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Abstract:  In this paper, we study spectral versions of the densest subgaph problem
and the largest independence subset problem. In the rst part, we give an algorithm for
identifying small subgraphs with large spectral radius. We also prove a Ho man-type
ratio bound for the order of an induced subgraph whose spectral radius is bounded
from above.
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1 Introduction

Spectral graph theory is the study of eigenvalues and eigemctors of graphs.
These provide relevant information regarding the structure of a graph which is
especially important when we are dealing with large graphs.

The eigenvalues we will discuss in this paper are the eigenkses ; of the
adjacency matrix A of a graph G, indexed so that ; 2 n. The
greatest eigenvalue, 1, is also called the spectral radius. IfG is d-regular, then
it is easy to see that ; = d and also, , <d if and only if G is connected. Note
that there are also other matrices that one can associate to araph, namely
the combinatorial Laplacian and the normalized Laplacian (see [9, 17] for more
details on these matrices and their eigenvalues propertigs

The spectral radius of a graph is related to the chromatic nunber, the in-
dependence number and the clique number of a graph, all of wbh are hard to
compute in general(see [18, 19, 25, 29]). Bollolas and Nifdrov [6] have also
found connections regarding the spectral radius and the nuroer of complete
subgraphs of a connected graph. There are results in the litature which show
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that the spectral radius is connected to the spread of viruss in a network (see
[28, 21]). The spectral radius is also closely related to théop singular value of
a directed graph's adjacency matrix, which plays a central pble in Kleinberg's
hubs-and-authorities algorithm for web ranking [23].

The second largest eigenvalue ; of a d-regular graph contains important
information regarding the expansion properties of the grap. Informally, a con-
nected d-regular graph whose second largest eigenvalue is small &§L0, 27] for
more details on how small , can be) is a very good expander. Expanders are
sparse graphs with high connectivity properties which are ‘ery useful in various
applications in computer science, error-correcting codesnetwork design among
others (see the recent survey [20] by Hoory, Linial and Wigdeson for more details
on expanders properties and applications).

The other eigenvalues can re ect structural properties of agraph as well.
The smallest eigenvalue , is closely connected to the independence number of
a graph ([18, 19]) as well as the maximum cut of a graph ([1]).n [7, 12], the
third largest eigenvalue 3 of a connected regular graph has been studied in
connection with the size of the largest matching of the graph

The spectral radius is related to density of a connected grap G. If G hasn
vertices and e edges, then it is well known (see [13]) that

, 2 1)

n

with equality if and only if G is regular. This inequality can be slightly improved
when the graph is irregular (see [11, 26]). We discuss some $ia properties of
the eigenvalues in Section 2.

In Section 3, we consider the problem of nding small subgraps with large
spectral radius. Since the general problem of deciding whaer there exists a sub-
graph having at most k vertices and spectral radius at least is NP-complete,
we consider the following notion of approximation for the problem. We say an
algorithmis a (f ( ); g(k))-approximation algorithm for the spectral radius prob-
lem if, whenever the input graph contains a set with spectralradius at least
on at most k vertices, the algorithm returns a subgraph with spectral radius at
leastf ( ) on at most g(k) vertices. Our main result on this topic is a polynomial
time ( = 4; k 2)-approximation algorithm for the spectral radius problem.

The key component of our algorithm is a subroutine that searbes for a set
with bounded size and large spectral radius near a speci edtarting vertex. This
is related to the problem of nding a dense subgraph near a spa ed starting ver-
tex, which was considered in [2]. The subroutine developedithis paper allows
us to obtain a better approximation ratio for the spectral radius problem than
we could obtain by applying the algorithm from [2]; by searcting directly for a
subgraph with large spectral radius we obtain the stated appoximation ratio of
(=4; k 2), while searching for a dense subgraph would yield an apprémation



ratio of roughly ( = logn; k 2).

In Section 4, we study large subgraphs with small spectral rdius. We consider
the following spectral generalization of the usual notion & an independent set.
Recall that a subset of verticesS of a connected graphG is an independent set
if the subgraph induced by S contains no edges. Given > 0, we call a subsefT
an -independent set if the subgraph induced byT has spectral radius at most

. It is easy to see that an -independent set is a usual independent set when
2 [0;1).

We prove a Ho man-type ratio bound for the largest order of an -independent
subset. This implies previous results from [3, 8]. We also iprove a previous re-
sult of Bollokas and Nikiforov from [6].

