + dˆ02 R0T R2 M2 R2T
R0 M0 R0T + R1 M1 R1T + R2 M2 R2T
−dˆ10 M1 R1T
−dˆ20 M2 R2T

(10)

The derivative of the Lagrangian with respect to R0
can be found as follows. For any η0 ∈ R3 , let g0 =
[R0 exp η0 , x, R1 , R2 ] ∈ G. Then, we have
d
L(g0 , ξ)
d =0
2 
X
T
T
− ΩT0 dˆ0i R0T Ri Mi RiT R0 η̂0 dˆ0i Ω0
= −ẋ R0 M0 η̂0 R0 ẋ +

i

T
T
ṗ0 = −Ω̂0 p0 − Rd
0 ẋM0 R0 ẋ −

0

(18)



0

i=1

where we use identities: x · y = xT y = y T x, x̂y = −ŷx for
any x, y ∈ R3 . Since this is satisfied for any η0 ∈ R3 , we
obtain
T∗I LR0

T
T
· DR0 L = −Rd
0 ẋM0 R0 ẋ −

(11)
Similarly, we find
Dx L = 0,
T
ˆ
[
· D Ri L = M
i Vi Ri (ẋ − R0 d0i Ω0 )

(12)
(13)

for i ∈ {1, 2}.
Euler-Lagrange Equations: Substituting (10)-(13) into
(8)-(9), and rearranging, the Euler-Lagrange equations for
the connected rigid bodies immersed in a perfect fluid are
given by
 
Ω̇0
 ẍ 

I(R0 , R1 , R2 ) 
Ω̇1 
Ω̇2


P2 ˆ T
T ẋM RT ẋ +
d
R
R
W
Ω0 × JΩ0 + Rd
0i
i
i
0
0
0
0
i=1
P2




R0 (Ω̂0 M0 − M0 Ω̂0 )R0T ẋ + i=1 Ri Wi
+
 = 0,


Ω1 × J1 Ω1 + V1 × M1 V1 − dˆ10 W1
ˆ
Ω2 × J2 Ω2 + V2 × M2 V2 − d20 W2
(14)
Ṙ0 = RΩ̂1 ,

Ṙ1 = R1 Ω̂1 ,

Ṙ2 = R2 Ω̂2 ,

ṗx = 0,

(19)

T
ˆ
[
ṗi = −Ω̂i pi + M
i Vi Ri (ẋ − R0 d0i Ω0 )

(20)

for i ∈ {1, 2}.
Conserved quantities: As the Lagrangian is invariant
under rigid translation and rotation of the entire system,
3
the total linear momentum
P2px ∈ R and the total angular
momentum pΩ = x̂px + i=0 Ri pi ∈ R3 are preserved.
IV. L IE G ROUP VARIATIONAL I NTEGRATOR

2
X
ˆ0i Ω0 RT Ri Mi Vi .
d\
0
i=1

T∗I LRi

2
X
ˆ0i Ω0 RT Ri Mi Vi ,
d\
0
i=1

i=1

0

(17)

for i ∈ {1, 2}.
Hamilton’s equations: Let the momentum of the system
be µ = [p0 ; px ; p1 ; p2 ] ∈ R12 ' g∗ . The Legendre transformation is given by µ = Dξ L(g, ξ) = I(R0 , R1 , R2 )ξ. The
corresponding Hamilton’s equations can be written as

(T∗I LR0 · DR0 L) · η0 =

− ẋT Ri Mi RiT R0 η̂0 dˆ0i Ω0 − ΩT0 dˆ0i η̂0 R0T Ri Mi dˆi0 Ωi
!
2
X
\
T
T
d
T
= −R ẋM0 R ẋ −
dˆ0i Ω0 R Ri Mi Vi · η0 ,

0

3
dˆ02 R0T R2 M2 dˆ20
7
R2 M2 dˆ20
7
5
0
J2 − dˆ20 M2 dˆ20
(4)

