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Abstract: The first-order moving average model or MA(1) is given by X; =
Ziy — 00Z¢—1, with independent and identically distributed {Z;}. This is ar-
guably the simplest time series model that one can write down. The MA(1)
with unit root (fp = 1) arises naturally in a variety of time series applications.
For example, if an underlying time series consists of a linear trend plus white
noise errors, then the differenced series is an MA(1) with unit root. In such
cases, testing for a unit root of the differenced series is equivalent to testing
the adequacy of the trend plus noise model. The unit root problem also arises
naturally in a signal plus noise model in which the signal is modeled as a ran-
dom walk. The differenced series follows a MA(1) model and has a unit root
if and only if the random walk signal is in fact a constant.

The asymptotic theory of various estimators based on Gaussian likeli-
hood has been developed for the unit root case and nearly unit root case
(60 =148/n,B < 0). Unlike standard 1/+/n-asymptotics, these estimation pro-
cedures have 1/n-asymptotics and a so-called pile-up effect, in which P(é =1)
converges to a positive value. One explanation for this pile-up phenomenon
is the lack of identifiability of 6 in the Gaussian case. That is, the Gaussian
likelihood has the same value for the two sets of parameter values (6, 02) and
(1/6,62%02). Tt follows that § = 1 is always a critical point of the likelihood
function. In contrast, for non-Gaussian noise, 6 is identifiable for all real values.
Hence it is no longer clear whether or not the same pile-up phenomenon will
persist in the non-Gaussian case. In this paper, we focus on limiting pile-up
probabilities for estimates of 8y based on a Laplace likelihood. In some cases,
these estimates can be viewed as Least Absolute Deviation (LAD) estimates.
Simulation results illustrate the limit theory.

1Research supported by NSF grant DMS-9972015

2Research supported by EPA STAR grant CR-829095

3Research supported by NSF grant DMS-0308109

AMS 2000 subject classifications: Primary 62M10; secondary 60F05
Keywords and phrases: noninvertible moving averages, Laplace likelihood

1
imsart-lnms ver. 2006/03/07 file: WeiPaper.tex date: May 1, 2006



2 Breidt et al.
1. Introduction

The moving average model of order one (MA(1)) given by
Xt = Zt - 9[)th17 (11)

where {Z;} is a sequence of independent and identically distributed random vari-
ables with mean 0 and variance o2, is one of the simplest models in time series.
The MA(1) model is invertible if and only if || < 1, since in this case Z; can be
represented explicitly in terms of past values of the X3, i.e.,

o0
Zy = Z 0 X ;.
=0

Under this invertibility constraint, standard estimation procedures that produce
asymptotically normal estimates are readily available. For example, if 0 represents
the maximum likelihood estimator, found by maximizing the Gaussian likelihood
based on the data Xi,...,X,, then it is well known (see Brockwell and Davis
(1991)), that

Vn(f —60) % N(0,1—62). (1.2)

From the form of the limiting variance in (1.2), the asymptotic behavior of 0, let
alone the scaling, is not immediately clear in the unit root case corresponding to
0y = 1.

In the Gaussian case, the parameters 8y and o? are not identifiable without the
constraint |fy| < 1. In particular, the profile Gaussian log-likelihood, obtained by
concentrating out the variance parameter, satisfies

L(0) = L(1/9).

It follows that # = 1 is a critical value of the profile likelihood and hence there
is a positive probability that § = 1 is indeed the maximum likelihood estimator.
If 6y = 1, then it turns out that this probability does not vanish asymptotically
(see for example Anderson and Takemura (1986), Tanaka (1996), and Davis and
Dunsmuir (1996)). This phenomenon is referred to as the pile-up effect. For the
case that 8y = 1 or is near one in the sense that 8y = 1 + «/n, it was shown in
Davis and Dunsmuir (1996) that

n(d—6p) ¢,

where &, is random variable with a discrete component at 0, corresponding to the
asymptotic pile-up probability, and a continuous component on (—o0, 0).

