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ABSTRACT. We present an elliptic version of Selberg’s integral formula.

1. INTRODUCTION
The Selberg integral is the integral
o, B,7) = / Hto‘ll—t VI -ttty
Ap j=1 0<j<k<1

where A, ={t € R?|0 <t, <--- <t; <1}. The Selberg integral is a generalization of
the beta function. It can be calculated explicitly,

L1+ + 39T (a+ 5708 + j7v)
f,7) = p'H FA+yCa+6+@+i—1))

The Selberg integral has many applications, see [Adl, [A2, A4, D, DF1, DF3, M, §]. In

this paper, we present elliptic versions of the Selberg integral.

2. CONFORMAL BLOCKS ON THE TORUS

Let 7 € C be such that Im7 > 0. Let x and p be non-negative integers satisfying
k > 2p + 2. The KZB-heat equation is the partial differential equation

8 2
(1) 27m/<;a (\,7) = 3 ()\ 7)+pp+ 1)p' N\, 7)u(X, 7).
! Supported in part by NSF grant DMS-9801582.
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Here, the prime denotes the derivative with respect to the first argument, and p is defined
in terms of the first Jacobi theta function,

91\ 7) = 2q7 sin (w)) [[(1 = 7™ ) (1 — e ™) (1 = ), p(A,7) =

J=1

where ¢ = €?™7. Holomorphic solutions of the KZB-heat equation with the properties,

(i) u(AN+2,7) = u(A, 1),

(i) u(A + 27, 7) = e~ RO (X, 7)),

(i) w(=A,7) = (=1 u(A,7),

(iv) u(A, 7') O((A—m —n7)P™) as A — m + n71 for any m,n € Z
are called conformal blocks (or elliptic hypergeometric functions) associated with the
family of elliptic curves C/Z + 7Z with the marked point z = 0 and the irreducible s,
representation of dimension 2p + 1. It is known that the space of conformal blocks has
dimension xk — 2p — 1.

3. INTEGRAL REPRESENTATIONS OF CONFORMAL BLOCKS

Introduce special functions

(A —t,7)0(0,7)
791()\,7')191@,7’) ’

oxt,T) =

Consider the theta functions

’in )\ 7_ Ze2mn Jtse T+27Tm(j+%))" n e Z/Q;{,Z

JEZ

They form a basis of the space of theta functions of level k. They satisfy the equations
en,n()\ + ]-7 T) = (_l)nen,n()\a 7_)7 en,n()\ + 7_? 7_) = e_ﬂiﬁ()\+%)9f€,n+li()‘> T)

and have the modular properties

2k—1
2 1
Opn( N T+1) = €50, (N, 7), Opn (%,—;) = ,/ ey Z e O (N, T),

where |arg(—i7)| < m/2. Let 07, denote the symmetrization of ¢, with respect to A,
Hlse,n()V T) = HRJL()" T) + ‘9"4,”(_>\7 T)’
Define u, ,, by

un,n()‘>7) = upﬁ,n()\? T) = Jp,mn()‘aﬂ + (= )pHJP/in( AT),
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where
p
Ton( 1) = / [[E6 % [ Et—ten)? x
Ap j=1 1<j<k<p
p 2 p
]];[10')\@]',7')9,{’” ()\—i‘ ;;Q,T) dtl .. .dtp .

The branch of the logarithm is chosen in such a way that arg (E(t,7)) — 0 ast — 07,
and the integral is understood as the analytic continuation from the region where all of
the exponents in the integrand have positive real parts.

Theorem 3.1. [EVI] For all n, the integrals wu, (X, T) are solutions of the KZB-heat
equation having the properties (i)-(iv).

Theorem 3.2. [FSVI] We have
(a) Uk,n = Uk,n+2k and Upgp = —€ U, —n,-
(b) The set {uwn(A\,7)|n=p+1,...,k—p—1} is a basis for the space of conformal
blocks. The integrals u,, are identically zero for all other values of n in the
interval from 0 to k.