Wi = (Ω̂i Mi − Mi Ω̂i )(RiT ẋ − RiT R0 dˆ0i Ω0 )
− Mi RT R0 Ω̂0 dˆ0i Ω0 + Ω̂i Mi dˆi0 Ωi

Derivatives of the Lagrangian: The derivative of the
Lagrangian with respect to ξ is given by
Dξ L(g, ξ) = I(R0 , R1 , R2 )ξ.

dˆ01 R0T R1 M1 dˆ10
R1 M1 dˆ10
J1 − dˆ10 M1 dˆ10

(15)

The continuous-time Euler-Lagrange equations and Hamilton’s equations developed in the previous section provide
analytical models of the connected rigid bodies in a perfect
fluid. However, they are not suitable for a numerical study
since a direct numerical integration of those equations using
a general purpose numerical integrator, such as an explicit
Runge Kutta method, may not preserve the geometric properties of the system accurately [11].
Variational integrators provide a systematic method
of developing geometric numerical integrators for Lagrangian/Hamiltonian systems [17]. As it is derived from a
discrete analogue of Hamilton’s principle, it preserves symplecticity and the momentum map, and it exhibits good total
energy behavior. Lie group methods conserve the structure
of a Lie group configuration manifold as it updates a group
element using the group operation [18].
These two methods have been unified to obtain a Lie group
variational integrator for Lagrangian/Hamiltonian systems
evolving on a Lie group [13]. This preserves symplecticity
and group structure of those systems concurrently. It has
been shown that these properties are critical for accurate
and efficient simulations of rigid body dynamics [12]. In
this section, we develop a Lie group variational integrator
for the connected rigid bodies in a perfect fluid.
A. Discrete Lagrangian

where
Vi = RiT ẋ − RiT R0 dˆ0i Ω0 + dˆi0 Ωi ,

(16)

Let h > 0 be a fixed integration step size, and let a
subscript k denote the value of a variable at the k-th time
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step. We define a discrete-time kinematic equation as follows.
Define fk = (F0k , ∆xk , F1k , F2k ) ∈ G for ∆xk ∈ R3 ,
F0k , F1k , F2k ∈ SO(3) such that gk+1 = gk fk :
(R0k+1 , xk+1 , R1k+1 , R2k+1 )

B. Discrete-time Euler-Lagrange Equations
For a discrete Lagrangian on G×G, the following discretetime Euler-Lagrange equations, referred to as a Lie group
variational integrator, were developed in [13].
T∗e Lfk · Dfk Ldk −Ad∗f −1 · (T∗e Lfk+1 · Dfk+1 Ldk+1 )

= (R0k F0k , xk + ∆xk , R1k F1k , R2k F2k ). (21)
Therefore, fk represents the relative update between two
integration steps. This ensures that the structure of the Lie
group configuration manifold is numerically preserved.
A discrete Lagrangian Ld (gk , fk ) : G × G → R is an
approximation of the Jacobi solution of the Hamilton–Jacobi
equation, which is given by the integral of the Lagrangian
along the exact solution of the Euler-Lagrange equations over
a single time step:
Z h
˙
L(g̃(t), g̃ −1 (t)g̃(t))
dt,
Ld (gk , fk ) ≈
0

where g̃(t) : [0, h] → G satisfies Euler-Lagrange equations
with boundary conditions g̃(0) = gk , g̃(h) = gk fk . The
resulting discrete-time Lagrangian system, referred to as
a variational integrator, approximates the Euler-Lagrange
equations to the same order of accuracy as the discrete
Lagrangian approximates the Jacobi solution.
The kinetic energy given by (7) can be rewritten as
1
1
T = ẋT R0 M0 R0T ẋ + ΩT0 J0 Ω0
2
2
2 
X
1
1 T
+
ẋ Ri Mi RiT + ΩTi (Ji − dˆi0 Mi dˆi0 )Ωi
2
2
i=1