2 Preliminaries

Let A be the adjacency matrix of an undirected, connected graph, vth A;; =
1ifi j, and O otherwise. Let 4 2 n be the eigenvalues of
A. The spectral radius 1(A) is the largest eigenvalue ofA. The corresponding
eigenvector is nonnegative.

It is well known (see [13]) that

Xt Ax
1= max
x2 R" nf Og xtx

)

De nition1.  For a subset of verticesS V, we de ne Ag to be the adjacency
matrix restricted to the induced subgraph on S,

A(xy)if x2Sandy2 S

As(xy) =
s(y) 0 otherwise.

The spectral radius of the induced subgraph onS is 1(As), which we will
sometimes write as 1(S). It follows easily from (2) thatif S T,then 1(As)
1(AT).
The support of a vector x is the set of vertices on whichx is nonzero. The
one-step neighborhoodN(S) of a set S is the set of vertices that are inS or
reachable within 1 hop from S.

3 Finding a small subgraph with large spectral radius

The (k; )-spectral radius problem is the problem of deciding, givena graph
G and values fork and , whether there exists a subgraph ofG on at most k
vertices whose spectral radius is at least . This problem is NP -complete by a
reduction from k-clique, which follows from the fact that a graph on k vertices
has spectral radius at leastk 1 if and only if it is a k-clique.



In this section, we present an approximation algorithm for the spectral radius
problem. We say an algorithm is a  ( ); g(k))-approximation algorithm for the
spectral radius problem if, whenever the input graph contans a set with spectral
radius at least on at most k vertices, the algorithm returns a subgraph with
spectral radius at leastf ( ) on at most g(k) vertices. The following theorem
states that our algorithm, which will be described later in this section, is a
(=4; k 2)-approximation algorithm for the spectral radius problem.

Theorem 2. There is an algorithm SpectralRadius (k) that takes as input a

graph and an integerk. The algorithm runs in time O(nk ?2), where is the

maximum degree of the graph. If there exists a subgrapf on at most k ver-

tices whose spectral radius is , the algorithm outputs a subgraphS° satisfying
189 =4andjs§ k 2.

The proof of this theorem is given at the end of this section. Frst, we will
present a key subroutine that we will use in the proof| an algo rithm that
searches for a set with bounded size and large spectral raditnear a speci ed
starting vertex. We will prove Theorem 2 by applying this subroutine at many
di erent starting vertices, and taking the best answer obtained.

3.1 Finding a subgraph with large spectral radius near a give n
vertex

In this section we develop a subroutineFindSubgraph(v; k) that searches for a
set with bounded size and large spectral radius near a spe@d starting vertex.
The input to the subroutine is a graph, along with a starting vertex v and atarget
sizek. The set returned by the algorithm always has size at most at nost k 2.
We will prove that whenever there exists a subgraphS with at most k vertices
and spectral radius , there is at least one starting vertexv 2 S for which the
set returned by FindSubgraph(v; k) has spectral radius at least ;(S)=4.

The subroutine FindSubgraph(v; k) is similar to the algorithm analyzed in [2]
for nding a dense subgraph near a speci ed starting vertex. Finding a dense
subgraph is closely related to nding a subgraph with large ectral radius,
since the spectral radius of a graph is always within a factorof logn of the
maximum density of a subgraph contained inside it (see [22])We remark that
one can obtain an ¢ ( ); k 2)-approximation algorithm for the spectral radius
problem by using the algorithm from [2] to nd a small dense sibgraph, and
this method yields an approximation ratio of roughly f ( ) = = logn. Using the
subroutine we develop here, which directly nds a subgraph vith large spectral
radius rather than a dense subgraph, we obtain a constant-fetor approximation
guaranteef ( )= =

The main computation performed by FindSubgraph(v; k) is to generate a



for the starting vertex v. At each step, we multiply the current vector by the

adjacency matrix A, as in the power method, and then perform a pruning step
that sets to zero each entry of the vector whose contributionto the norm of the

vector is below a certain threshold. This pruning step ensues that the support

of the vector is small at each step.

De nition3.  Given a vector x, we de ne prune(;x) to be the vector obtained
by setting to zero any entry of x whose value is at most kxk,

(
. ) X(U) if X(U) > kay
[prune(;x)](u) = 0  otherwise.

