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1. Introduction
Suppose that y is a real, primitive character modulo k, where k> 1 is odd. Since the

k—1
quadratic Gauss sum G(y)= Y x(n)e*"™* has the values [15, p. 256]
n=1
Gy = W, if y is even, (L1)
K=Yk, ifyis odd, '
if follows that

k-1 tk—1)2
x{n)cos (2nn/k)=2 ynycos 2nn/k)= VE , if yis even,
n=1 n=1

and
(k= 1)/2

k_
Zl x(m)sin@nn/ky=2 Y xn)sin(2nn/k)= Vk, iy is odd.
=1 n=1

Lehmer [12] has made the following interesting conjectures for the signs of
“half Gauss sums”:

(k-1y2
22) Y. xn)cosmn/k)>0, if xis odd, (1.2)
n=1
and
(k=12
22) > xn)sinQRnn/k)<0, if yxis even. (1.3)
n=1

Lehmer also has formulated some conjectures on the signs of half Gauss sums like
those above but with 2nnr/k in place of 2zn/k, for certain integers . For example,
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for p=1(mod 4), she has conjectured that

(p—1)/2

Y (1—7) sin (4nn/p) >0,

n=1

where (g) denotes the Legendre symbol.

The primary purpose of this paper is to prove some general theorems from
which the conjectures of Lehmer follow as corollaries. In Sect. 2, we establish some
representations for trigonometric character sums. These formulas are employed in
Sect. 3 to determine the signs of half Gauss sums. We conclude this paper by
showing how some of the theorems of Sect. 2 can be reformulated to yield some
classical identities for trigonometric character sums.

2. Representation Theorems

Throughout the sequel, y is a primitive character (mod k) with k> 1, and « is a real
number. Define
k—1

Glo, )=}, xmpe™="k.
n=1

Thus, if o is an integer relatively prime to k, then G(x, %) is a Gauss sum (mod k).
Note that G(1, y)=G(y).

Theorem 1. If « is not an integer, then

21:11

o L0 (-4 @

Glo, y) = iTa

Proof. Since y is primitive, y(n)=G(x)G(n, y)/k when n is an integer [1, p. 171].
Thus,
k-1 _
Glo, 1) = %X* Z G(n, y)e?mi=
k—1 k~1

Z Z —(m)ean(a m)n/k

n=0m=1
G(X) k—1 1— eZn:m
. mZI KM\ =i

_ (1 _e2nm)G(X) k-1

T 2 x(m){1 —icot(n(m—a)/k)}
= Q——%ki(@ Z 7(m) cot (n(m—a)/k). (2.2)

m=
Since

N1

1
cot{mx)= lim —
(nx)= N-w nn_z_Nn-lv-x
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when x is not an integer, we deduce that

(1 _ eZmz)G(X) N k-1

DI

G(o, y)= lim ~—— 2

No oo DN e 1kn-l—m o
i 1— 2ria EN+E—-1 =

i (287960 P 5O
N-w 2mi j=wej—a’

from which the theorem now follows. QED

Theorem 1, in a slightly different form, was established by Hamburger [ 107], by
a different method. For a more general result and some related remarks, see [6,
pp. 171-173].

As usual, let L(s, y)= Z ¥(mn~%, Res>0, denote a Dirichlet L-function. The

n=1
following result is well known ; see, for example, [2; 5, Example 2] and [8, (6.24)].

Corollary 2. Let r be a natural number. Then
’ , LG
"= —rlk'G 1 -D)(-1yY} ——=5
n; A" = —r k' G(x) J_:Zl e ¥ e 7
Proof. Using Leibniz’s rule, differentiate both sides of (2.1) r times with respect to o.

Upon letting « tend to 0, we deduce the desired result. QED
If o is not an integer, define

< x0) < Ja)
R(z, p)= - and S(e,x)= ) »——5.
(e, %) j;ljz_az ( %) jzlJz_az

Thus, the series in (2.1) equals 2xR(x, ¥) or 25(;, ¥) according as y is even or odd.

