PFAFFIANS AND STRATEGIES FOR
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To Roger Howe on his siztieth birthday.

ABSTRACT. The purpose of this paper is to develop optimal strategies for a
simple integer choice game with a skew symmetric payoff matrix. The analysis
involves the calculation of certain Pfaffians associated with these matrices.

1. INTRODUCTION

Alice and Bob play a game where each secretly chooses a positive integer. If both
players choose the same integer then the game is a tie. Otherwise, the player that
chooses the smallest integer (say Bob) wins $1 (from Alice), unless the two integers
differ by 1, in which case Alice wins w dollars from Bob. Here w is an arbitrary
positive integer. This game was partially analyzed by Mendelsohn [4] about 60
years ago. It was also discussed in the book of Herstein and Kaplansky [3] and was
further popularized in a book of Martin Gardner [2, Chapter 9.3].

It will be convenient to use “negative payoffs”. For example, if Bob’s integer is
1 less than Alice’s, then Bob receives the negative payoff v = —w. That means that
Bob pays Alice w dollars. This game yields a skew-symmetric payoff matrix A(v)
for “the row player” Bob, with v on the first super-diagonal and all 1’s above. We
denote by A,,(v) the m x m submatrix of A(v) consisting of the first m rows and
columns; for example,

0 v 1 1 1
—v 0 v 1 1
As(v)=| -1 —v 0 v 1
-1 -1 —v 0 w
-1 -1 -1 —-v 0

If both players choose integers from the set {1,...,m} then A,,(v) is the payoff
matrix for the row player Bob. For example, if Bob plays 3 and Alice plays 1, 2, 3,
4 or 5, then Bob wins —1, —v, 0, v or 1, respectively.

A strategy for a player of this game is a list of plays each with a corresponding
probability. For example, Bob could have the strategy of playing 1, 2, and 4 with
probabilities 2/3, 1/4, and 1/12, respectively (playing every other integer with
probability 0). A pure strategy is a strategy where one probability is 1 and all of
the rest are 0. For example, Bob’s strategy is pure if he plays 4 with probability 1.
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An optimal strategy is a strategy that beats or ties any other strategy. It is easily
seen that a strategy is optimal if and only if it beats or ties every pure strategy.

Mendelsohn [4] found numbers v4 < v3 < va < v1 = 0 (given below) such that:
if v9 < v < vy then the unique optimal strategy entails playing only the integers
1,2,3; if v3 < v < wy then the unique optimal strategy plays only the integers
1,2,3,4,5; and if vy < v < v3 then the unique optimal strategy plays only the
integers 1,2,3,4,5,6,7. For example, vo = (—1 — \/5)/2 and when vy < v < 0, the
unique optimal strategy is to randomly choose the integers 1,2,3 with respective
probabilities v/(2v — 1), 1/(1 — 2v), v/(2v — 1). The aspect of this game that we
find to be most striking (and our main reason for studying it) is the radical change
in strategy that can be caused by a small change in the payoff v. In Theorem 1.1
below, we extend Mendelsohn’s results by explicitly determining the unique optimal
strategies for all v < 0 for which they exist. An equivalent (but less elegant) version
of Theorem 1.1 was stated without proof in [1, Appendix].

For m > 1, set

1

2(1 — cos

Uy = 1 — —~
2m+1)

This is consistent with the notation vy, vo, v3,v4 in the last paragraph. We have

O=v1>v>v3>04> ...

om+1\>
U'rn:_( m ) +O(1)a

™

with

SO vy, tends to —oo quadratically.
We define a sequence of polynomials F),, = F,(x) recursively as follows: F_; = 0,
FQ =1 and

Foni1=Fn+(@—-1)F,,-1, m=>0.
The polynomials indexed by 1, 2, 3, 4, 5, 6 are respectively
1, z, 20 —1, 2+ —1, 322 — 2z, 23+ 322 — 4z + 1.
For 1 < j < m we define rational functions in v by the formula
pim) = (-1 ),
The advertised result, which is the main content of Theorem 3.4, is

Theorem 1.1. Suppose that there is an odd number k such that
Vi1 < U < Vg.

Then p;(2k+1) >0 forj=1,...,2k+1, Z?i"l_lpj(QkJrl) =1, and the unique

optimal strategy is to choose 1, 2,...,2k + 1 with respective probabilities
p1(2k + 1), pg(?k + 1), e ,p2k+1(2k + ].)

This integer choice game can be generalized so that for each i > 1, whenever Bob
chooses ¢ and Alice chooses i + 1, Bob’s payoff is an amount x; < 0 in lieu of the
constant amount v. We will call this more general version the “multivariate game”.
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The multivariate analogue of the payoff matrix A, (v) is the skew-symmetric n x n
matrix

0 T 1 1 1 1
—x1 0 X9 1 1 1
-1 —X2 0 T3 1 1
An:An(xla---axnfl): -1 -1 T3 0 1 1
1 -1 -1 -1 .. 0 ona
-1 -1 -1 -1 . —m,q O
For indeterminates xg, 1, . . ., we can define multivariate analogues F,, = Fy,(21,...,Zp_1)

of the polynomials F,,(z) recursively as follows: F_; =0, Fy = 1 and
Fm+1:Fm+($m_1>mela m > 0.