2mipn/k

4. TRANSFORMATIONS ACTING ON THE SPACE OF CONFORMAL BLOCKS

Introduce four transformations A, B, T, and S defined by
Au(\,7) =u(A+1,7), Bu(\ 1) =™ MDy(\+ 7, 7),
; 2 p(p 1
TU(}\, T) = u(>\7 T+ 1)7 Su(>\7 T) == e_ﬂm;_"'T_%_% u (57 ——) ,

T T
where we fix arg T € (0, 7).
Proposition 4.1. If u(\, 7) is a solution of the KZB-heat equation, then Au(\,T),

Bu(\, 1), Tu(\, 1), and Su(\, T) are solutions too. Moreover, the transformations A,
B, T and S preserve the properties (i)-(iv).

The proofs that 7" and S preserve the space of conformal blocks are given in [[EK].
The proofs that A and B also preserve this space are straightforward and follow from
the equations

A+ 1L,7) = —th(A7), N(A+7,7)=— TEHY (A 7).

Lemma 4.2. Restricted to the space of conformal blocks, the transformations A, B, T,
and S satisfy the relations

xiP(Pt1) _ i ppt1)

A2=1, B*=1, S?=(-1Pie™ « I, (ST)=(-1)lie ™ = I,
SAS™' =B, AB=(-1)"BA, TB =i"BAT,

where I denotes the identity transformation. O
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Lemma 4.3. We have
Auli,n()\77—) = (_1)nuli,n(>\7 7—)7 Bun,n(>H T) = _€2WZP:UHR n(>\ T) O

Let (tmn) and (Sy.n) be the matrices of the transformations 7' and S, respectively,
with respect to the basis {ug,(A\,7)|p+1 < n < kK —p — 1}, namely, Tu,, =
an_:pp;ll bWy SUgn = > o +11 Smnlem- In Theorem f.4, we give formulas for the
matrices of 7" and S in terms of Macdonald polynomials of type A;.

The Macdonald polynomials [Md] of type A; are z-even polynomials in terms of ¢™*
where m € Z. They depend on two parameters k£ and n, where k£ and n are non-negative

integers. They are defined by the conditions:

(1) p¥ (x) = €™ + e "4 lower order terms, except for Po(k) (x) =1,
(2) <P,(f), Pygk)) = 0 for m # n, where

k—1
(f,g) = —Const Term (ng — E2U0F)) (1 - 62(j_x))> :
7=0
Theorem 4.4. [FSVY]| Let e = e™/*. Forp+1<m,n <k —p— 1, we have
tm, = LTémna
€ % p(n—m)—p(erl) — - —n+j (p+1)
Smpn = ﬁe 2 H ) | P2 (m),

where 4, = 1 for m = n and 0 otherwise.

5. INTEGRAL IDENTITIES

To formulate our main result, we need functions n, ¢;, ¢2, and ¢3. The Dedekind 7-
function is the function () = ¢"/* [172,(1—¢’). We have 9}(0,7) = 2m*(7). Consider
the functions [W]]

¢1(7) = % — ¢ 1:_0[1 (1 +qj‘%) . da(r) = ng; =g ﬁ (1 - qj‘%) ,

We have
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Let

P
p(p+1) __.pBp=1) _.p+l n+1 2p 1 ntj
Con = Cprn = (271') e ™ok et Bp ( ,——, = | | <1 _ €2m - )

K k' K) A
7=1
Here, B,(c, 3,7) is the Selberg integral.
Theorem 5.1. We have ten series of identities,
(2) u2p+2,p+1(>\7 7') = C2p+2,p+1791()‘7 T)pH,
_3(p+1)
(3) Usp+3p+1 (N, T) = Coppapran (7)™ 2008 PN, 7)010(A, 7),
_ 3(p+1)
(4) Usptspr2(A T) = Copispran(7) ™ 28 TN, 7)011 (A, 7),
~pth) Sy 1 s
(5) Ugptapr2( N, T) = 272098 Copiy o (¢3(T)77(7) ) DR (>\>T)92,1()\, ),