Corollary 3. If o is not an integer, then

. ~ XsinQra)G(R@. D,  if 1 is even,

Y, xtmcos Qrank)=1 | "

"= — (1= cos QrO)G()S@T), i 1 is odd,
and

. ~ 21 —cos 2na)GR@,Y), if ¥ is even,

Y y(n)sin Qron/k) = 7;

n=1 ~ —sin 2ma)G()S(@, 2 if xis odd.

Proof. Since the sums on the left sides above are 1{G(ax, y)+ G(—a, %)} and
%{G(a, ¥)— G(~a, )}, respectively, the corollary follows immediately from
i

Theorem 1. QED
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Corollary 4. If o is not an integer and y is real, then

k
_G nlf {sin (2700) + i(1 — cos 2no)}R(w, ), if ¥ is even ,
Gla, y) = Vi (2.3)
— {1 —cos (2ma) — i sin 2na)}S(2, %), if x is odd .
Proof. The result follows easily from Theorem 1 and (1.1). QED

If § is not an odd integer, we define

0= #05 and U -3 P
J odd Jodd

The series R, S, T, and U are connected as shown in the following two lemmas. In
the proofs,

Z denotes lim Z

j=—w N—-+ow j=-N
Lemma 5. Let k be odd and assume that § is not an odd integer. Then

R4 P

and

S("—‘;ﬁ,x) _ UGy, if 7 is odd.

Proof. First, suppose that y is even. Then

k+p ) L3 x0) 2% & 1)
R g = -

( 2 k+p j:z_:mj—(k+ﬁ)/2 k+/i]_z_w] k—p

Jeven

%) & =K %D & )
k+ﬂjz_:m] k—p k-}—ﬁj_z_w

_4pr2)
v T(B, x) -

The proof of the second part of Lemma 5 follows along the same lines. QED

Lemma 6. Let k be even and assume that o is not an integer. Then

20
Rla+k/2, )= — 5— R, )= mT(a,x), if yis even,

2
" 2u+k
and

S(e+k/2, y)=~S(e, )= — Ula, x), if y is odd.
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Proof. Note that k/2 is even, for otherwise the conductor of ¥ would divide k/2,
which contradicts the fact that y is primitive. Moreover, y(j— k/2)= — x(j). For if
x(j—k/2)=x(j) for some odd integer j, then

L= =2 — k2D =y i=k/D=x1-k/2),

which again contradicts the primitivity of y.
First, suppose that y is even. Then

s ) 1 a k)
Rtk = X imakp ™ 2aik 2 j—akp
-

T 2tk = j-a 2atk
The proof of the second part of Lemma 6 is analogous. QED

Theorem 7. Let k be odd and assume that B is not an odd integer. Then

g 2 psinGHGTE. D, i 1 s even,
(— 1100 cos (k) =
— A (L+cos@AGHUB. D), if 2 is odd,

k

and

k-1 - %‘ﬂx(z)(l +cos (PNG)T (B, %), if x is even,
Y (= 1)"y(n) sin (npnjk) =
n=1 51(2) sin (B)GOIU(B. %), if xisodd .

Proof. In Corollary 3, replace a by (k+ £)/2. Applying Lemma 5, we complete the
proof. QED

Theorem 8. Let k be even and assume that o is not an integer. Then

%sin (2ra)G(R(2, 7), if xis even,

kil ( - 1)”2(’2) oS (27'5&1’1/1(} =< 1
n=1 — ;c—i(l —cos 2ro)YG(x)S(e, ¥}, if y is odd ,

and

%(1 —cos (2no))G()R(x, ¥), if y is even ,

5 (= 1)"x(n) sin (2non/k)= 4

n=

%sin Qra)G(x)S(e, 7), if xisodd.

Proof. In Corollary 3, replace « by z+k/2 and then apply Lemma 6 to complete
the proof. QED
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3. The Signs of Half Gauss Sums

Theorem 12 and Corollaries 15 and 17 below were conjectured by Lehmer. Our goal
in this section is to prove these and some generalizations.