The MA(1) with unit root (6p = 1) arises naturally in a variety of time series
applications. For example, if an underlying time series consists of a linear trend plus
white noise errors, then the differenced series is an MA (1) with a unit root. In such
cases, testing for a unit root of the differenced series is equivalent to testing the
adequacy of the trend plus noise model. The unit root problem also arises naturally
in a signal plus noise model in which the signal is modeled as a random walk. The
differenced series follows a MA(1) model and has a unit root if and only if the
random walk signal is in fact a constant.

For Gaussian likelihood estimation, the pile-up effect is directly attributable to
the non-identifiability of 6y in the unconstrained parameter space. On the other

imsart-lnms ver. 2006/03/07 file: WeiPaper.tex date: May 1, 2006



Non-invertible MA(1) 3

hand, if the data are non-Gaussian, then 6y is identifiable (see Breidt and Davis
(1992)). In this paper, we focus on the pile-up probability for estimates based on
a Laplace likelihood. Assuming a Laplace distribution for the noise, we derive an
expression for the joint likelihood of § and z;,,;¢, where z;,;+ is an augmented variable
that is treated as a parameter and the scale parameter o is concentrated out of the
likelihood. If z;,: is set equal to 0, then the resulting joint likelihood corresponds
to the least absolute deviation (LAD) objective function and the estimator of
is referred to as the LAD estimator of 6y. The exact likelihood can be obtained
by integrating out z;,;+. In this case the resulting estimator is referred to as the
quasi-maximum likelihood estimator of 6y. It turns out that the estimator based on
maximizing the joint likelihood always has a positive pile-up probability in the limit
regardless of the true noise distribution. In contrast. the quasi-maximum likelihood
estimator has a limiting pile-up probability of zero.

In Section 2, we describe the main asymptotic results. We begin by deriving an
expression for computing the joint likelihood function based on the observed data
and the augmented variable Z;,;, in terms of the density function of the noise. The
exact likelihood function can then can be computed by integrating out Z;,;;. After
a reparameterizion, we derive the limiting behavior of the joint likelihood for the
case when the noise is assumed to follow a Laplace distribution. In Section 3, we
focus on the problem of calculating asymptotic pile-up probabilities for estimators
which minimize the joint Laplace likelihood (as a function of 6 and z;,;, and the
exact Laplace likelihood. Section 4 contains simulation results which illustrate the
asymptotic theory of Section 3.

2. Main Result

Let {X;} be the MA(1) model given in (1.1) where 6y € IR, {Z;} is a sequence of
iid random variables with £Z; = 0 and density function fz. In order to compute
the likelihood based on the observed data X, = (Xi,...,X,)’, it is convenient to
define an augmented initial variable Z;,;; defined by

5 | 2 it <1,
it = g Soi, Xy, otherwise.

A straightforward calculation shows that the joint density of the observed data
X, =(X1,Xs,...,X,) and the initial variable Z;,;; satisfies

n

IX 2, (®ns Zinit) H ) (Lgo<ay + 101" Lgja1513) »

where the residuals {2} are functions of X,, = @, 6, and Z;,;4 = Zini which can
be solved forward by z; = X; +60z;_1 for t = 1,2,...,n with the initial zg = z;p if
|6] <1 and backward by 2,1 = 6~ !(2; — X;) for t =n,n —1,...,1 with the initial
Zn = Zinit + Z?:l Xy, if |(9| > 1.

The Laplace log-likelihood is obtained by taking the density function for Z;
to be fz(z) = exp{—|z|/0}/(20). If we view z;,;; as a parameter, then the joint
log-likelihood is given by

1 n
— (n+1)log20 — ;;m —n(log|0])1{g|>1} - (2.1)
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4 Breidt et al.

Maximizing this function with respect to the scale parameter o, we obtain

&= lal/(n+1).
t=0

It follows that maximizing the joint Laplace log-likelihood is equivalent to minimiz-
ing the following objective function,

Sorolzl, i <1,

Cn(0, zimit) = { oo l#]l6], otherwise. (2:2)

In order to study the asymptotic properties of the minimizer of ¢, when the
model 6y = 1, we follow Davis and Dunsmuir (1996) by building the sample size
into the parameterization of 8. Specifically, we use

.. B
9—14‘5» (2.3)

where ( is any real number. Additionally, since we are also treating z;,;: as a
parameter, this term is reparameterized as

ao
vn
Under the (8, «) parameterization, minimizing ¢,, with respect to 6 and z;p; is
equivalent to minimizing the function,

Zinit = Zo + (2.4)

1
Un(67 Oé) = ; [zn(97 Zinit) - Z’11(17 ZO)] ’
with respect to 8 and «a. The following theorem describes the limiting behavior of
U,.