These polynomials are intimately related to the payoff matrices A,,. For example,
it will be seen in Section 5 that if n is even, Fy,(z1,...,2,—1) is the Pfaffian of
An(,’L‘l, ey ajnfl).

Let x denote the infinite vector (21, za,...). In contrast with the single variable
case, we do not know an explicit characterization of the set of all vectors x such
that the multivariate game has a unique optimal strategy. However, in Theorem
4.2 we present the unique optimal strategy for the multivariate game in the special
case that the first 2m + 1 entries of x are contrained to the interior of an explicitly
given unit hypercube.

We collect together results on the polynomials F,, = F,(z1,...,2,—1) and
the payoff matrices A, = A,(x1,...,2,—-1) in the Appendix (Section 5). The
main result in the Appendix, Theorem 5.8, shows that if no x; equals 1, then
ker Aok y1(21,. .., 2ak) is a one-dimensional space Rt where t is explicitly expressed
in terms of the polynomials F), as well as in terms of Pfaffians of the diagonal minors
of Agk+1. Theorem 5.8 is instrumental in the proof of Proposition 2.2. Propositions
2.1 and 2.2 in Section 2 give a general analysis of optimal strategies for the multi-
variate game. Proposition 2.2 is applied to prove the main theorems in Sections 3
and 4 (Theorems 3.4 and 4.2).

As indicated above, this paper is dedicated to Roger Howe. We hope that he
enjoys it as much as we enjoyed writing it.

2. STRATEGIES FOR THE MULTIVARIATE GAME
In this section, we provide methods for constructing optimal strategies for the
multivariate game described in Section 1.

Proposition 2.1. Suppose that there exists a vector p = (p1,...,pary1) € R2FH
such that

(2.1) ker Agpy1(21,..., z21) = Rp,
2k+1
(2.2) Zizl pi=1, with all p; >0,
and
2k
(2.3) > i+ Takpapokt1 > 0.

i=1
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Then the unique optimal strategy is to play i with probability p;, for 1 <i < 2k+1.
This strategy is still optimal (but not necessarily unique) if the inequalities in (2.2)
and (2.3) are not required to be strict.

Proof. Let Bob play j with probability p; for 1 < j < 2k + 1. Suppose that Alice
plays the pure strategy 7. If i < 2k + 1, then Bob’s payoff is

P1+ o+ T aPi—1 — TiPiy1 — Pig2 T

which vanishes by (2.1). If i > 2k + 2, then Bob’s payoff is 1. If i = 2k + 2, then
Bob’s payoft is

p1+ -+ pok + TogriPok+1 > 0
by (2.3). Thus Bob beats or ties every pure strategy, so his strategy is optimal.
This argument shows that Bob’s strategy is still optimal if the inequalities in (2.2)
and (2.3) are not required to be strict.

We now prove uniqueness. Suppose that against Bob’s optimal strategy, Alice
plays an optimal strategy in which she chooses i with probability r; for ¢ > 1. We
have seen that Bob beats every pure strategy exceeding 2k + 1, so r; = 0 for every
i > 2k+ 1. For brevity, let A denote the payoff matrix in (2.1), and let r denote the
column vector (r1,...,Tak+1). Since Alice’s strategy is optimal, all 2k + 1 entries
in the vector Ar are < 0. If at least one of these entries were strictly negative, then
by (2.2), we would have pAr < 0 . This is impossible, since pA = 0 by (2.1). Thus
Ar = 0. Hence by (2.1), r is a scalar multiple of p. Since the sum of the entries
of r and the sum of the entries of p both equal 1, we have r = p, which completes
the proof of uniqueness. O

We will now apply results in the Appendix to refine Proposition 2.1.
Proposition 2.2. Assume that x; < 0 for i > 1 and that

(24) F2k+1($17~~~7x2k) 7é 0,
-1 i+1Fi, i— F: —3\ Ly
s ::( ) 1(551, , L 2) 2k+1 ($+17 affzk) >0, 1<i<2k+]1,
Fopyr(x1, ..., w2p)
and
(26) 2k+2($17 7x2k+1) > 0.
F2k+1(331,...,.132k)

Then p1+---+par+1 = 1 and the unique optimal strategy is to playi=1,...,2k+1
with probabilities py, ..., pax+1, respectively. This strategy is still optimal if the
inequalities in (2.5) and (2.6) are not required to be strict.