;p(pt+1)
(6) tzprapri(A7) + (=1)PT ™ 2 g, g ia(A, T) =

1y et
Cop+4,p+1 (¢2(7')77(7') ) e 19]1) ()\77')(92,00\77') - 92,2(>\,7')),

i 2et1)
(7) tzprapsr(A )+ (=17 25 Uy y5(N, 7) =

Sy gp
Cop+4,p+1 (¢1 (7_)77(7-) ) e 19]13 ()\a 7-) (92,0()\a 7_) + 9272()\a 7_))7

-p(p+1)
(8) uprepr1(A,T) + (—1)p+1€2m 255 Ugpt6,p45( N, T) =
3(p+1) 6(p+1)

272056 cypig i (@3(T)0(7)) " 2070 19]13“()\,7')(94,0()\, 7) — 044(A, 7)),

i 2(Pt2)
(9) tzprspra(A )+ (=1)P™™ 2 Uy y6p1a(N, 7) =

_ 6t
Capropra (S2(T)0(T) " %70 TN T) (051 (N, 7) + 055N, 7)),

i 2Pt2)
(10) u2p+6,p+2()‘a T)+ (_1)p+162 2o u2p+67p+4()\>7) =

_ e+
Capropra (SL(T)N(T)) %70 TN T) (051 (A7) = 035X, 7)),

i 2Pt2)
(11) u2p+8,p+2()‘a T)+ (_1)p+162 s u2p+87p+6()\>7) =

—8(p+1)

Coprs 2 (T) 275 OO T) (05, (A 7) — G5 5(N, 7).

The integrals in Theorem .| are appropriately called the elliptic Selberg integrals.
The identity (B) appears in [FSVI)] and in [FVI] for p = 1.
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6. DIFFERENTIAL EQUATIONS

In Lemmas [6.16.3, let ’ denote the derivative with respect to A, let * denote the
derivative with respect to 7, and let v(\, 7) = 91 (X, 1) Z;;gp 2ei(r )92 ap—2.(A ).
Lemma 6.1. The function v(\, T) is a solution of the KZB-heat equation if and only if
the differential equation

K K—2p—2 d 19 K—2p—2
s 1 s
(12> p+1 Z (dT )Hli 2p— 2j_<2p+2_"€)1’71 Z en 2p—2,j
j=0 j=0
K—2p—2 19, K—2p—2

1 s 1
—2 Z CJn2p 2] 7”19_1 Z (9/@ 2p— 2])
j=0

]:
holds.

The proof of Lemma [.]] uses the identities

(13) 2mi(2p + 2)( )N 1) = (Y (1) + plp + Do 0 T (A7),
(14) 27T7;I<09'Z7m(>\, T) = (Hz’m)”()\, T).

Proof of Lemma [6.1. Applying the differential operator 2wikd/d7 to v(\, T) gives

K—2p—2 K—2p—2 d
. 1 s
2%2/{{]3%—1 Z C]n 2p— 2] 19]13+ Z (dT )en 2p—2,7

J=0
K—2p—2
p+1 2 : s
+ 791 ‘9/-@ 2p— 2]:|

J=0

Applying the differential operator 92 /0A? 4+ p(p + 1)p'(\, 7) to v(\, T) gives

K—2p—2 K—2p—2
1
(19]13+>” Zcen 2p2]+2p+1 Z CJ Ii2p2j
j=0 7=0
K—2p—2 K—2p—2
+ ot Z (0 _op—2;)" +p(p+ 1)p' ot Z il —op—2,j-
7=0 7=0

Applying ([3) and ([4), we obtain the result. O



ELLIPTIC SELBERG INTEGRALS AND CONFORMAL BLOCKS 7

Lemma 6.2. Ifv(\, 1) is a solution of the KZB-heat equation, then the functions c¢;(7)
satisfy the differential equation