Theorem 1. For the model (1.1) with 8y = 1, assume the noise sequence {Z;} is
IID with EZ; = 0, E[ sign(Z;)] = 0 (i.e., median of Z; is zero), EZ} < oo and
common probability density function fz(z) = o1 f(z/0), where o > 0 is the scale
parameter. We further assume that the density function fz has been normalized so
that 0 = E|Z;|. Then

Un(B,0) "4 U(8, ), (2.5)

idi e . . . .
where %' denotes convergence in distribution of finite dimensional distributions
and

UB,a) = /0 1 [ﬁ /O Seﬂ<s—t>d5(t)+ae55] dW (s)

+£(0) /0 1 [5 /0 ) eﬁ<”>d5(t)+aeﬁs] ds, (2.6)

for 8 <0, and

1 1
UB,a) = /0 {—ﬂ /+ e PE=9)q8(t) + ae‘g(l_s)} dW (s)
2

+£(0) /O 1 [—ﬁ / 16_5“_‘9)(15(15)+ae_5(1_s)} s,  (27)
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Non-invertible MA(1) 5

for B >0, in which S(t) and W (t) are the limits of the following partial sums

[nt] [nt]

1
ZZ o, Wy(t) = — Z sign(Z;)
Vi
respectively.

Remark. The stochastic integrals in (2.6) and (2.7) refer to It6 integrals. The
double stochastic stochastic integral in the first term on the right side of (2.7) is
computed as

/0 1 / i B9 d5(H)dW (s) = / L etas() / e (s)
- / / LCOPET / 45 (£)dW (¢

where (see (2.15) below)

/O AS()AW (1) = B(Zssign(Z:)) o = B|Zi|Jo = 1.

Proof: We only prove the result (2.5) for a fixed (8, «); the extension to a finite
collection of (8, «)’s is relatively straightforward. First consider the case 6 < 0. For
calculating the Laplace likelihood ¢,,(8, z;n:) based on model (1.1), the residuals are
solved by z; = X; + 6z, for t = 1,2,...,n with the initial value zg = z;,;¢. Since
Xy = Zy— Z;_1, all of the true innovations can be solved forward by Z; = X;+ Z;_1
for t =1,2,...,n with the initial Zy. Therefore, the centered term £, (1, Zy) can be
written as

n

bn(1, Z0) = | Zo| + D 1Xi + Xica + -+ X1+ Zo| =) _|Zi].

i=1 i=0
For 8 <0, ie., 0<1,
zi = Xi+0Xiq+- 407X +9izinit
= (Zi=Zi1) +0(Zi1 — Zia) + -+ + 0721 — Zo) + 0" zinit
= Zi — (1 — G)Zi_l — 9(1 — H)Zi_g — s — 91 1(1 — Q)ZO — 91(Z0 — Zinit)a

which, under the true model 6 = 1, implies

[£n (0, zinit) — ln(1, Z0)] = é (Z EIEDY |Zi|> = %Z (12 — yil = 1Zil) ,(2.8)

=0 =0 =0

Q=

where yg = Zy — 2zinit and

i—1

Yi = (1 — 9) Zel—l—]zj + el(ZO - Zi’nit)a

§=0
for i =1,2,...,n. Using the identity

|Z —y| —|Z] = —y sign(Z) + 2(y — Z) (Ljo<z<y} — L{y<z<0}) (2.9)
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6 Breidt et al.
for Z # 0, the equation (2.8) is expressed as two summations, the first of which is

n n i—1 n
Yi . i—1—j Zj . Zinit — 20 i
— — i = —1 3 _— S i
E_O sign(Z;) -1 E < E 0 . ) sign(Z;) + E 0" sign(Z;)

i=1 \j=0 i=0
- 5; [z_; (1 + §>i—j_l ijl sign(Z;) + %; (1 + g)l sign(Z;)
3 1 s— B —nt 8 ns—1 1 B\"
- 5/0 /0 (1+5) dS, (1) (1+5) de(s)+a/0 (Hg) AW (s)
— g/ / ef’@*”dS(t)dW(s)Jra/ P aw (s), (2.10)
0 0 0

where the limit in (2.10) follows from a simple adaptation of Theorem 2.4 (ii) in
Chan and Wei (1988).