Proof. In the notation of (2.5), write p = (p1,...,pak+1). We need only check that
the three conditions of Proposition 2.1 hold. By (2.4) and (2.5) and Lemma 5.6, we
have p; > 0 and p; +- - -+ pog+1 = 1. By Theorem 5.8, ker Aogy1(x1,...,22,) = Rp.
Thus (2.1) and (2.2) are proved, and it remains to check (2.3). The left side of (2.3)
equals

2%
(Z(_l)i+1Fi1(-T17 o i) Foppi—i(@iga, .. ,Cczk))
Topr1For (21, ..., Top—1)

i=1

Fopqi(xr, ..., xan) Fopa(xr, ..., xon)
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ot

2k+1

Z (D™ Fioi (@, wimo) Pogpr—i(@ig1s - @2k) + (P21 — 1) For(@, .., 22-1)
i=1

F2k+1(1'1, “e ,ng)
and Lemma 5.6 implies that this expression is equal to

Fopq1(zq, ..., @on) + (@ory1 — 1) For(21, ..., Top—1)
Fopqr(xr, ..., xa1) '

By Lemma 5.4, this in turn equals the positive expression in (2.6). This completes
the proof of (2.3). O

We remark that Proposition 2.2 can also be proved by ad hoc methods which
are more elementary (but less elegant).

Consider the strategy of choosing ¢ with probability p; for ¢ > 1. We say this
strategy is finite if p; = 0 for all sufficiently large j. The next result provides an
example of a game with an infinite but no finite optimal strategy.

Proposition 2.3. If x; = —(2%1 —3) fori = 1, 2,... then an optimal strategy
is to play i with probability 2~% for each i > 1. This game has no finite optimal
strategy.

Proof. Letr = (rq, ra,...) with r; = 27% The strategy of playing ¢ with probability
r; for ¢ > 1 ties every pure strategy n, because

— Y 27— 2 2 Y 27 =0

i<n—2 1>n+1

This infinite strategy is thus optimal.

Now consider another optimal strategy in which ¢ is played with probability p;
for i > 1, where 1 = p; +po + ---. Let p = (p1,p2,...), viewed as an infinite
column vector. For the infinite payoff matrix A, we have 0 = rA = rAp. Since
all entries of Ap are < 0, this implies that Ap = 0. Suppose for the purpose of
contradiction that p; = 0 for all ¢« > N, where without loss of generality, N = 2m

is even. Then the submatrix As,(21,...,%2m—1) of A has a nontrivial kernel, so
its determinant and thus its Pfaffian vanishes. As was noted above Lemma 5.4,
the Pfaffian of Ag,,(21,...,Zom—1) 18 Fom (21, ..., Zam—1). One can show using the

recurrence that
Fom(x1,..., Tom_1) = (=1)™(2=1)(2% = 1)--- (22™~1 —1).

Since this is nonzero, we have the desired contradiction to the assumption that a
finite optimal strategy exists. O

We remark that the optimal strategy given in Proposition 2.3 is not unique. In
fact, for any a with 0 < a < 1/2, it is optimal to play ¢ with probability p; for
i > 1, where the sequence p; is defined by the recurrence p1 = a, po = (1 — a)/2,
ps = (1 4+a)/12, and for n > 4,

(2" = 2)pn = (2" = 3)pp1 + (2" = B)pp_2 + (2 - 2" )p,_s.

For each fixed a, we have 1 = p; +pa+--- and p; > 0, except that p; = 0 in the case
that a = 0. The case a = 1/2 gives the optimal strategy presented in Proposition
2.3.
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3. STRATEGIES FOR THE SINGLE VARIABLE GAME

In this section we will assume that all z; = v < 0. We will write A,,(v) for
Ay (vyv,...,v) and F,(v) for F,(v,v,...,v). Our goal is to prove Theorem 3.4.
We have the recurrence relation F_1 =0, Fy, =1, F; =1 and for n > 0,

Fn+2(1}) = Fn+1(U) + (’U - 1)Fn(’U)

{ L v—1 } { Fria1(v) ] _ { Fry2(v) }
1 0 F,(v) Froii(v) |’
the standard argument implies that for Ay (v) = %, we have
Ap ()™ — A ()"
Ap(v) =A-(v)

One can also check directly that the right side satisfies the recurrence, using AL A_ =
l—wvand A\ +A_ =1.