We now state the subroutine FindSubgraph(v; k). At each step, we compute
the growth rate g = kx;Ak=kx;k, and consider the setS; = Ni(Support(xy)),
which is the set of vertices within 1 step of the support ofx;. The algorithm
outputs the set S; , wheret is the time step where the largest growth rate was
observed.

FindSubgraph(v; k)
Input: A starting vertex v and a target sizek.
Output: A set of vertices S°.

1. letT = Iog(pE), and let { =2'=k.

2. Fort =0;:::; T, compute the vector x; iteratively using the following

Xo=1y;
Xe+1 = prune( t+1;X¢A):

3. For eacht, compute the growth rate g = kx{Ak=kxk,
and lett be value oft for which g; is largest.

4. Outputthe set S = Ny(Support(x; )), which is the set of vertices within
1 step of the support ofx; .

Theorem4. The algorithm FindSubgraph(v; k) runs in time O(k 2), and al-
ways outputs a subgraph with at mostk 2 vertices, where is the maximum
degree in the graph.

Theorem5. Let S be a subgraph on at mosk vertices whose spectral radius
is . Then, there exists at least one vertexr 2 S for which FindSubgraph(v; k)
outputs a subgraphS? satisfying 1(S% =4

Proof Proof of Theorem 4.  We can bound the running time of FindSubgraph(v; k)
by bounding the number of vertices in the support ofx; at each step. The pruning



step ensures thatx; is at least (kx;k wherever it is nonzero, so we have
kx¢k? ] Support(x,)j 2

This implies that the support of x; satis es jSupport(x;)j 1= 2.

At each step of the algorithm we can computex;A and x;+1 from X, and
compute the norm of x;A, in time proportional to the sum of the degrees of the
vertices in Support(x;), which is at most

O( jsupport(x)j) = O(= {)= O(k 22 *):

The total running time is therefore

O(k 22 )= O(k ?):
t=0
The set S° output by the algorithm is equal to N1 (Support(x;)) for somet, so
we havejS§ = 2= k 2,

Before we prove Theorem 5, we need the following lemma, whickdenti es
at least one starting vertex within S for which we can give a good lower bound
on the growth rate of the norms kxk.

Lemma6. Let S be a subset of vertices. For at least one vertexin S, there is
a nonnegative unit vector such that

1. Support( ) S,
2. As 1(As) ,

3. (v) P

(v) s
Proof. Let be an eigenvector ofAs with eigenvalue 1(As), normalized so
k k=1.1tis easy to see that , satis es properties (1) and (2). At least one
vertex v must satisfy (v) 1= |Sj, since otherwise we would havek k < 1.
Together, this v and  satisfy property (3).

Proof Proof of Theorem 5. Let S; = Ni(Support(x;)) be the set of vertices
within one step of the support of X;. The spectral radius 1(S;) of the induced
subgraph onS; is at least as large as the growth rateg; = kx;Ak=kxk, by the
following equation.

kxitAk = kxiAsg k Kk xik 1(St): 3)

If at any step the growth rate satises g =4, then the subgraph output by
the algorithm will have spectral radius at least = 4, as desired. For the remainder



of the proof, we will assume the growth rate is less than= 4 at each step, which
implies that for everyt T,

kxik k x¢ 1Ak < kxok(=4)' = ( =4): 4)

From this, we will derive a contradiction.

We now make an assumption on the starting vertexv. We assume there exists
a nonnegativea/eitor with the following properties: A , Support( ) S,
and (v) 1= jSj. We know from Lemma 6 that such a vector exists for at least
one vertex in S. Under this assumption, we will prove the following lower baund
on the inner product of x; with

by 19.1—?(:2)t for everyt T. 5)
Jo)

When we prove equation (5), it will contradict equation (4) whent = T =
log(" jSj), and we will be done.

We will prove that equation (5) holds by induction. We know it holds for
t = 0. The only diculty in the induction step is to bound the ee ct of the
pruning step on the projection of x; onto . We de ne r; to be the vector that
is removed during the pruning step.

re = Xt 1A Xt

Let r{ be the vector that is equal to ry on the support of S, and 0 elsewhere.
Since the support of is contained in S, we have

bre; i=h2 i k rkk k= krk:
Since the value ofr; at any given vertex is at most (kx; 1Ak, we have

p
bre; ik r% (kx; 1Ak jSj:

We, will now complete the proof by induction la/ assuming that hx; 1; i

(1="jSj)(=2) ! and proving that hx;; i (1= jSj)( =2)..
hxt; i = hXt 1A; i h I, i
e 15 0 tkXe 1Akp iSi

a S=2r * " S(=4y
- @) 2 (=
a= S =2
The last step follows because we have set so that

¢ =2'=k 2'5S;j:



We can now prove the main theorem of this section by describig the algo-
rithm SpectralRadius (k).