To handle the second summation in computing U, (8, «), we approximate the
sum

—~ Yi—Zi
Z 2 v o (1{0<Zi<yi} - 1{yi<Z1‘,<0})
=0

= Yi — Z;
ZQE { o (1{0<Zi<yi} - 1{yi<Zi<0}) |Fic1],
i=0

where F; is the o-field generated by {Z; : j = 0,1, ...,4}. First we establish conver-
gence of the latter sum and then show that the variance of the difference in sums
converges to zero. Since

nax lyi| — 0,

Yi R
]:i—l:| _ 2/ Yi Z)
0 o

y; € Fi_1, we have

i — Zi
2F [(y . )1{0<Zi<yi}

X
\
—
e

o\
<

]

7N
&

for y; > 0, and

i — Zs 0
2F {(y > 1{y¢<Z1:<0}|}—z‘—1] = 2/
o s

%
=
=

\O
~ [\
N
<
Q|
N
N——
QU
~
Q| w
N——

for y; < 0. Combining these two cases, we have

QZE {yl - Z; (Lo<zi<yiy — Liyi<zi<0y) |Fi_1} ~ f(o)z (%)2’
i=0 ‘

g
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Non-invertible MA (1) 7

where
Sy - $fo-nSeodisns
: g : - g g
=0 =0 j=1
n i— i—1—j %
_ 7.
— ﬂ2(1+6) J_a(1+ﬂ)
= | no= n o n n
n (i—-1)/n i1—1l—sn 7 2 1
= Z g/ (1+ﬁ> dSn(s)+a(1+6) -
: 0 n n
=1 L
1r s 2
— / ﬁ/ PEDas(t) + aeﬁs} ds (2.11)
o L Jo
in distribution as n — oo.
It is left to show that
Yi —
1{0<Z <y} — Yyi<z, <0})
y7. -
- QZE { 1{0<Z <} — Lyi<zi<0y) [Fia (2.12)

converges to zero in probability. Define

(Lto<zi<yy — Lyi<zi<0y) -

The expectation of (2.12) is zero and therefore, it is enough to show that the
variance of (2.12) also converges to zero. The variance of (2.12) is equal to

Zvar B (g Fis +zzc0v S~ E W Fi1), g — E (y]1Fi-1))
_ i;E[yf—E(y;fi—l)]Q
= iEE [(v1)* = (B (47| Fi-1))” | Fici]
_ z; BB ((57)1Fi1) — (B (4 1F-1))?]
~ Y i (%) - sor (4)]
—f(0)’E

< e[S ()] o[£ (2]
— 0, (2.13)

i—0
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8 Breidt et al.

as n — 00, where

cov (yi — E (i1 Fic1) , u; — E (yj1Fj-1))
= Ely; — EW|F-)] [y; — E (y;|F5-1)]

T [@: ~ E@FD) () - B (1F51))

fj1:|

)

_ & [@:‘ CEWIF) E (y B (y1F1)

for i < j, and
BwiF) ~ 10 (L)
2(wr1Fa) ~ o) (%),
Vn g (%)3 — —/01 (6/03 eP=Das(t) + aeﬁs>3ds7

4

n 2": (%)4 — /1 <ﬂ /S AE=DdS(t) + ae'35> ds.
i=0 0 0

Based on (2.10), (2.11), and (2.13), the proof for 5 < 0 is complete.

