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YOUNG SEMINORMAL REPRESENTATION
MURPHY ELEMENTS
AND
CONTENT EVALUATIONS

ABSTRACT

These are notes resulting from a course in Algebraic Combinatorics given at UCSD in winter
2003. The lectures where based on writings of A. Young [8], R. M. Thrall [7] and D. E. Rutherford
[6], A. Jucy [3] and G, Murphy [5]. The material covers basic identities leading to the construction
of Young’s seminormal units. Murphy elements are used first as an aid to the construction of the
entries in the seminormal matrices corresponding to the simple reflections then used to express
characters and conjugacy classes. As a by-product we obtain a new way of constructing certain
polynomials introduced in a recent paper by A. Goupil et Al. [2] and by Diaconis and Greene in
an earlier unpublished manuscript [1]. These polynomials yield some truly remarkable formulas
for the irreducible characters of the symmetric groups. More precisely, it is shown in [1] and [2]
that for each partition v k£ we can construct a symmetric polynomial W., which evaluated at
the contents of a partition A - n > k yield the central character value w;\’ln,k. The polynomials
W., are remarkably simple when expressed in terms of the power basis. Moreover, their power
basis expansion are of the form W,, = }° ¢} (n) p, with coefficients ¢}(n) polynomials in n. The
approach followed in [2] is quite intricate and somewhat indirect. In [1] Diaconis and Greene follow
a purely combinatorial approach and derive an algorithm for constructing the polynomials W,,. In
these notes we obtain explicit closed form expressions for W.,. Our approach is based on a method
introduced by Macdonald [4] in an exercise where an explicit formula is obtained for the central
character value wl’;ln_k.

Table of Contents

1.Young idempotents.
In this section we introduce the Young last letter order and establish some of the basic
properties of Young idempotents under this order.

2.Young’s seminormal units.
We construct here the Young seminormal units and prove their orthogonality. We also
construct the seminormal matrix units and compute the characters of the corresponding
representations. We terminate by proving seminormality.

3.The Murphy elements.

In this section we introduce the Murphy elements and prove their commutativity. We derive
the action of the class C; of transposition on a seminormal tableau unit. We thus obtain in
a purely combinatorial way that the central character x3,.»|Ca|/nx/ is n(X) — n()). The
basicresult here is that the seminormal units are simultaneous eigenfunctions of the Murphy
elements. We show that the eigenvalue of m, on the tableau unit e(T') is given by the content
of the cell of k£ in T'. We also obtain in a canonical way a polynomial Pr(ms, ..., m,) which
gives e(T).
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4.The seminormal matrices.
In this section we derive the entries in Young’s seminormal matrices from the action of
Murphy elements on the seminormal matrix units.

5.Murphy elements and conjugacy classes.
We start by giving two different proofs that symmetric polynomials evaluated at the Murphy
elements yield class functions. This done our main goal is to obtain explicit formulas
for the symmetric polynomials that yield the Characters and the Classes. Tablesof these
polynomials are included in a few special cases.

1. The Young idempotents

In this section we recall some basic properties of the Young idempotents and set notation.
Most of the material covered in this section is presented in full detail in the lecture notes on the
“Young’s Natural Representation” . References to these notes will be indicated by the symbol
[YNR].

We shall use the French convention of depicting Ferrers diagrams as left justified rows of
lattice cells of lengths decreasing from bottom to top.

Recall that a tableau 7" of shape A I- n is a filling of the cells of the Ferrers diagram of A with
the letters 1,2, ..., n. If the filling is row and column increasing then T is said to be “standard”.
The shape of T will be simply denoted \(T'). Given a tableau 7', we let R(T) and C(T') respectively
denote the ”Row Group” and ” Column Group” of T. As in [YNR] we set

P(T) = Y o, N(T) = Y sign(B)p, 1.1
a€R(T) BeC(T)
and
E(T) = P(T)N(T). 1.2

Note that if 7" has n cells and o € S, then ¢T" denotes the tableau obtained by replacing in 7' the
index i by o; fori = 1,...,n. Itis easily seen that we have

R(oT) = oR(T)o™', C(oT) = oC(T)o™!

thus
P(oT) = oP(T)o~ ', N(oT) = oN(T)o* 1.3

In particular if 77 and T are tableaux of the same shape and o7, 7, is the permutation that sends 75
into T; we have the identities

or, 7, P(T2) = P(T)or, 1,,
O'T17T2N(T2) = N(Tl)UTl,T27 1.4
or, ,E(T2) = E(Ti)or 1, -

We have the following basic fact
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Proposition 1.1
If Ty and T, are two tableaux with n cells, then we have

N(T,)P(Ty) #0 or  P(Ty)N(Ty) #0 1.4

only if
MTy) > \Ty)  (in dominance) 1.5

In particular
MT2) < MTh) = N(I2)P(Th) = P(T1)N(T3) =0

Proof

Construct the diagram 77 A T» by placing in the lattice cell (4, j) the intersection of row i
of Ty with column j of T5. Note that if one of these intersections contains two elements r and s
then R(T}) and C(T») would have the transposition (r, s) in common, but then we would have, for
instance

N(T3)P(Th) = N(T2)(r,s)P(Ty) = —N(T2)P(T1)

in plain contraddiction with 1.4. Thus 1.4 forces the cells of T} A T5 to contain at most one element.
Note that if we lower these elements down their columns by eliminating the empty cells we will
obtain a tableau 73 of shape A(T%), thus the number of cells in the first i rows of T5 is given by

A(TS) + Aa(Ts) + - + N (T).

