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LIE GROUPS: Notes and Exercises

. Let {v;} be a collection of weight vectors such that w; is the weight of v; with w; # w, for i # j. Show
that {v;} is linearly independent. Hint : Assume we have a linear combination Y., ayv; = 0 with
some «; # 0. After re-indexing and changing r, if necessary, we can assume all a; # 0 for 1 < i < 7.
Obviously » = 1 is not possible. Show that if 7 > 1, we could find a new nontrivial linear combination
> Biv; = 0 with fewer nonzero 3;, by using the same idea as in the proof of the Lemma discussed in 2
(but at least one nonzero f3;).

. Remark : We had shown in class that if the sl module V' has a basis of weight vectors, then so has any
submodule W C V. The way we had set up the proof, we had already implicitly assumed that weight
vectors belonging to different weights are linearly independent, as stated in 1.

. Show that g solvable is equivalent to (X,[Y, Z]) =0 for all X,Y,Z € g, where (X,Y) = T'r(adxady) is
the Killing form on g. Hint : Use Cartan’s criterium (Lemma 2 in the lecture) saying that (X,Y) =0
for all X,Y € g implies g solvable. Also observe that [g, g] solvable implies g solvable (why?).

. Let A € End(V) be diagonalizable with eigenvalues \; such that A\; # A; for ¢ # j. Let
T — A
Qi(z) = [ .
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Verify that P, = Q;(A) is the projection onto the eigenspace for \;. Hint : Calculate P;(A)v for an
eigenvector with eigenvalue \.

. (a) Let a € R"™ and let 8 = w(«) for some w € Gi(n,R). Show that sz = ws,w™!, where
2(v,7)
s(v) = v
=55

for v, € R™ and (, ) the usual dot product for R™.

(b) Let 8 be a positive root. Show that there exists a positive root 5’ and a simple root « such that
B = p"+a. Hint : It was shown in class that for 5 > 0 there exists a simple root a such that (3, ) > 0.
(¢) Let 8 be a positive root. Show that there exists a simple root a and w € W such that 8 = w(«).
Hint : Proceed by induction on the length £(3), using part (b).

(d) Show that for any root 8 there exists w € W and a simple root « such that § = w(a).

(d) Recall that W was generated by the reflections s,, a a root. Show that W is already generated by
the simple reflections s; = s,,, where A = {«;}.

Let €;, 1 < i < 8 be a basis for R8. Let o; = ¢; —&i+1, 1 <1 < 8.

(a) Find ag € R® such that the set of vectors A = {«;, 1 < i < 8} generates the Coxeter graph Eg
(this is the graph A7 with an additional vertex connected with a; by a single edge).

(b) Calculate the orbit ® of A under the group W generated by the reflections s; defined by

SZ(X) =X — (X, Oéi)Oéi, X € RS.

(Answer : ® = {£e; £¢j, i #j} U {a= Zle +1e;}, where we have an odd number of minus signs
for the summands). Problem 5 can be useful for showing that we do indeed get all the indicated vectors
in the orbit.

(c) Determine positive and negative roots with respect to A.

(d) Calculate the dimension of the Lie algebra corresponding to the graph Fg (Don’t forget the Cartan
subalgebral).



