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Abstract

Let A1 be the greatest eigenvalue and A, the least eigenvalue of the adjacency matrix
of a connected graph G with n vertices, m edges and diameter D. We prove that if
G is nonregular, then
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where A is the maximum degree of G.

The inequality improves previous bounds of Stevanovi¢ and of Zhang. It also
implies that a lower bound on A, obtained by Alon and Sudakov for (possibly
regular) connected nonbipartite graphs also holds for connected nonregular graphs.
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1 Background

Let G be a simple graph with vertex set [n] = {1,2,--,n}, maximum degree
A and minimum degree §. Let A\ denote the largest eigenvalue of the adjacency
matrix A of G. The Perron-Frobenius Theorem [2, p. 178] implies that A
has an eigenvector x with nonnegative entries which must be positive if G is
connected. Then Az = Az and, so Ay 3o, x; = 3>, djz; where dy, dy, ..., d, is
the degree sequence of GG. This implies the well-known result that

<M <A

and that, when G is connected, equality holds in either case if and only if G
is regular.

Stevanovi¢ [3] proved that if a connected graph G is nonregular, then

1

A-h> o AT TA?

In the final remark of [3], Stevanovi¢ asked whether or not the power of A
could be improved. Recently, Zhang [4] obtained the finer bound
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where D is the diameter of GG. In this note, we prove the following stronger
inequality for a connected nonregular graph G:
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The Perron-Frobenius Theorem also implies that if A, is the least eigenvalue of
a graph, then \; > —\,, with equality in the connected case if and only if the
graph is bipartite [2, p. 178]. For graphs that are connected and nonbipartite
(and possibly regular), Alon and Sudakov [1] proved that
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Because the lower bound in (1) is monotone increasing in nA — 2m, it follows
that, for a connected nonregular graph G,
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Thus, the bound (2) of Alon and Sudakov also holds for connected nonregular
graphs and, in that case, is refined by the inequalities (3).



2 The proof

In this section, we present a proof of inequality (1).

Theorem 1 If G is a connected nonreqular graph with diameter D, then
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PROOF. Let x be the unique unit positive eigenvector of A with eigenvalue
A1. Let E denote the edge set of G and, for each i € [n], let d; denote the
degree of vertex i. Then
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This implies
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Choose vertices s,t € [n]| so that sy = max; z; and x; = minz;. Then ¢t # s
because G is nonregular. If s = i, 41, ...,1_1,x = t are consecutive vertices of
a shortest path from s to t in G, it follows from the Cauchy-Schwarz inequality
that
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Thus, from (4) we obtain
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where the right-hand side is a quadratic function of x; that attains its minimum
° . It follows that

when z; = D
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where 2?2 > % since 272 = 1. The statement in Theorem 1 now follows. O



A further refinement of Theorem 1 may be possible. For example, a computer
search shows that A — Ay > (A —6)z/nD for all connected nonregular graphs
of order at most 8.

3 Examples

The lower bound on A — Ay in Theorem 1 is of order O(-5). The bipar-
tite graphs in the following proposition suggest that for connected nonregular
graphs with A — § = 1, this order is best possible.

Let Gi,...,Gy be k disjoint copies of the complete bipartite graph Ka a.
Remove an edge, say v9;_1v;, from each G;, and join wvs; to wo; 1 for each
t =1,...,k — 1. Let Gay denote the resulting chain of bipartite graphs.
Clearly Gay has n = 2kA vertices, maximum degree A, minimum degree
0 = A — 1 and diameter D = 4k — 1.

4 2
Proposition 2 For the graphs Gayr, A —X\ < iD
n

PROOF. Let A be the adjacency matrix of Gax and let U = {vy, va}, the
two vertices of degree § = A — 1. For each unit vector z, because \; > 27 Az,
the argument used to prove (4) gives
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Let y be the unit eigenvector corresponding to the greatest eigenvalue 2 cos 75

of the path P, on k vertices. By (4),
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For v € V(Gayk), let z, = y;/v2A when v € G;. Then 27z = 1. Substituting
z into (5), we obtain
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We noted above that Theorem 1 implies that there is a constant ¢ such that
A — A > =% for all connected nonregular graphs. It is easy to check that
the theorem implies that ¢ > 2/3. Taking a graph formed from the binary



tree on 7 vertices, together with a 4-cycle on the vertices of degree 1, we get
¢ < nD(A — A1) = 1.355. We conjecture that ¢ > 1 or, equivalently, that
A — A1 > 1/nD for all connected nonregular graphs.
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