k+1

+ T∗e Lgk+1 · Dgk+1 Ldk+1 = 0,
gk+1 = gk fk ,

where Ad : G × g∗ → g∗ is the co-Adjoint operator [16].
Using this result, we develop a Lie group variational integrator for connected rigid bodies in a perfect fluid. For f = (F0 , ∆x, F1 , F2 ) ∈ G and p =
[p0 ; px ; p1 ; p2 ] ∈ g∗ ' R12 , the co-Adjoint operator is given by Ad∗f −1 p = [F0 p0 ; px ; F1 p1 ; F2 p2 ] =
[(F0 p̂0 F0T )∨ ; px ; (F1 p̂1 F1T )∨ ; (F2 p̂2 F2T )∨ ], where the vee
map ∨ : so(3) → R3 denotes the inverse of the hat map.
Derivatives of the discrete Lagrangian: We find expressions for the derivatives of the discrete Lagrangian. The
derivative of the discrete Lagrangian with respect to F0k is
given by
2

DF0k Ldk · δF0k

1
1
∆xTk R0k M0 R0Tk ∆xk + tr[(I − F0k )Jd0 ]
=
2h
h
2 
X

1 
1
∆xTk Rik Mi RiTk ∆xk + tr (I − Fik )Jd0 i
+
2h
h
i=1

1 T T
d (F − I)R0Tk Rik Mi RiTk R0k (F0k − I)d0i
2h 0i 0k
1
+ ∆xTk Rik Mi RiTk R0k (F0k − I)d0i
h
1
− ∆xTk Rik Mi (Fik − I)di0
h

1
− dT0i (F0Tk − I)R0Tk Rik Mi (Fik − I)di0 ,
(22)
h
+

Jd0 i


Aik = Rik Mi RiTk Bik − (Fik − I)di0 ,

(27)

Bik = ∆xk + R0k (F0k − I)d0i .

(28)

DF0k Ldk · (F0k ζ̂0k ) = (T∗I LF0k · DF0k Ldk ) · ζ0k
2
i 1X
1 h
AT R0 ζ̂0 d0i .
= tr −F0k ζ̂0k Jd0 +
h
h i=1 ik k+1 k
By repeatedly applying a property of the trace operator, tr[AB] = tr[BA] = tr[AT B T ] for any A, B ∈
R3×3 , the first term can be written as tr{−F0k ζ̂0k Jd0 } =
tr{−ζ̂0k Jd0 F0k } = tr{ζ̂0k F0Tk Jd0 } = − 12 tr{ζ̂0k (Jd0 F0k −
F0Tk Jd0 )}. Using a property of the hat map, xT y = − 12 tr[x̂ŷ]
for any x, y ∈ R3 , this can be further written as ((Jd0 F0k −
F0Tk Jd0 )∨ ) · ζ0k . As x̂y = −ŷx for any x, y ∈ R3 ,
the second term can be written as ATik R0k+1 ζ̂0k d0i =
−ATik R0k+1 dˆ0i ζ0k = (dˆ0i R0Tk+1 Aik ) · ζ0k . Using these, we
obtain
T∗I LF0k · DF0k Ldk
1
1 X ˆ T
= (Jd0 F0k − F0Tk Jd0 )∨ +
d0i R0k+1 Aik . (29)
h
h
2

where nonstandard inertia matrices are defined as
1
tr[J0 ] I − J0 ,
2
1
= tr[Ji0 ] I − Ji0 , Ji0 = Ji − dˆi0 Mi dˆi0 ,
2

1X T
1
A R0 δF0k d0i ,
= tr[−δF0k Jd0 ] +
h
h i=1 ik k

where we define, for i ∈ {1, 2},

From this, we choose the discrete Lagrangian according to
the trapezoidal rule as

Jd0 =

(26)

∗

The variation of F0k can be written as δF0k = F0k ζ̂0k for
ζ0k ∈ R3 . Therefore, we have

1
+ dT0i Ṙ0T Ri Mi RiT Ṙ0 d0i + ẋT Ri Mi RiT Ṙ0 d0i
2

− ẋT Ri Mi Ω̂i di0 − dT0i Ṙ0T Ri Mi Ω̂i di0 .