K K—2p—2 d
> () as0.7) -
p+1 = <d7’
K—2p—2

(2p+2— k) (a%‘ In ¥} (0, 7‘)) Z ¢j(7)0x—2p—2(0,7)

j=0
K—2p—2 d
—+ 2(:“& — 2p — 3) ; Cj(T)%HR—ZD—Zj(O? T)‘

Proof. For any fixed A, equation ([[J) gives a differential equation for the functions ¢;(7).
We take the limit of that equation as A — 0. In the ratio o, /Y1, both the numerator
and denominator tend to zero, so the limit of this term as A — 0 is equal to the limit
of the ratio of the derivatives of the numerator and the denominator. The limit of the
ratio (Z;”;gp_2 cj(07_9, o;)")/V1 is calculated in the same way, since each 67 , ., is a
symmetric function and therefore (67 _,, ,:)'(0,7) = 0. Then the result follows from

([4) . 0

Lemma 6.3. Ifv(\,7) is a solution of the KZB-heat equation, then the functions c;(T)
satisfy the differential equation

K—2p—2

y d
p+1 > (E%(T)) Orap—2n-2p-2-5(0,7) =
j=0

K—2p—2

d
@42-0) (4 00.0) Y 60 hszayai(0.7)
j=0
K—2p—2 d
+2(k—2p—3) > ¢(T) - Ox2p-2.5-2p-2-5(0, 7).

=0
Proof. We take the limit of ([2) as A — 7. This limit is calculated in terms of the limit
A — 0 using the formulas

8391(2, D amagr = €727 (27130, (N, 7) — 01 (N, 7)),

z

9 —2mIN—TTLT . ]

$91(>\ +7,2) sy = 72T (—m@l(k, 7) + 01\, 7) — 61(, T)) ,
0

gﬁzm(z, T)|e=rir =€
0 s _ —TRA-TIRT Ko s ! S
geﬁ,m(A +7, Z>|Z:T =€ (Wz§en,n—m()‘7 T) o (eﬁ,n—m) (>\7 T) + Hn,ﬁ—m(>V T)) :

—TIRA=TiKS (—ﬂ'ilﬂgs ()\7 7_) + (95 )/()\’7_)) :

K,k—m K,k—m
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It is straightforward to calculate the limit of the left hand side. Using the above formulas,
the limit as A\ — 7 of the right hand side is equal to the limit as A — 0 of the expression

r K—2p—2
e —K z 1 s
oi(2pH2=R)(A+T) ((Qp +9— ,{)Q’T Z 08 ooy
§=0
K—2p—2 ] 1 19, K—2p—2
—2 Z 0 _op—2n—2p—2—j T _19_1 Z Cj(92—2p—2,n—2p—2—j)/)-
X TV~
Jj=0 7=0
This limit is calculated using L’Hopital’s rule. 0

7. IDENTITIES FOR THETA FUNCTIONS

In the next section, we give the proofs of the integral identities in Theorem p.1. We
will use the following results.

Lemma 7.1. We have 03 ,(\) = U1(A +1/2).
Lemma [(.1] is proved by comparing the Fourier series expansions of the functions.
Corollary 7.2. We have 2604 1(0) = n(7)¢s(7)>.

Lemma 7.3. Let
641(0) — 643(0) 641(0) +6,3(0)
T = =
hO==m )
Then fi(1) = ¢1(7)7", fa(7) = da(7) 71, fa(7) = ¢3(7) "
The proof of Lemma is based on the following result.

610(0) — 04,4(0)
Von(r)

, o fa(7)

, fs(m) =

Lemma 7.4. [W]| Suppose ¢1(T), g2(T), and gs(7) are holomorphic functions on the
upper half plane C, satisfying the following conditions.

P1. The functions g1, g2, and g3 can be written in the forms

gi(r) =q Zajq%> ga(T) = ¢ Z(—l)jajq%, g3(r) = ¢ ijqj,
j=0 Jj=0 Jj=0

where a is an integer, a;,b; € C, and ay = 1.
P2. The functions gy, g2, and g3 have the modular properties

g1 <—%) = (1), g2 (—%) =93(7), 93 (—%) = g2(7).