Lemma 3.1. For each n > 2, the solutions to F,,(v) =0 are

Since

F,(v) =

1 n
gn,k - 1 - —27]']{:7 k == 17. LY {_} .
2+ 2cos(57) 2

Proof. If F,,(v) = 0 then
Ap(v)" T = A (v)"
so A (v) = ¢A_(v) with ¢"*! =1 and ¢ # +1. Thus ¢A_(v) + A_(v) = 1, so

A_(v) = ﬁlc and
¢
l—v=A A= .
N CESE
Hence
e 1+¢+¢2  1+¢+¢!
14+2C+¢2  2+¢+¢Y
T k
Now substituting ¢ = (e;le> the lemma follows. O

Note that a5, , is the leftmost zero of Fy, and &2,41,, is the leftmost zero of
Fy,41. The following properties of &, ;. are easily checked.
Lemma 3.2. We have
gn,k) < §n7l ka > l;
£2n,n < £2m,m and £2n+1,n < £2m+1,m an >m, and
£2n,n < £2n+1,n < §2n+2,n~
Set v, = &y, for n > 1. This definition of v, agrees with that given in Section
1. Recall that 0 = vy > vy > .. ..
Lemma 3.3. If vp11 < v < v then

n

(3.1) DB, >0, 0<n<2k+1,

(3:2) (—1)* Fapy2(v) > 0.
Moreover, (3.1) holds for all v < vy.
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Proof. Let v < vg. Then Lemma 3.2 implies that v is to the left of all the zeros of
F,, for n < 2k + 1. Since the recurrence implies that the polynomial F}, has degree
[2] with positive leading coefficient, (3.1) follows. When also v > vg1, (3.2) holds
because by Lemma 3.2, v is to the right of exactly one zero of Fyyo. [

We are now ready to prove the main result of this section.

Theorem 3.4. Let vipy1 < v <wvg. Forl<i<2k+1, define
(=)' Fi 1 (v) Fapq1-4(v)

Fopy1(v) '
If v < v < vg, then all p; > 0 and the unique optimal strategy is to play i with
probability p; for 1 < i < 2k+ 1. If v = viy1, then this strategy is still optimal,
but it is not unique, since it is also optimal to play i + 1 with probability p; for
1<i<2k+1.

pi =

Proof. By Lemma 3.3, the p; are all well-defined positive numbers. If v <
v < v, then appealing again to Lemma 3.3, we see that the three conditions
of Proposition 2.2 are satisfied. Proposition 2.2 thus shows that playing i with
probability p; for 1 < 4 < 2k 4+ 1 is the unique optimal strategy. Now suppose
that v = viy1. Then this strategy is still optimal, but it is not unique, since by the
argument above with k41 in place of k, it is also optimal to play 7 with probability

(1) F) 1 (v) Fagya—j (v)
Fopy3(v)

for 1 < j < 2k + 3. Observe that ¢1(v) = qak+3(v) = 0, since Faria(v) = 0. It
remains to show that p; = ¢;4+1. This can be proved by induction on i, using the
recurrence for Fj,. O

q; =

4. STRATEGIES FOR SOME CONSTRICTED MULTIVARIATE GAMES

For k > 1, let V4 be the set of infinite vectors (z1,2,...) with ; < 0 for all
i > 1 that satisfy the three conditions of Proposition 2.2. When (z1,22,...) € Vi,
Proposition 2.2 describes the unique optimal strategy for the corresponding game.
The uniqueness assertion implies that V; N'V; = 0 for i # j.

Note that by Lemma 3.3 and Theorem 3.4, (v,v,v,...) € Vi if and only if
Vg1 < v < vg. We use this fact to give a class of multivariate games with unique
optimal strategy, in Theorem 4.2.

Proposition 4.1. Suppose that vg11 < v < vg. Then there exists € > 0 such that
if

|z, —v| <e fori=1,...,2k+2
then (z1,xa,...) € Vi.

Proof. We have (v,v,v,...) € Vi and Vj is open in RZ,. O

We next determine V;. The conditions defining this set are z; < 0 for all ¢ > 1
and
T2 -1 X 123+ 219 — 1

>0, >0, > 0, > 0.
I1+1‘271 931+SC271 SC1+£C271 I1+l‘271

All of the conditions but the last are automatic if the x; are all negative. Thus

Vi = {(1‘1,132, .. ) S Rzoo | To < min{O, 1— 1‘1:173}}.
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In particular, if C' denotes the interior of a unit cube with vertices —(a, b, ¢), a,b,c €
{0,1} then C x R, is contained in V;. The following theorem extends this, by
giving for every m = 1,2, ..., an open unit hypercube Cag,,+1 in R2<73+1 such that
Com41 X R is contained in V,,,. We will prove:

Theorem 4.2. Form=1,2,..., let

ZCOS(WLH)
UM_W.
If (x1,29,...) € RS, satisfies
Um > T > Um— 1, t=1,....2m+1

then (x1,xa,...) € V. In particular, Proposition 2.2 describes the unique optimal
strategy for the corresponding game.

The proof will occupy the rest of the section. We start with the following lemmas.

Lemma 4.3. Let w be an indeterminate. Then fizing w%, we have
(4.1)

1
Fop(w+1,w,w+1,...,w,w+1) = E(w%)"_l((w%—i—l)”ﬂ—i—(w% -1, n>0,

(4.2) Fop(w,w+1l,w,...,wt+l,w) = wFop_o(w+1l,w,w+l,...,w,w+l), n>1.
Proof. Let h,, denote the right side of (4.1). Direct calculation shows that
hnto = 2why 11 — w(w — 1)hy,.