Proof Proof of Theorem 2.  The algorithm SpectralRadius (k) runs the sub-
routine FindSubgraph(v;k) for each vertex v in the graph, and outputs the
subgraph with largest spectral radius found from any vertex The running time
and approximation guarantee are immediate from Theorem 4 ad Theorem 5.

4 Large induced subgraphs with small spectral radius

Let G be an undirected and connected graph. A subset of verticeS of G is called
independent if no two vertices inS are adjacent. The independence number (G)
of a graph G is the largest size of an independent set. The vertex cover maber

(G) of G is the smallest cardinality of a subset of vertices that is irtident to
all the edges ofG. It is easy to see that (G)+ (G) = n for any graph G onn
vertices.

Given > 0, a subsetS V(G) is called -independent if the subgraph
induced by S has spectral radius at most . Let  (G) denote the largest order of
a -independent subset ofG. Obviously, o(G) equals the independence number

(G) of G. Actually, since 1(H) 1 for any nonempty graphH, it follows that

o(G) = (G) forany 2 [0;1).If < ,then (G) (G). Also, if
equals the spectral radius ofG, then  (G) = n.
Recall that a partition ( Ay;:::;A;) of the vertex set of a graphG is called
equitable the following happens forany 1 i;j |: for any x 2 A;, the number

of neighbours ofx which are contained in A; depends only oni and j.

Theorem 7. Let G be a connectedd-regular graph onn vertices. Then

(G) nyg : (6)

Equality holds i G has an equitable partition(S; S°) with S inducing a -regular
subgraph.

Proof. Let S be a subset ofV(G) such that the subgraph induced by S has
spectral radius at most . Denote by ds the average degree of the subgraph
induced by S. Consider the partition of V(G) = S[ S€ which gives the following
quotient matrix (see [18])
ds d ds
d dsc dse

It is known (see [18]) that the eigenvalues of the quotient mérix interlace the
eigenvalues ofG. Since the eigenvalues of the quotient matrix ared and "ds_s

n s !
it follows that
nds s

"(G) T



which implies

dS n
s n I
Since ds , this proves inequality (6). Equality happens in the previous in-

equality if and only if the subgraph induced by S is -regular.
Equality happens if and only the partition ( S; S¢) is equitable and S induces
a -regular subgraph ofG.

This result implies Corollary 4.4 from [8].

The -clustering number (G) of a connected graphG is the minimum
k such that G has a partition into k subsets such that each subset induces a
subgraph whose spectral radius is at most (see [3]). Bilu (see Theorem 3 in
[3]) showed that the -clustering number of a graph is at least— ot

It follows easily that (G) (G) n for any connected graphG on n
vertices. The previous results imply the following corollay which is Theorem 3
from [3] for regular graphs.

Corollary 1. If G is a connectedd-regular graph onn vertices, then

© 4
n
Another generalization of graph coloring was considered if24]. Given an
integer t, let mcg (G) be the smallest integerm such that the vertices of G can
be t-colored so that no monochromatic component has cardinalit exceedingm.
It is easy to see thatmcc (G) =1 if and only if (G) t. Also, mcg(G) = 2 if
and only if 3(G) t.Ingeneral, we havethat ; 1(G) mcc(G) P 1(G).
Inequality (6) can be extended to irregular graphs as follovg. Our approach is
inspired from [16]. For > 0,letS V(G) be a -independent set ons vertices.
Let ; denote the spectral ra]gius of G and let x be the positive eigenvector
corresponding to ; such that  ,,gX? = s.
Let z be the restriction of x to the set S, thatis zi = x;j ifi 2 Sandz =0
otherwise. The matrix B = A | is positive semide nite and thus, y'By 0
foranyy2 R". Lety=z 2.x. Then the previous inequality implies

()

s S
z —X (A 1) z —X 0
Xtx ( nl) Xtx

Expanding the left hand-side, we obtain

t t 2
1X°Z 1 Xz S
i +Szt— n z'z Zst_+t—
XX XX XX XX

Z'Az  2s

Since the subgraph induced byS has spectral radius less than , it follows
that z!Az  z'z = s. Using this factin the previous inequality and simplifying,
we get

s T xtx (8)




Note that for regular graphs we can takex to be the all one vector in which case
we retrieve Theorem 6.