Ldk

(25)

i=1

(23)

Similarly, we can derive the derivatives of the discrete
Lagrangian as follows.

(24)

for i ∈ {1, 2}.

T∗I LFik · DFik Ldk
1
1
= (Ji0d Fik − FiTk Ji0d )∨ − dˆi0 FiTk Mi RiTk Bik ,
h
h
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(30)

1
1
1
R0 M0 R0Tk ∆xk + A1k + A2k ,
h k
h
h
1
T∗I LR0k · DR0k Ldk = (M0 R0Tk ∆xk )∧ R0Tk ∆xk
h
2
1X
+
((F0k − I)d0i )∧ R0Tk Aik ,
h i=1
D∆xk Ldk =

(31)

(32)

1 T
R Âi Bi .
(33)
h ik k k
Discrete-time Euler-Lagrange Equations: Substituting
(29)–(33) into (25)-(26), and rearranging, discrete-time
Euler-Lagrange equations for the connected rigid bodies
immersed in a perfect fluid are given by
T∗I LRik · DRik Ldk =

where inertia matrices are given by (23), (24), and
Aik , Bik ∈ R3 are given by (27), (28) for i ∈ {1, 2}. For
given (g0 , µ0 ) ∈ G × g∗ , f1 ∈ G is obtained by solving (39)–
(41), and g1 ∈ G is given by (42)–(43). The momenta at the
next step is obtained by (44)–(46). This yields a discrete-time
Hamiltonian flow map (g0 , µ0 ) → (g1 , µ1 ), and this process
is repeated.
V. N UMERICAL E XAMPLE
We show computational properties of the Lie group variational integrator developed in the previous section. The
principal axes of each ellipsoid are given by

(J0d F0k − F0Tk J0d )∨ − (F0k+1 J0d − J0d F0Tk+1 )∨
+ (M0 R0Tk+1 ∆xk+1 )∧ R0Tk+1 ∆xk+1
+

2
X

(34)

dˆ0i R0Tk+1 (Aik − Aik+1 ) = 0,

ik

ik

k

− R0k+1 M0 R0Tk+1 ∆xk+1 − A1k+1 − A2k+1 = 0,
R0k+1 = R0k F0k ,

Rik+1 = Rik Fik

xk+1 = xk + ∆xk ,

(36)

The location of the ball joints with respect to the mass center
of each body are chosen as

(37)

d01 = −d02 = [8.8, 0, 0],

(39)

i=1

hpik = (Fik Ji0d − Ji0d FiTk )∨ −

1\
Fi di0 Mi RiTk Bik
h k

1 T
R Âi Bi ,
h ik k k
= R0k M0 R0Tk ∆xk + A1k + A2k ,
−

hpxk

R0k+1 = R0k F0k ,

Rik+1 = Rik Fik ,

xk+1 = xk + ∆xk ,

(40)
(41)
(42)
(43)

hp0k+1 = (J0d F0k − F0Tk J0d )∨ +

2
X

dˆ0i R0Tk+1 Aik , (44)

i=1

hpik+1 =

(Ji0d Fik

pxk+1 = pxk ,

−

FiTk Ji0d )∨

− dˆi0 FiTk Mi RiTk Bik ,

l3 = 1.5 (m).