The left side of (4.1) satisfies the same recurrence, by Lemma 5.4. Since both sides
equal 1 for n = 0 and 1+ w for n = 1, we obtain (4.1). Each side of (4.2) also
satisfies the recurrence above. Since both sides equal w for n = 0 and w(w + 1) for
n = 1, we obtain (4.2). O

Lemma 4.4. For fited m > 0, set u = u,, and w = u,y, — 1, in the notation of
Theorem 4.2. Then for 0 <n <m

(4.3) (=1)" Fop (u, w,u,w, ... u) > 0,
(4.4) Fop(u, w,u,w, ... u) =0,
(4.5) Fomio(w,u,w,u,...,w)=0.
Proof. We note that if

_ cos(5:07) +1

sin(mLH)
then
pomlE
1 — cos(;:%) ’

By Lemma 4.3 with w2 = it,
1
Fo,(u,w, u,w, ..., u) = i(it)”_l((it + )™ 4 (it — 1)),

cos L—i—l)"71
(eos i )" C il H, where
sin )

m+1

After some simplification, the right side reduces to %(71)”

H = (1 + C2)n+1 4 (1 + C*2)n+1 _ (C + Cfl)n+1(<n+1 + Cfnfl)7 C _ 6#12.
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Thus, to prove (4.3), we must show that H > 0. If n < m, these factors in H
involve positive cosines, while if n = m, the rightmost factor in H vanishes. This
proves (4.3) and (4.4). Finally, (4.5) follows from (4.2). O

We are now ready to prove Theorem 4.2. Assume that u,, — 1 < x; < u,, for
1 < i < 2m+ 1. To satisfy the three conditions of Proposition 2.2, it suffices to
prove that

>

|Fp(zr, .. ono1) >0, 0<h<2m+1

(-l

and
(=1)" Fapya(1, ..oy Tome1) > 0.

It is convenient to work with G, (z1,...,2p—1) := (—1)[%]Fn(x1, .oy Tp—1). Lemma
5.7 implies that for 1 < j < 2n we have

.0

(—UJFG%(JH, cos@on—1) = Gio1(x, o 2—2)Ganm i1 (242, -, Tan—1)-
J

We first use this formula to prove by induction that Gp(z1,...,zp—1) > 0 for

0 < h <2m+ 1. Clearly this holds for h = 0 and h = 1. Assume that it holds
for all h < 2n for some n with 1 < n < m. We will prove that it holds for h = 2n
and h = 2n + 1. By the induction hypothesis and the derivative formula above,
Gon(21,...,Ton—1) is strictly decreasing in x;, strictly increasing in xo, strictly
decreasing in x3, etc. Hence

Gon(21, -, Tan—1) > Gop (U, Um — L, o . Uy Uy — 1, Up,) >0
by (4.3) and (4.4). This proves the result for h = 2n. By the induction hypothesis,
Gont1(x1, ..., Ton) = Gop(x1, ..., X2n—1) + (1 — 22,)Gan—1(z1, ..., T2p—2) > 0,
so the result holds for h = 2n + 1 as well.
It remains to prove that Go,12(21, ..., Tamy1) < 0. Applying Lemma 5.7 again

we find that Ga,,42 has the same monotonicity properties (decreasing in the odd
variables, increasing in the even ones), hence

Gom+2(x1y .oy Tamt1) < Gon(Um — 1, Uy ooy Uy — 1, Uy Uy, — 1) = 0,

by (4.5). This completes the proof of Theorem 4.2.

5. APPENDIX: PFAFFIANS ASSOCIATED WITH PAYOFF MATRICES

In this section we will analyze the following skew-symmetric m x m matrices
over a field F' of characteristic 0:

[0 1 1 1 1 1]
—T1 0 T2 1 1 1
-1 —T2 0 I3 1 1
Ap = Ap (21, Tm1) = -1 -1 —z3 0 1 1
-1 -1 -1 -1 .. 0 Ton—1
| -1 -1 -1 -1 .. =z 0 |
Here the superdiagonal has indeterminate entries x1, 2, . . ., Z;,—1 and all of the en-

tries above the superdiagonal are 1’s. In Theorem 5.8 below, we determine ker Agj 11
when no z; equals 1, and we express the Pfaffians of the diagonal minors of Agx11
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in terms of the polynomials F,,(z1,...,Z,—1) defined in Section 1. We first need to
recall some material about Grassmann algebras.
Let V be an m-dimensional vector space over F' with choice of non-zero ele-

ment (2, in the one-dimensional space /\mV. With this choice there is natural
-1
isomorphism 7T of /\m V to the dual V* given by the formula
A =T(n) (@)
m—1 .
forn € /\ Vandx € V. Let ey, ..., e, beabasis of V so that ,, = e;A---Ae,,.
-1
A basis of /\m V is given by the elements e; A- - -A€; - - - Aeyp, where the circumflex
m m
indicates deletion. Thus if x = Zj:1l'j6j and if n = ijlnj(ﬁ N NEj - Nem)
then T'(n)(z) = ijl(—l)J N5
If A is a skew-symmetric matrix of size m x m with entries a;; then we define
wa = Zaijei Nej.
i<j

We note if g is an m x m matrix with transpose g7 then

2
nggT = (/\ g) wA

where
k
</\ 9) (vi A Awvg) =gug A+ A gug.