Lemma 9. Let x be real and assume that 0 <o <1. Then

R(x, x) >

3 . 1 1
= 1 and Sz, y)>o (l-—az —-Z).
In particular, R(x, y) and S(x, x) are positive.

Proof. First,

1 = 1
R -
(“,X)> 1__“2 j;z jZ___(x2
1 2 1 1 3
g 1;2}2—1 1—-0?2 4
Secondly,

1 1
= 2 -
= L1+ (1_(12 4)

1 1
2 ——
* (1——0{2 4)’

since it is well known that L(1,)=0 [7, p. 267]. QED

1\Y%

Theorem 10. Let y be real and assume that 0 <o < 1. Then

o1 <0, if xiseven and a<3,
Y x(m)cos 2man/kyy =0, if x is even and a=7%,
not >0, otherwise ,

and
s >0, if yisodd and x>
Y x(n) sin 2rom/ky{ =0, if x is odd and o=

"=t <0, otherwise .

1
2
1
2

Proof. Taking the real and imaginary parts on both sides of (2.3} in Corollary 4
and using Lemma 9, we immediately deduce the two results above,
respectively. QED
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Clearly, analogues of Theorem 10 can be readily established for the sums in
Theorems 7 and 8.
The next lemma expresses half Gauss sums in terms of the sums in Theorem 10.

Lemma 11. Let y be real, k odd, and r a natural number. Then

k-1
(k= 1)/2 322 Z x(m)cos (nrm/k), if (=D=(=1y,
Y xmcosRarnfk)=
n=1 12 Z (— D"y(m) cos (mrm/k), if y—1)=(—1)y*1,

and
k-1
k- 1)2 %X(z) Z x(m)sin (mrm/k), i ===t
> xn)sin Qrrnfk)= ml
122) Z}— D" ym) sin(mrmjk), if y(—1=(—1).

Proof. We have

{k—-1){2 i x
%(2) z X(n)eme/k Z X(m)enirm/kg Z X(k__m)enir(k—m)/k

n=1 m=1 m=1
meven m odd

=x(—D(=1r Z Amye”mmik
m=1
m odd

Now twice the first sum above is equal to the second sum plus the fourth sum
above. The lemma now follows by considering the various cases. QED

Theorem 12. Let y be real and k odd. Then

(k—1)/2
¥(2) z x(m)cos 2nn/k)>0, if yis odd,

and

(k—1)2
w2 Y xn)sin Qun/k)<0, if yis even .
n=1

Proof. Apply Lemma 11 with r=1 and then Theorem 10 with «=1/2. The
theorem now follows. QED

Theorem 12 establishes the conjectures (1.2) and (1.3) of Lehmer. The special
case of Theorem 12 when & is prime is proposed in [13].

Theorem 13. Let k be odd, and let x be real and even. Assume that r is odd and > 1.
Suppose that y(n)=1 for 1<n<(r—1)/2 but that y(r+1)/2)%1. Then

(k—1)/2
x2) Y xn)sinQarn/k)>0 .
=1
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Proof. Using successively Lemma 11 and Corollary 3, we find that

k—1)/2 k-1

x2) Y xn)sin@nrafk)=1% Y x(m)sin(mrm/k)

n=1 m=1

VE o).

2n

It remains to show that R(r/2, ) <0. Now,

_iRe20= Y
RO20= 2 20
e e+ & )
S rP=@Q)F =) Sy (2
(r— 132 <53
= 2 : eVl ‘21—'2'
=1 F -2 =+ T —(2))
d i 1
= Lo @r e
i
—i;“z"+m>0. QED

Corollary 14. Let p be a prime with p=5(mod ). Then

w=112 [y
(5) sin (6nn/p) <0.

n=1

Corollary 15. Let p be a prime with p=17 (mod 24). Then
=12

y (Z) sin (10zn/p) >0 .

n=1

Theorem 16. Let k be odd, and let y be real and even. Suppose that r is positive and
even. Assume that y(n)=1 for all odd natural numbers n<r. Then
(k—1y2
Y xn)sin(urn/k)>0 .
n=1
Proof. By applying Lemma 11 and Theorem 7, we find that