J0 = diag[1.3480, 20.1500, 25.3276] (kgm2 ),

(38)

dˆ0i R0Tk Aik ,

l2 = 0.8,

J1 = J2 = diag[0.1961, 1.7889, 2.9210] (kgm2 ).

hp0k = (F0k J0d − J0d F0Tk )∨ − (M0 R0Tk ∆xk )∧ R0Tk ∆xk
2
X

Body 1,2: l1 = 5,

M1 = M2 = diag[0.2664, 0.6551, 0.3677] (kg),
(35)

where inertia matrices are given by (23), (24), and
Aik , Bik ∈ R3 are given by (27), (28) for i ∈ {1, 2}. For
given (g0 , f0 ) ∈ G × G, g1 ∈ G is obtained by (37)–(38),
and f1 ∈ G is obtained by solving (34)–(36). This yields a
discrete-time Lagrangian flow map (g0 , f0 ) → (g1 , f1 ), and
this process is repeated.
Discrete-time Hamilton’s Equations: The discrete-time
Legendre transformation is given by µk = −T∗e Lgk ·
Dgk Ldk + Ad∗f −1 · (T∗e Lfk · Dfk Ldk ). Substituting this into
k
discrete-time Euler-Lagrange equations, we obtain discretetime Hamilton’s equations as follows.

+

l3 = 2 (m),

M0 = diag[1.0659, 2.1696, 1.6641], (kg)

T
T
+ (F\
ik+1 di0 Mi Rik+1 + Rik+1 Âik+1 )Bik+1 = 0,

R0k M0 R0Tk ∆xk + A1k + A2k

l2 = 1.5,

We assume the density of the fluid is ρ = 1kg/m3 . The
corresponding inertia matrices are given by

i=1

(Ji0d Fik − FiTk Ji0d )∨ − (Fik+1 Ji0d − Ji0d FiTk+1 )∨
− dˆi0 F T Mi RT Bi

Body 0: l1 = 8,

(45)
(46)

d10 = −d20 = [5.5, 0, 0] (m).

The initial conditions are as follows:
R00 = I,

Ω00 = [0.2, 0.1, 0.5] (rad/s),

R10 = I,

Ω10 = [0.1, −0.3, −0.2] (rad/s),

R20 = I,

Ω20 = [−0.1, 0.4, −0.6] (rad/s),

x0 = [0, 0, 0] (m),

ẋ0 = [0, −0.4142, −0.5900] (m/s).

The corresponding total linear momentum is zero. These
initial conditions provide a nontrivial rotational maneuver of
the connected rigid bodies (an animation illustrating this maneuver is available at http://my.fit.edu/˜taeyoung).
We compute the discrete-time Hamiltonian flow according
to (39)–(46), and as comparison, we numerically integrate
the continuous-time Hamilton’s equations (18)–(20) using
an explicit, variable step size, Runge-Kutta method. The
timestep of the Lie group variational integrator is h = 0.001
and the maneuver time is 100 seconds.
Fig. 2 shows the resulting angular/linear velocity responses, total energy, total linear momentum, total angular
momentum deviation, and orthogonality errors of the rotation
matrices. The Lie group variational integrator and the RungeKutta method provide compatible trajectories only for a short
period of time.
The computational properties of the Lie group variational
integrator are as follows. As shown in Fig. 2(b), the computed total energy of the Lie group variational integrator
oscillates near the initial value, but there is no increasing
or decreasing drift for long time periods. This is due to the
fact that the numerical solutions of symplectic numerical
integrators are exponentially close to the exact solution
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Numerical simulation of connected rigid bodies in a perfect fluid (LGVI: red, solid, RK(4)5: blue, dotted)

of a perturbed Hamiltonian system [19]. In particular, the
discrete-time flow almost exactly preserves the perturbed
Hamiltonian, which is close to the original Hamiltonian.
The Lie group variational integrator preserves the momentum
map exactly as in Fig. 2(d) and 2(f), and it also preserves
the orthogonal structure of rotation matrices accurately. The
orthogonality errors, measured by kI − RiT Ri k for i ∈
{0, 1, 2}, are less than 10−13 in Fig. 2(h).
These show that the structure-preserving properties of the
Lie group variational integrator are important for simulating
the dynamics of connected rigid bodies in a fluid accurately.
A more extensive comparison study of the computational
accuracy and efficiency of Lie group variational integrators
can be found in [12].
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