If m = 2n with n an integer, then the Pfaffian of A, Pf(A), is given by the
formula

Wi
P P f(A)Qan;
here the n-th power is in the Grassmann algebra. If Aisa 2n+ 1 x 2n + 1 skew-
n 2
symmetric matrix then % is in /\ nFQ”‘H. Thus, as above, we have an element
T(“:l—y,‘) € (F?*1)". Using the standard form (z,y) = inyi, we can identify
(F2n+1)* with F2n+1.
If A is a matrix then we denote by A, ; the matrix gotten by deleting the r-th

row and the s-th column. Note that when A is skew-symmetric, so is A,... The
following lemma is standard but not easily referenced.

Lemma 5.1. Let A be a 2n+1x2n+1 skew symmetric matriz. Then, using the
standard form to view T(U:T/?) as an element in F*" "1 we have

n

(5.1) A is of rank 2n if and only if w—’;‘ # 0. Furthermore, AT(OJ—’;‘) =0.
n! n!
Also, as an element of F?n+1,

)= S ) P A (A e,

=1

(5.2) T(fl—%

Proof. We note that there exists g € GL(2n + 1, F) such that

2 !
WgAgT = /\ g wa = g i C2i-1 N ez
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with 2] equal to the rank of A. We therefore see that U:L—”,‘ # 0 if and only if | = n.
To see that
Wiy
AT(H) =0
it is enough to show that
wi

for all x € F?"*1. For g as above, we must show that
2n+1 W WiggT
0= (/\ g> (Az) A n—‘? = (gAz) A 7971!9 .

That is, we must show that for all x,

wn
((9Ag")(g") ™) A =20 = 0.
This follows because the image of gAg” is contained in the span of {e1,ea,..., e}
and wgg!gT is either zero or a nonzero scalar multiple of Qg,. This proves (5.1).
For each j we write

2n—+1
wa =wj + E aijei/\ej:wj+ﬂj.
=1

Then we note that w; is w4, in the basis e1,...,e;_1,€41,...,€an11, and B;AB; =
0. Thus .
W Wl Wi
e i R
Since the last term is a multiple of e; in the Grassmann algebra, we see that the
coefficient of ey A -+ A€+ Aeanyr is Pf(Aj;). This proves (5.2). O
Set

fo=1, fo=fulz1,...,29n-1) = Pf(Aon(21,...,22n-1)), n>1.
Lemma 5.2. We have
fn=2om 1fn 1+ (@2n2—1)fno+ (T2n2—1)(r20a— 1) fn3z+-+
(T2n—2 — 1) (za = ) fi + (w202 — 1) -+ (xa — 1)(w2 — 1).

Proof. Before working with f,,, we investigate properties of the following expres-

sions:
2n—1

fon = E Tie; N eiq1,

i=1

Yo = Z e; N\ ej,

1<i<j—1<2n

Vp = Tapn—2€2n—2 N\ €21 + Tan—1€2n—1 N\ €20,

&n = Z e; N\eap—1+ Z e; N\ eéap

i<2n—3 i<2n—2
and
5j,2n = E eiNejri Nejio N Neoy.
1<j
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We have

WAy, = MUn + Tn
with

Pn = Pn—1+Vn
and

Yn = Yn—1+ gn
We will write the Grassmann multiplication of elements in the (commutative) even
part of the Grassmann algebra without the wedge. We note that

2 _
v, =0

63,:2 Z Z 671/\6271—1/\63'/\6271,:

i<2n—3j<2n—2

-2 Z Z ei/\ej/\e2n_1 N egy =

i<2n—3 j<2n—2

-2 E E eiNejNeap_1N\ey, — 2 E e;i N\ ean_2 N\eap_1/N\€oy =
i<2n—3j<2n—3 i<2n—3

-2 Z €; N\ eap—o N eapn_1 A eay
i<2n—3
since the first sum in the penultimate expression is 0. We write this as

€2 = —202,-3 20

and

Also
Vngn = x2n7252n73,2n'
Similarly, for 1 < j < n, one calculates

(v +&)%02j-120 =0
and
(vj +&)025-1,2n = (T2j—2 — 1)2;_3 2n.