Then g;(1) = ¢;(1)%, fori=1,2,3.
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Proof of Proposition [7.3. We have

01 ( Z q4(]+ _ q% Z q%(8j2+2j)’ 015(0 Z q4(]+ % Z q%(8j2+6j+1)’

JEL =/ JEZ =/
O,0( Z q4] Z q(zj)2, 0,4 Z q4(]+ Z C_I(QJH
JEL JEZ JEZ JEZ

Hence, the functions
Fi(7) = ¢ 25(011(0) — 045(0)),  fa(r) = ¢ 2 (641(0) + 6,.5(0)),
fa(r) = 273¢721 (01,0(0) — 04.4(0))

are holomorphic functions on C, with the property P1 for a = —1 and ¢; = f;. Let
y(q) = 272 ¢j¢ be defined by the condition 1+ y(q) = ¢~ /**n(r). Then for i = 1,2,3,

A R0 v+ v )

are holomorphic functions on C, with the property P1 for « = —1 and ¢; = f;. One
checks that fi, fo and f5 have the property P2 using the modular properties of 6y4,,(0)
and (7). O

Lemma 7.5. We have 051(0) — 065(0) = n(7).

fi(r) =

Lemma [(.] is proved by comparing the infinite series expansions of the functions.

8. THE PROOF OF THEOREM p.1|

8.1. Proof of (B). For k = 2p + 2, the space of conformal blocks is one-dimensional.
The right hand side of (B) is a solution of () with the properties (i)-(iv) [FV1]. Ac-
cording to Theorem B.J], the left hand side also has these properties. Thus the two
functions are proportional. The coefficient of proportionality is calculated by comparing
the leading terms of 19’{“ and w, p11 in the limit as 7 — ¢oo. The leading term of 19]13“
is (—i)PTgPHl/8(emiA — e=mMPHL Tet dt = dt; ... dt,. The leading term of u, ., is

2 2
/ P <6m'tj _ ity ) —mprr—l <6m(tj—tk) _ e milty—tr) ) 12
H uC H mi
Ap j=1 2me’ 1<j<k<p 2mes

p Wi()\—tj) _ —ﬂ'i()\—t]‘) +1)2 .
( (H e ' e ' q%eﬂl(p‘f‘l)()ﬂ-ﬁ Z?:l tj)
j=1

67”)‘ _ e—mA

P mi(A+t) _ —mi(A+t) 5 '
67” _e—m
j=1
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The above expression is equal to

p

i | p(p+1) o 2p? il ) o ) o
(2me2 ) 22 tPe m(2p+2+p)q 8 (67”)‘ —e WZ)\) P § I, (6W2(2l+1)>\ —e m(2l+1)>\)7
1=0
where
p ) ,
; P . .
fl 1, .. H e2miti Sprats) (1-— ezmtﬂ')_m_l H (e*mti — 2™tk ) mia gt
=1 1<j<k<p
for some function f;, symmetric in the variables ¢, ...,?,. Comparing the coefficients of

. (p+1)
e™ P+ in the leading terms, we find that u, ., = P71(27e™ )p2§+2 Pe

To complete the proof, it remains to compute [,. It is not dlfﬁcult to show that
folte, ... t,) = [[P_,e ™. Let x; = €™, Let A, be the image of A, under the
P P j=1 J P v

map t; — x,;. We have

__2 4 _2
(2mi)~ H i 1 — xj) 2+ H (zj — xp) P2 d.

Ap i 1<j<k<p

. 2
m(% +p) ]pﬁzlr-i-l.

Applying the Stokes theorem, we deform the contour Ap to get

p
itpl 212 _ 2 2
27-” -p H Mooty / H 2p+2 1 _ xj) e H (xj _ l»k)2p+2 dzx.