The proof for § > 0 given in (2.7) is similar to that for 8 < 0. For § > 0,
i.e., § > 1, the residuals {z;} are solved backward by z;_; = 07 1(z — X;) for
t=mn,n—1,...,1 with the initial z,, = zinit + Z?:l X;. Solving these equations,
we have

fn—1—i = —67! (Xn—i + eian—'L—l +o 4+ aian - ailzn) s

Q

fori=0,1,...,n— 1. Writing X; = Z; — Z,_1, we obtain
_Zn—l—ie = Xn—i + 9_1Xn—i—1 + -+ Q_ZXn - e_izn
(ani - anifl) + 9_1(ani+1 - anz) +---+ G_i(Zn - anl) - g_izn
i+ (=024 407V A =021+ 07(Zn — 20)

= —Zp—i—1+ Yn—i-1,
where
i = (1=07) DO T 2407 (2 — )
j=1
= (1-071 2(9_1)i_janj + 07" <Z Xi+ Zo) - (Z Xi + Zznzt)]
=1 i=1 i=1
= (1= (077 Znj+ 07 (Zo — Zinit),
j=1
fori=0,1,...,n—1and y, = Z, — zn, = Zo — Zinst- Again, for § > 1, we have

n

(0, 2imie) = (1, Z0)) = =3~ (125 = il = |2])

=0

Q-
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Non-invertible MA(1) 9

which has the same form as that for § < 1 but with different {y;}. Following a
similar derivation for 8 < 1, one can show that

n

) 1 pl 1
—Z% sign(Z;) — —ﬂ/ / e—5<t—5>d5(t)dW(s)+a/ e PA=9qW (s),
g 0 Js+ 0

=1
2

n_ 2
?% — / [ ﬂ/ tSdS )+aeﬁ(ls)} ds,
iU

in distribution as n — oo. Combining this with the analogous result (2.13) for
B > 0, completes the proof. [ |

We close this section with some elementary results concerning the relationship
between the limiting Brownian motions S(¢) and W(t) that will be used in the
sequel. Since o = E|Z;|, the process S(t) can be decomposed as

Sty =W(t) +cV(t), (2.14)
where {W(t)} and {V ()} are independent standard Bronwnian motions on [0, 1]

and
Var(Z;)/o? —

In addition, we have the following identities

/01 V(s)ds

1
/ V(s)dW (s)
0

/OldW(s)dW(s) - /Olds:l,

/1dV(s)dW(s) = 0,
0

V(l)—/0 sdV (s),

1
- / W (s)dV (s),
0

where the first two equations can be obtained easily by integration by parts. It
follows that

/1dS(s)dW(s): [y dW (s)dW (s) + ¢ [, dV (s)dW (s) = 1. (2.15)

3. Pile-up probabilities
3.1. Joint likelihood

In this section, we will consider the local maximizer of the joint likelihood given
by —£, in (2.2). This estimator was also studied by Davis and Dunsmuir (1996)
4 5

b Bt n) the local minimizer of ¢, (6, zinit)

in the Gaussian case. Denote by (

in which 65 is closest to 1. Using the (6, ) parameterization given in (2.3) and
(2.4), this is equivalent to finding the local minimizer ( 7({]), &%J)) of U,(B, ) in

imsart-lnms ver. 2006/03/07 file: WeiPaper.tex date: May 1, 2006



10 Breidt et al.

which BA,({]) is closest to zero. Moreover, the respective local minimizers of ¢,, and
U,, are connected through the following relations:
3(J) ~(J)
N S N
n + n ’ Zlnzt,n 0 + \/ﬁ
If the convergence of U, to U in Theorem 1 is strengthened to weak conver-
gence of processes on C’(R2), then the argument given in Davis and Dunsmuir
(1996) suggests the convergence in distribution of ( 30, 075{])) to (B), al”)), where
(6,4 is the local minimizer of U(3, ) in which 5/ is closest to 0. It follows
that

(3.1)

(0 — 1), vz — Zo) /o) % (B, alD). (3.2)

The proofs of these results are the subject of on-going research and will appear in
a forthcoming manuscript.

Turning to the question of pile-up probabilities, we have that 1 is a local min-
imizer if the derivative of the criterion function from the left is negative and the
derivative from the right is positive; that is,

P@ =1) = P(BY =0
0 . .0 .
- [g%aﬁ 2 (0,60(8) < 0 and T 2, (5,60(9)) > o} |

where &, (8) = argmin, U, (5, @) for given . Assuming convergence of the right-
and left-hand derivatives of the process U, (85, &,(8)), we obtain

lim_ P@Y) =1)=P {15% %U (3,&(B)) < 0 and lim %U (3,&(B)) > 0} , (3.3)

where &() = argmin, U(3, a). We now proceed to simplify the limits of the two
derivatives in the brackets of (3.3) in terms of the processes S(t) and W (t). Ac-
cording to (2.6) in Theorem 1, we have