We are now ready to derive the formula for f,,. We have

n + n "
£ = 2 ki )" _
n:

(/Jnfl + Yn—1 + Un + €n)n _
n! N
(,Ufn—l + ’Yn—l)n (,un—l + ’Yn—l)nil

p +n oy (Vn 4 &n)+

n—2
(n) Uit £ 00" e 2y 4 0y G

2 n!
Since C is of degree 2n in ey, ..., eq,_o it is 0. We have

02 = f’ﬂ—lQ2n—2(Vn + fn) = x2n—1fn—192n~
We now look at C5. Since

(Vn + fn)Q = 2V7L€7L + EEL = 2(332n—2 - 1)62n—3,2na
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we have

ne1 +Yn-1)""?
03 = (-'1527172 - 1) <M 1(’/7, ’72)'1> 6277,73,271'

We now have our “bootstrap”:

(/‘nfl + ’Ynfl)n726 _ (/ln72 + Yn—2 + Vp—1 + gnfl)n725
(TL — 2)' 2n—3,2n (n — 2)' 2n—3,2n
(/J,n_g + ’Yn—2)n_2 (/f"n—2 + ’Yn—?)n_g
= d2n—3,2n -2 n— n—1)02n_32n =
(n—2) on—3,2n + (N —2) n—2) (Vn—1+ &n—1)02n-32
(,Un—Q + 'Yn—Q)n_g
n— Q n n—4 1)o n—>5,2n-
fn—2Q2p + n—3)! (T2n—a )02n—5,2
Now repeat the argument on the second term, and continue in this manner, to
obtain Lemma 5.2. O

The next result simplifies the recurrence relation for f,.

Proposition 5.3. We have
Jn=(T2n—1+ 2202 — 1) fn1 — (T2n—2 — 1) (2203 — 1) fn—2
with fo =1 and f1 = x1.
Proof. The initial conditions are clear. We write the formula in Lemma 5.2 as
frn=2om-1fo-1+ (T2n—2 — )(fn—2+ (T2n-a — V) fpn3+--+
(@on—a — 1) (za = 1) f1 + (w201 — 1) -~ (22 — 1) (22 — 1)).

This expression is (applying Lemma 5.2 with n — 1 replacing n)
fn = x?n—lfn—l + (xQn—Q - 1)((1 - x2n—3)fn—2 + fn—l) =

(Zon—1 + Tan—2 — 1) fne1 — (@2n—2 — 1)(Z2n—3 — 1) fn—2,
as asserted. O

Define the polynomials

Fy, = Fop (1, ..., Ton-1) = fu(z1,...,T2n—1)
and
Foni1 = Fopyi(x1,. .., 20n) = for1(x1, ..., 2on, 1).
In particular, Fy,,(z1,...,Tom—1) equals the Pfaffian of As,, (21, ..., T2m—1). The

following result shows that these F),, are the same multivariate polynomials that
were defined by the recurrence in Section 1.

Lemma 5.4. The polynomials F,(x1,...,2,—-1) as defined above are the solution
to the recurrence relation

F,1=0, Fpb=F, =1
and
Frojo=Fopi+ (2p41 —1)F,, n>0.

Furthermore,

Foio=(zny1+xn— DF, — (2 — 1) (21 — 1) Fri—e, n>1
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Proof. We begin by proving the first recurrence in the even case n = 2k. Writing
fn = fn(xh s 7$2n_1), we have
Fopyr(z1,. . w0k) = fry1(21,. .0 T2k, 1) =
Top fr — (w2, — 1)(Xan—1 — 1) fa—1 =
(@og1 + 2o — 1) fro — (o — 1) (xon—1 — 1) fom1 — (@2ky1 — 1) fro =

fror1 — (@okt1 — 1) fro = Fopqo — (Xar1 — 1) Fog.

Thus
Fopto = Fopy1 + (@op41 — 1) Fog.

We next look at the odd case n = 2k + 1. Then

Forpys(y, .. Tokta) = fraa(®1, .., Topyo, 1) =

Topt2fer1 — (Tory2 — 1)(wopg1 — 1) fr =

Jrr1 + (warre — D) (frg1 — (w21 — 1) fr)-
Now frt1 — (@op+1 — 1) fr = Fopt1(x1,. .., x2;) by the first part of this argument.
Hence
Fopys = Fopyo + (op+2 — 1) Fopq1.
Since the initial values are obvious, this completes the proof of the first recurrence.
To prove the second recurrence, note that

Fopo=Fop1+ (@pp1 —DFE, =F,+ (zn, — D)F,_1+ (xpy1 — V)F, =
(Tnt1+ @y — D, + (2 — 1) (—F, + Fumq) =
(pt1+azn — V)F, — (2, — 1)(zp—1 — 1) F_a.
This completes the proof of the second recurrence. (I
Lemma 5.5. Letn>2. For1<i<n-—1,
Fo(xy,.. . xim1, Liwigr, ooy xn—1) = Fi(xr, .oy @im1) P i (i1, -+ oy Te1)-

Proof. We prove this by induction on n. If n = 2, this says that 1 = F} F;, which
is true. We have

Fo(z1,. . @p-2,1)=F, 1+ (1 —-1)F, 2 =F,_;.
Since F; = 1 this proves the formula for i = n — 1. Now
Fo(z1, .. Xn_3,1,2p-1) = Fu_1(21, .oy Zp—3,1) + (tn—1 — 1) Fh_a =
Foo+ (xn_1 — 1)Fy_o=F,_oF(x,_1).