We conclude this section with some remarks regarding the carections be-
tween the spectral radius of a graph and its structure. In [26, Nikiforov proved
the following result.

Theorem 8. If a connected graph G is K. -free, then 1(G) 1(Tr (n)),
where T, (n) is the r-partite Tuan graph on n vertices. Equality happens i
G Ti(n).

We give now a new and short proof of this theorem.

Proof. If G is K4, -free, then, combining the results from [4] and [14] (see ats
[5], Theorem 1.4, page 295), we deduce that there exists anpartite graph H

on n vertices whose degree sequence is larger than the degreesatre ofG in

the majorization order such that 1(G) 1(H). The result follows now easily
using the results from [15].

In [6], Bollokas and Nikiforov proved the following theorem which again
connects the spectral radius of a grapls and the number of complete subgraphs
in G. Fori 2, let ki(G) denote the number of complete subgraphs om vertices
contained in G.

Theorem 9. If G is a connected graph, then for 2,

X
(©) (s Dks(G) 1™ °(G) (r+1)ki1(G)

s=2
This result was used in [6] to prove the following theorem.
Theorem 10. If G is a graph onn vertices andr 2, then
1
1(G) 4,1 r Y onr

ki+1 (G) roor+1 r

We now improve Theorem 9.

Theorem11. If G is a connected graph with cligue numbet 3, then for
2 r !, we have

X X
177G (s Dks(G) 1™ S(G)+ 1 (s Dks(G) | °(G) (r+1)ki+1(G)

s=2 s=2
Proof. Given u 2 V(G) and | 0, let wi(u) denBte the number of |-walks
U= ug;uz;iii;up starting at u. Denote by wi(G) =,y gy Wi the number of

I-walks in G. As shown in [6], foreach2 s ! (G)and| 2, we have that

X X
Wi+ (G) (s Dks(G)wi+r s(G) Kr+1 (U)W (U) 9)
s=2 u2v(G)



In [6], the authors use now the inequalityw; (u) w; 1(G) and proceed to deduce
Theorem 9. Note that the stronger inequality wi(u) w; 1(G) w; 1(u) is true
because

X
w 1(G) = wio1(v)  woa(u)+ w1 =w 1(u)+ wi(u)
v2V (G) vV ou

Using the inequality wi(u) w; 1(G) w; 1(u) in (9), we obtain
X X
Wi+ (G) (s Dks(G)wi+r s(G) (r+1)ki+1 (G)W, 1(G) Kr+r (U)W 1(u)
s=2 u2Vv(G)
Using (9) again with | 1 instead ofl, we obtain that
X X
Wi+r 1(G) (s Dks(C)wi+r 1 s(G) Kr+z (W)W 1(u)
s=2 u2Vv(G)

Combining the last two inequalities, we obtain that

Wer(G) p | p(s Dke(GWiar 5(G)+ Wisy 1(G) 10)
;:2 (s Dks(G)wi+r 1 s(G) (r+1)kr+1 (G)w 1(G)

The proof now proceeds similarly to [6]. It is known (see [13]pagep44) that, there

exists non-negative constantg; > 0;¢c;;:::; ¢, suchthatw(G) = i”:l G : 2(S)
foreachl 1.SinceGis connected and (G) 3, itfollowsthat 1(G) > j i(G)j
foreach 2 i n. This implies that for each xed g, we have that
Wi+ q(G) _ g+l
n+1w 1(G) 1 (©)

Dividing (10) by w; 1(G) and using the above result, we deduce that

X X
THG) (s Dks(G) 1T (G L (s Dks(G) § °(G)  (r+1)kre1 (G)
s=2 s=2

which nishes the proof.
It would be interesting to calculate for special families of graphs such as
hypercubes or Kneser graphs for example. Computing (G) is NP-complete for

= O(1). At the same time, (G)= nif = 41(G). Another interesting open
problem is to determine in what range of , is computing NP-complete.
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