: ey ' os
151%a UB,a) = 161?01{/0 e‘dW(s)+f(0)2a/0 e ‘ds}

/1dW(s) + 2a£(0) /1 ds
0 0
W(1) + 20(0),

and therefore

The derivative of U (3, o) with respect to § at zero from the left-hand side satisfies

55U e / / (=0dS()dW (s) + / / 50 (5 — £)dS (£)dW (5)
el oo ([ -0
<o [ P ( / S eff(s—t)dsu)) ( /0 eﬁ<s—t><s—t)d5(t)) ds+at [ " 29ds
+2a/oleﬁs </Oseﬁ<s—t)d5(t>) ds+2a6/oleﬁs </0 €51 (25 — 1)dS (¢ )) }
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Non-invertible MA (1) 11

Taking the limit as 8 T 0, we have

B
B%aﬁ (B,4(8))

//dS £)dW (s) + &(0 )/ de(s)+f(o){aﬂ(o-)/012sds+2a(0—)/01/03d5(t)ds}
_ /Os<>dW<> W(l)/ [/W }

= Y. (3.4)

Similarly, according to (2.7) in Theorem 1, we have

; ' —B(1-s) ' —26(1-s)
hma— (B,a) = hm{/o e dW(s)+f(0)2a/O e ds}

810 310
= /dW(s)+2af(0)/ ds
0 0
= W)+ 2af(0),

and therefore

w(1)

2£(0)°

which is same as &(0—). The derivative of U(3, o) with respect to 8 at zero from
righthand side satisfies

—U (3, // e P9 dS(t)dW (s ﬁ// —BE=5) (5 — £)dS(t)dW (s)
+a/0 e—ﬂﬂ—s)(s—1)dW(s)+f(0){25/0 (/ e—5<t—s>d5(t)>2ds
+52/()12</: —BU=9) s (t )) (/1 e P9 (s —1)dS(t )) ds + o /01 e 280=9)9(s — 1)ds
204/016'8(1 9 (/ A=) s (t) )dsQoz,()’/ / Al+t=2s) tl)dS(t)ds}.

Taking the limit 8 | 0 and using the remark in Section 2, we have

a(0+) = —

— 7/0 /: dS(t)dW (s) +a(0+)/1(s 1)dW (s)

+f(0){ (o+)/0 (3—1ds—2a0+//dS }

— _S)W /S dW()+1+a(0+)[s—1 /W }
+f(0>{ (0+) - 2(0+) {s / S(s H

:/SdW /Sd+é[/W 1}1

= Y +1.
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12 Breidt et al.

Therefore, the pile-up probability in (3.3) can be expressed in terms of Y as
lim P(0) =1) = P[Y <0andY 41> (]
n—oo
P[-1<Y <0].

3.2. Exact likelihood estimation

In this section, we consider pile-up probabilities associated with the estimator that
maximizes the exact Laplace likelihood. For § < 1, the joint density of (@, Zinit)
satisfies

t=0
_ (1>n+1 exp {_ [ZW(Q, Zim't) — gn(l, Z())] + En(l, Zo) }
20 o
n+1 n
() e (- El) o,
20 o

Integrating out the augmented variable z;,;;, we obtain

/ f(®n, zinit)dzinie = () exp <—Zt=0 | t|) i/ e P9 da,
oo 20 o \/ﬁ oo

since under the parameterization (2.4), dz;n;t = (0/+/n)da. The Laplace log-likelihood
of (0,0) given x,, then satisfies

52(9,0) = log/ f(@n, Zinit)dZinit

n Z oo
—(n+1)log(20) — @ + log (%) + log/iOo e~ Un(B:a)gq,

where the last term does not depend on ¢ as n — co. So maximizing ¢}, with respect
to 0 < 1 is approximately the same as maximizing

U*(8) = log / e~Un(B0) g (3.5)

with respect to 5 <0,
Similarly, for 6 > 1, the Laplace log-likelihood of (8, 0) is