Jj=1 Ap j=1 1<j<k<p

Observe that

/ HSL’Qerz (1-— xj)_zzf%_l H (z; — xk)%%da:
APJ 1 1<j<k<p
is the Selberg integral B,((p + 2)/(2p + 2), —2p/(2p + 2),1/(2p + 2)). This completes
the proof.

8.2. Proof of () and (@). Let x = 2p + 3. Then any solution of () with the
properties (i)-(iv) has the form v(\,7) = (X 7)(co(7)010(\, 7) + 1 (T)011 (N, 7).
Let A be the transformation introduced in section 4. By Proposition [L.1], Av(\,7) =
(=1)PH N 1) (co(T)Br0(N, T) — e (T)01.1(N, 7)) is also a solution. Hence, for j = 0
or 1, the function v;(\,7) = ¢;(7)9 (X, 7)01,;(\, T) gives a solution too. Moreover,
Av; = (=1)P"Hy;. By Theorem B3, the integrals u, ,1 and u,,.o span the space of
conformal blocks. By Lemma .3, Au, i1 = (—1)P M u,pr1 and Aug o = (—1)Puy, pro.
So for j = 0 or 1, the integral u, ,14; is proportional to v;. By Lemma [6.9, ¢;(7) must
satisfy the differential equation

= (en) 01500 = = (G 0.0 e 50,7),

p+1
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The function ¢;(7) = ((27r)_119’1(0,7‘))_(p+1)/'€ = (1) 73P*+D/% i5 a solution of this equa-
tion for j = 0 and 5 = 1. The coefficients of proportionality are computed in the limit
as T — 100, cf. the proof of (f). This completes the proof.

8.3. Proofof (B), (B), and (). Let x = 2p+4. Let v;(\, 7) = 95" (\, 7)03 (A, 7), 0 <
j < 2. Any solution of () with the properties (i)-(iv) has the form v(\,7) =
Z?:o ¢;(T)vj(A, 7). Let A be the transformation in section 4. By Proposition [.]],

Av = Z?ZO(—l)p““cjvj is also a solution. Hence the function ¢;v; gives a solution too.
Moreover, it is an eigenvector of A with eigenvalue (—1)?. By Theorem B.2, the space
of conformal blocks is three-dimensional with spanning set {u,,|p+1 <n < p+ 3}.
According to Lemma I3, the eigenspace of A corresponding to the eigenvalue (—1) is
one-dimensional and is spanned by u, ;0. It follows that w, ,.2 is proportional to c;v;.

By Lemma [.3, ¢;(7) must satisfy the differential equation

p j_ 1 <%Cl(7’)) 9271(0, T) =-2 <(§i’7‘ In 19/1(0, T)) Cl(T>9271(0, T) + 201(7’)%9271(0, T).
The function ¢;(7) = (47651 (0,7)9, (0, 7)~1)*P* /" is a solution of the above equation.
By Corollary .2, ¢, (7) = (¢3(7)n(7)‘1)4(p+1)/'{. The coefficient of proportionality is com-
puted in the limit 7 — 400, cf. the proof of (f). This proves (f). To prove (i), we apply
the transformation S to both sides of (H). To prove ([]), we apply the transformation T
to both sides of ({§). This completes the proof.

8.4. Proof of (B), (8), and (I0). Let x = 2p+6. Let v;(\,7) = 9 (\, 7) 2iAT), 0<
j < 4. Any solution of ([J) with the properties (i)-(iv) has the form v(\, 7) =
Z?:o cj(T)v;(A, 7). Let A and B be the transformations in section 4. By Proposition