(k—1)/2 1 k

Y xn)sinRarn/k)= 3 x2) il (= 1)"y(m) sin (mrm/k)
n=1 m=1

__ 2V T, 2).

1
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It remains to show that T(r, y) <0. Now,

x()

r?—j*

T )= il

Jodd

Corollary 17. Let p be a prime with p=1 (mod 4). Then

(p—1)/2

y (g) sin (4nn/p)>0.

n=1
Corollary 18. For primes p=1 (mod 12), we have

(p—1)/2

y (’;) sin (87n/p)>0.

n=1
Corollary 19. For primes p=1 or 49 (mod 60), we have

(p—1)2

Z )sm (127n/p)>0.

4. Identities for Trigonometric Character Sums

Most of the theorems in Sect. 2 involve the infinite series R(a, ) and S(a, x). By
using (2.1) and (2.2), we can express R(a,y) and S(x, x) as finite trigonometric
character sums:

R, x)= 5;%]2 kil y(m)cot(n(m—a)/k), if y is even, 4.1
m=1
and
Sle, x)= % kil x(m)cot (n(m—a)/k), if y is odd, 4.2)
m=1

where « is not an integer. These identities can be reformulated. If y is even, then

et x(m)

Vi .
R, )= = 55 sin Gro/k) ,,,; cos (2nm/k)— cos (2ra/k)’ (4.3)
if y is odd, then
m kd ¥(m) sin (2zm/k) (44)

S 0= = 5% L S 2rmk) = cos )
We proceed to prove only (4.3), as the proof of (4.4) is analogous.
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Suppose that y is even. In view of (4.1), it suffices to show that

k—1 k—1 4
_ _ x{m) sin 2na/fk)
L Hmycot(alm—ak)= 3 S cos Qo)
Choosing A =n(m+a)/k and B=n(m—a)/k in the easily proved identity
2sin(A—B)
cos (4 + B)~cos(4—B)’

@.5)

cot4A—cotB=

we see that the sum of the m-th and (k — m)-th terms on each side of (4.5) are equal.
This proves (4.5) and thus (4.3).

In [16], Schemme! proved a version of Corollary 3 in which R(w, x) and S(a, x)
are replaced by the right sides of (4.3) and (4.4), respectively. We shall indicate
additional identities which can be obtained from (4.1}(4.4) and results in Sect. 2.

Making use of (4.1) and (4.2) in the proof of Corollary 2, we can express
k-1
Y. x(mn" as a linear combination of the sums Z y(m) coti(mm/k), 1 <j<r. For
n=1 =1
such identities in a more general setting, see [4, Sect 4]. The cases r=1, 2 yield the

well-known identities

k-1 k-
= zG(x)

n=1

Z 7(m) cot (mm/k), (4.6)

when y is odd, and

k-1 k~1
¥ o= an ¥, Hmesc? . @47

when y is even. Lebesgue [11] first established (4.6). For references to other proofs,
see [9, Chap. 6] and [6, p. 156]. See also a paper of Lerch [14] for a thorough
discussion of identities like (4.6) and (4.7).

Let k be odd and y be odd. From (4.2) and Corollary 3 with «=£k/2, we find
that

k—1)/2
TENOR }: L) (— 1= G"‘

Again, let k be odd. From (4.3), (4.4), and Corollary 3 with « =k/4, we deduce
that

Z 7(m) tan (wm/k).

(4)<k z1:)/2%(”) (= 1l 12 Z ) (= =12 = zG(x

n odd

Z %(m) tan 2nm/k),

when y is odd, and

(-] X A= B )
1En<Kk4 k/4<n<k/2

= 2 ) (=) V2= <32(x) Z 7(m)sec (2nm/k),

nodd

when y is even.



Half Gauss Sums 125

Finally, we mention that by expressing cos’ (2rman/k) as a linear combination of

the terms cos (2nen/k), 0<j<r, we can apply Corollary 3 to obtain identities for
k-1

the sums Y. y(n)cos’ (2aan/k) for any natural number r. In particular, the elegant

n=1
identities in [3, p. 34] can be proved in this way.
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