0(0,0) = log/ f(@n, Zinit)dZinat

oz
= —nlogl|f| — (n+1)log(20) — 2:’5;|00|t|

+ log (%) +1og/ e UnB)lfl™ g

where again the last term does not depend on o as n — co. As above, maximizing
£} with respect to 0 > 1 is equivalent to maximixing

U (B) = log / e~ Un(B:adn/(+0) 4o (3.6)

— 00
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for B > 0.
A heuristic argument based on the process convergence of U, to U suggests that
Ux(B) — U*(B) = log / e VB doy | (3.7)

where U} is specified by (3.5) for § < 0 and by (3.6) for 8 > 0. Now if B
denotes the local maximum of the exact likelihood, or alternatively the maximizer
of U} () that is closest to 0, then the convergence in (3.7) suggests convergence in
distribution for the local maximizer of the exact likelihood, i.e.,

(0 — 1) = P % 3, (3.8)

where 35 is the local maximizer of U*(3) that is closest to 0.

The limiting pile-up probabilities for é,gE) are calculated from

lim P(@” =1) = lim P(3 =0)=P@E"P =0)
= (h% %U*(ﬂ) < 0 and hm %U*(ﬂ) > 0) .

Fortunately, the right- and left-hand derivatives of U* can be computed explicitly.
These are found to be

. - W(1) 1 1
lim 0 (5) = 4f 370 / W(s)ds — (1)/0 S(s)ds+/0 S(s)dW (s)
o
.
0y = (1 W) — 1 s)ds 1 s s 1
im0 = 70 + 370 / W (s)ds (1)/0 S(s)d +/O S(s)dW (s) +
- Y+;

where Y is defined in (3.4). The limiting pile-up probability for é,(LE ) is then

; 1 1
lim P(OF) =1) = P[—Q <Y<—2] =0.

3.3. Remarks
Here we collect several remarks concerning the results of Sections 3.1 and 3.2.

Remark 1. Under the assumptions of Theorem 1, the asymptotic pile-up prob-
ability for estimator 97({]) based on the joint likelihood is always positive. On the

other hand, the asymptotic pile-up probability for estimator éSLE) based on the exact
likelihood is zero.

Remark 2. The two estimators of 8y considered in Sections 3.1 and 3.2 were defined
as the local optimizers of objective functions that were closest to 1. One could also
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14 Breidt et al.

consider the global optimizers of these objective functions. For example, the exact
MLE in the Gaussian case was considered in Davis and Dunsmuir (1996) and Davis,
Chen and Dunsmuir (1995) and has a different limiting distribution than the local
MLE. In our case, there will be a positive asymptotic pile-up probability for the
global maximum of the joint likelihood and a zero asymptotic pile-up probability
for the global maximum of the exact likelihood.

Remark 3. Suppose Z; has a Laplace distribution with the density function

1
f2(z) = o177,
20

Then Y defined in (3.4) satisfies

y = / W(s)]dV(s) — 5. (3.9)

where W (s) and V (s) are independent standard Brownian motions. To prove (3.9),
note that the constant ¢ in (2.14) is equal to 1 so that

Sty =W(t)+ V().
In the following calculations, we use the well-known It6 formula
1 2
W=(1 1
/ W(s)dW(s) = W _ =
0 2 2

Since f(0) = 1/2, the random variable Y defined in (3.4) can be further simplified
in terms of W (t) and V (t) as

y = /015( VAW (s) — W(l)/lS( W(l){olw W(l)}
= /1 /W )dW (s /OV s)ds — W /W
/W ds _@
- -/ W(s)dV<s>+W22(” rew [vay - [Csavie] - V0

1
1
= / [W(1)s —W(s)]dV(s) — 3
0
Therefore, the pile-up probability for Laplace innovations is

P(-1<Y <0)

_ p (_; < /01 [W(1)s — W(s)]dV(s) < ;)

_ B :P (—; < /01 (W(1)s — W(s)] dV (s) < ;) ’W(t) on t € [0, 1]]

1/2

7% {/Ol[W(l)S - W(S)]st}_ . % {/Ol[w(l)s - W(S)]st}_l/2>]

= E|P

Q
o
o
[N}
S

imsart-lnms ver. 2006/03/07 file: WeiPaper.tex date: May 1, 2006
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where U has the standard normal distribution and ®(-) is the corresponding cu-
mulative distribution function. This pile-up probability, which was computed via
simulation based on 100000 replications of W (¢) on [0, 1], has a standard error of
0.0010.