This proves the formula for ¢ = n — 2. In particular, we now know the formula is
valid for n = 3. Suppose that i <n — 2 with n > 3. Then

Fo(xy, .., zic, Lxiga, oo Tpm1) = Fpoa(@1, o %1, L, T, oo+ Tp—2)

(@1 — D) Fn (1, zi1, L@, .o Tno3).

The induction hypothesis implies that this is equal to
Fi(z1, ..., zi1)(Fno1—i(Tig1, o Tpo2) + (Tno1 — D) F o i(Tig1, .., Tn3))

= Fi(-rh e ,xi_l)Fn_i($i+1, e ,xn_l).
O

‘We now examine F2k+1 = F2k+1($1, e ,l‘gk) and A2k+1 = A2k+1(1‘1, e ,QZQk).
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Lemma 5.6. We have

k 2%+1
wA 1 i
T( I;r ) = E ()™ Fia(z, o) Pagyr i@y, - ook e

i=1
Furthermore
2k+1
Forsr (1, ymon) = Y (1) E (@1, 2i0) Fakgr—i(igas - an)-
i=1
Proof. For i =1,...,2k + 1, we consider Aggy1(x1,...,2%)s (with notation as in

Lemma 5.1). One checks that if ¢ = 1 then

Aojr1(x1, ..., o) 11 = Aop(xa, ..., Tak)

and if ¢ = 2k + 1 then

Aspyi(z1, .-, Tor)2k41,26+1 = Aor (21, .., Tak—1)-

For 1 < i < 2k + 1 we have

A2k+1(1'1, ey ZQ]C)“‘ = AQk(.’Bl, ey Lj_2, 1, Lid1se--y ZQk).

The first part of the result now follows from Lemmas 5.1 and 5.5 in light of
Pf(Aog(z1,. .. 22k-1)) = Fop(z1, ..., Tag—1)-

We now turn to the formula for Fpi4q. This formula is easily checked for k =
0,1,2. Let kK > 3. We will induct on k. By the second part of Lemma 5.4, we have

Fopya(z1, ..., xon) = (@ok + Top—1 — 1) Fop—1 — (@or—1 — 1) (z2k—2 — 1) Fog_3.

We now apply the induction hypothesis to Fo,_1 and Faj_3 to see that Foiy1 equals

2k+1
D (=)™ Fisy (w2k + 22n—1 — 1) Hap—1—; — (@ar—1 — 1)(z2p—2 — 1) Hap_3_;)
i=1
where we ignore all terms in which negative subscripts occur, and where Hop_1_; =
Fop—1—i(®ig1, ..., 2op—2) and Hop_3_; = Fop_3_i(Tiy1,...,%2k—4). Applying the
second part of Lemma 5.4 with n = 2k — 1 — i for each i < 2k — 2, we readily
complete the induction. [

The following lemma will be used in the proof of Theorem 4.2.
Lemma 5.7. For1<i<m

0

%Fmﬂ(xl, e 71'm) = Fi,l(xl, N ,.’Eifz)Fm,i((Ei+2, ey (Em)

K2

Proof. This result is proved by essentially the same argument as in the proof of
Lemma 5.5. O

Theorem 5.8. Suppose that x; # 1 for all i > 1. Write A = Aggi1(x1,. .., x2k).
Then ker A = Rt, where t = (t1,...,lop+1) with

ti=Pf(Aiu) = Fi1(x, ..., xi—2) Fopr—i(®ig1, .. wor), 1<i<2k+ 1.
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Proof. By Lemmas 5.1 and 5.6, the vector t described above lies in ker A, and so
by Lemma 5.1, it remains to show that t is nonzero. Assume that t is zero. Then
ng(:zzl, . ,IQk—l) = t2k+1 and ng_l(xl, . ,ng_g) = tgk both vanish. But by the
first recurrence for the sequence F,, in Lemma 5.4, the vanishing of two consecutive
terms of the sequence implies the vanishing of all the terms, since x; # 1 for all 4.
This contradicts the fact that Fy = 1. O

We remark that Theorem 5.8 is false if one deletes the hypothesis that z; # 1
for all ¢ > 1. For example, ker A5(0,1,0,1) and ker A5(0,1,1/2,1/2) both have
dimension 3.
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