£, Av = Z?ZO(—I)*”’““cjvj is also a solution. Hence the function covg + covs + c4v4
gives a solution too. Moreover, B(coug + covo + cqvy) = (—1)PT(cqvo + cova + covy) is
also a solution. So there exists a solution of the form ¢(7)(vy — vy4). It is an eigen-
vector of A with eigenvalue (—1)P™' and an eigenvector of B with eigenvalue (—1)F.
We show that the subspace of conformal blocks with this property is one-dimensional.
By Theorem B.3, the space of conformal blocks is five-dimensional with spanning set
{twn|p+1<n<p+5} By Lemma [[.3, the eigenspace of A corresponding to the
eigenvalue (—1)P*! is three-dimensional and is spanned by wy p 11, Uy pi3, and u, ,15. By
Lemma [[.3, the transformation B preserves the subspace (uy i1, Uk pt3; Uk pts). Lhe
matrix of B restricted to this subspace is

0 0 _€2m-p(p+5)
0 (—1)p+L 0
_62m-p(p:1) 0 0

Thus the restriction of B t0 (U pi1, Us pr3, Usprs) has eigenvalues (—1)P and (—1)P+!
of multiplicities 1 and 2, respectively. The eigenspace corresponding to the eigenvalue
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(—=1)P is spanned by the vector w, , 1 + (—1)PFe?™®P+D/ry, o Tt follows that this
vector is proportional to ¢(7)(vg — v4). By Lemma .9, ¢(7) must satisfy the differential
equation

f (%0(7)) (010(0,7) — 044(0,7)) =

p+1

4 (di A T>) () O10(0,7) — B14(0,7)) + Ge() (8100, ) — 10, 7))

The function c(7) = ((2)2(040(0,7) — 04.4(0,7))39,(0,7)2)>P™/* is a solution of the
above equation. By Lemma [[.J, we have c(7) = 23P+D/%(gps(7)n(7))"6@+V/5 The
coefficient of proportionality is computed as in the proof of (f). This proves (§). To
prove ([) and ([[Q), apply the transformations S and TS, respectively, to both sides of
(B). This completes the proof.

8.5. Proof of (II)). Let x = 2p+8. Let v;(\,7) = 97 (X, 7)05,(\, 7), 0 < j < 6. Any
solution of ([]) with the properties (i)-(iv) has the form v(\,7) = Zf 0 Gi(T)vi (A, 7).

Let A and B be as in section 4. By Proposition [I.]], Av = Z?ZO(—l)p”*lcjvj is also
a solution. Hence the function civ; + c3vs 4+ c5v5 gives a solution too. The function
B(civy + c3v3 + csv5) = (—=1)PT(c501 + c3v3 + ¢yv5) also gives a solution. So there is a
solution of the form ¢(7)(v; — vs) which is an eigenvector of A and B with eigenvalue
(—1)? under both transformations. We show that the subspace of conformal blocks with
this property is one-dimensional. By Theorem B.2, the space of conformal blocks is
seven-dimensional with spanning set {u,,|p+1 < n < p+ 7}. By Lemma [[.3, the
three-dimensional eigenspace of A corresponding to the eigenvalue (—1) is spanned by
U p+2, U pra, a0d Uy py6. The matrix of B restricted to (uy pi2, Uk pra, Uk pto) 1

0 0 _627” p(p+6)
0 (— 1)+ 0
. 2m~p(p:2) 0 0

Thus, B has eigenvalues (—1)? and (—1)P*! of multiplicities 1 and 2, respectively. The
eigenspace corresponding to the eigenvalue (—1)P is spanned by the vector wu, 42 +
(—1)pHle2mir(e+2)/ry, 6. So this vector is proportional to ¢(7)(v; — vs). By Lemma .3,
¢(7) must be a solution of the differential equation

f (%C(T)) (06,1(0,7) — 06,5(0, 7)) =

p+1

=6 (1 (0,7)) ) 0 0.7) = (0, 7)) + 106(r) 05 0,7) = 05 (0,7).
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The function ¢(7) = ((27)3(06.1(0,7) — 065(0, 7)), (0, 7')_3)2(“1)/"i is a solution of the
preceding equation. By Lemma [, ¢(7) = (n(7))"8®*1)/% The coefficient of propor-
tionality is computed as in the proof of (f). Notice that the solution in ([[J)) is invariant
with respect to the action of the modular group. O
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