Remark 4. From the limiting result (3.1), it follows that the random variable Zj
can be estimated consistently. It may seem odd to have a consistent estimate of a
noise term in a moving average process. On the other hand, a MA(1) process with
a unit root is both invertible and non-invertible. That is, Z, is an element of the
two Hilbert spaces generated by the linear span of {X;,¢t < 0} and {X;,t > 1},
respectively. It is the latter Hilbert space which allows for consistent estimation of
Zy.

4. Numerical Simulation

In this section, we compute the asymptotic pile-up probabilities associated with
the estimator #(/) which maximizes the joint Laplace likelihood for several dif-
ferent noise distributions. The empirical properties of estimators 0&‘” (the local

maximizer of the joint Laplace likelihood) and oL (the local maximizer of the
exact Laplace likelihood) for finite samples are compared with each other and with
the corresponding asymptotic theory.

For approximating the asymptotic pile-up probabilities and limiting distribution
of B,(ZJ), we first simulate 100000 replications of independent standard Wiener pro-
cesses W(t) and V(t) on [0,1] in which W (t) and V(¢) are approximated by the
partial sums W (t) = Z?:O?Om W;/+/10000 and V(t) = Zglzoi)ooﬂ V;/+/10000, where
{W;} and {V;} are independent standard normal random variables. From the sim-
ulation of W (t) and V(t), the distribution of the limit random variable 3} can
be tabulated and the pile-up probability P(—1 < Y < 0) estimated, where Y is
given in (3.4). The empirical pile-up probabilities and their asymptotic limits are
displayed in Table 1 for different noise distributions: Laplace, Gaussian, uniform,
and t with 5 degrees of freedom. Notice that there is good agreement between the
asymptotic and empirical probabilities for sample sizes as small as 50.

For examining the empirical performance of the local maximizers GA;J) and éflE),
we only consider the process generated with Laplace noise with ¢ = 1 and sample
sizes n = 20,50, 100, 200. For each setup, 1000 realizations of the MA(1) process
with 6y = 1 are generated and the estimates HAS{]) and 9$LE) and their corresponding
estimates of the scale parameter are obtained. The estimation results are sum-
marized in Table 2. For comparison, the standard deviation based on the limit
distributions of ééj) and é,gE) are also reported (denoted by asymp in the table),
which are obtained numerically based on 100000 replicates of the limit process U.
Generally speaking, the empirical root mean square errors are very close to their
asymptotic values even for very small samples. Moreover, the estimation error of
ééJ) is about 1/2 the estimation error of éﬁLEﬁ which indicates the superiority of
using the joint likelihood over exact likelihood when 6y = 1.
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TABLE 1
Empirical pile-up probabilities of the local mazimizer GASLJ) of the joint Laplace likelihood for an
MA(1) with 8p = 1 and sample sizes n = 20, 50,100,200 (based on 1000 replicates) and their
asymptotic values under various noise distributions.

n Gau Lap Unif t(5)
20 0.827 0.796 0.831 0.796
50 0.859 0.806 0.864 0.823
100 0.873 0.819 0.864 0.817
200 0.844 0.819 0.843 0.831
500 0.855 0.809 0.841 0.846
0o 0.873 0.820 0.862 0.836

TABLE 2
Bias, standard deviation and root mean square error of the local maximizers éﬁf’ and éSLE> of
the joint and exact Laplace likelihoods, respectively, for an MA(1) process generated by Laplace
noise with 6g =1 and o =1 (1000 replications).

n o) o)
n = 20 bias -0.003  -0.006
s.d. 0.066 0.144
rmse 0.066 0.144
asymp 0.053 0.121
n = 50 bias -0.000 0.000
s.d. 0.021 0.057
rmse 0.021 0.057
asymp 0.021 0.048
n =100 | bias -0.000 0.001
s.d. 0.011 0.030
rmse 0.011 0.030
asymp 0.011 0.024
n =200 | bias 0.000 0.001
s.d. 0.006 0.014
rmse 0.006 0.014
asymp 0.005 0.012
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