But all the elements of the first i rows of T} are in the first i rows of T} A T and a fortiori must all
be in the first i rows of T5. This gives the inequality

AM(T2) + Ao (To) + -+ X (To) > M(Th) + Mo (Ty) + -+ + N(TY)

Since this must hold true for all i we necessarily have 1.5 as asserted.
It will be convenient to denote the group algebra of S,, by A[S,,]. This given, Proposition
1.1 implies the following fundamental fact

Theorem 1.1
If the tableaux Ty, T, have both n cells, then for any element f € A[S,] we have

In particular

NTY) #MNTy) = E(M)fET) = 0 (for all f € A[S,]). 1.7

Proof
Note that we may write (using 1.3)

(Tl fN T2 Z f T1 JN T2 Z f (O’TQ) ,

o€eSy, oESy
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Thus the non vanishing of the left hand side forces the non vanishing at least one term in the
sum in the right hand side. But then 1.6 follows from 1.5. Of course the same will hold true if
N(Ty)fP(T1) # 0. But now note that

P(Ty)N(Th) fP(T2)N(T2) # 0 1.8
forces N(11) fP(1:) # 0 yielding
ANTy) > NT3) .
On the other hand, ( again by 1.6) , 1.8 itself forces
MT2) > MTh) -
Thus only the equality A\(7}) = A(T%) is compatible with the non vanishing of E(71)fE(T%). This
proves 1.7 and completes the proof.

We have the following fundamental identity whose proof may be found in [YNR].
Proposition 1.2 (Von Neuman Sandwich Lemma)
For any element f € A(S,) and any tableau T

P(T)fN(T) = er(f) P(T)N(T) , 1.9
with
cr(f) = fNTPT) e,
where e denotes the identity permutation.

This result has the following important corollary.

Theorem 1.2

For any tableau T, the group algebra element E(T) is idempotent. More pre-
cisely there is a non-vanishing constant h(T) depending only on the shape of T such
that

E(T)E(T) = h(T)E(T) 1.10
Proof
Using 1.9 with f = N(T)P(T), the identity in 1.9 gives
E(T)E(T) = h(T)E(T)
with

WT) = N(T)P(T)N(T)P(T)|

Note that if A(T) were to vanish then E(T") would be nilpotent. Now a cute argument shows that
that the coefficient of the identity of any nilpotent element of a group algebra necessarily vanishes.
Now this immediately leads to a contraddiction since we can easily see that

E(T){€ = Z Z sz'gn(ﬁ)aﬁ’6 = 1.

a€R(T) BeC(T)
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In fact the identity a3 = € holds only when @ = 3 = e. We shall show later that if 7" has shape X
then

where n denotes the number of standard tableaux of shape \. But for the moment it will suffice to
show that h(7T") depends only on A(T"). Now this follows immediately from the identities

€

MT) = N(T)P(T)N(T)P(T) |, = % Z o N(T)P(T)N(T)P(T) o~ |
foesS,
= % > N(6T)P(eT)N(aT)P(oT)],

: O'ESn

:% > N@T)P(T)N(T)P(T)|,
MT")=X(T)

This given, here and after we will use the symbol “h,” to denote h(T') for any tableau 7" of shape .

In the construction of Young’s Seminormal Representation we will make systematic use of
Young's “last letter order”. Given two standard tableaux 71, T of the same shape we shall say
that k is the “last letter of disagreement” between T; and Ty if the letters k + 1,k + 2,...,n

occupy exatly the same positions in 7} and 75, but k does not. This given we shall say that
“Ty precedes T, in the Young last letter order”

and write
Ty <pp 1> 1.11

if and only if the last letter of disagrement is higher in T} than in 5.

If T is a standard tableau we shall denote by 7T'(k) the tableau obtained by removing from

T the letters larger than & together with their cells. Note that if A\(T7) = A(7%) and k + 1 is the last

letter of disagreement between Ty and T5 then A(T3(k + 1)) = A(T2(k + 1)) and 1.11 holds true if
and only if

AT (k) > MT=(k)) (in dominance) 1.12

For f € A(S,,) let us set
Lf = > floyo! 1.13
oESn

We shall refer to this operation as “flipping f” There are interesting identities connected with the
operation of passing from 7" to T'(k), they may be stated as follows
Proposition 1.3

For any tableau T of shape A +n and k < n we have two elements p,(T) and
ny(T) such that

a) pe(T)P(T(k)) = P(T) = P(T(k))lpx(T)

b m(TNIK) = NT) = NI(K) In(T). e

Proof
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Note that the second equality in 1.13 a) follows by flipping both sides of the first equality.
The same holds true for 1.13 b). So in each case we need only show the first equality. Moreover
since we can pass from T to T'(k) by successive removals of the largest letter, we can see that we
need only show our equalities in the case £k = n — 1. To this end let us suppose that the row of T
that contains the letter n consists of the letters

ay, az, ..., QGp, N.

In this case denoting by
(a1,az2,...,ar,n) and (ai,az,...,a,)

the formal sums of all the permutations of S,, that leave fixed the elements of the complements of
{a1,az,...,a,,n} and {a1,as, ..., a,} respectively, we have, by left coset decomposition

(a1,a9,...,ar,n) = (e + (a1,n) + (ag,n) + -+ -+ (ar,n))(al, agy...,qp).
Multiplying this identity by the contributions to P(T") coming from the other rows of T yields
P(T) = (e—|—(a1,n) + (az,n) —|—-~-—|—(ar,n))P(T(n— 1))

which is precisely the first equality in 1.13 a) for k = n — 1.
For 1.13 b) we can proceed in a similar way. Indeed let us suppose that the column of 7'
that contains the letter n consists of the letters

bl,bg,...,bs,n.

Denoting by
(bl,bg,...,bs,’ﬂ)/ and (bl,bg,...,as)/

the formal sums of all the signed permutations of S,, thatleave fixed the elements of the complements
of {b1,ba,...,bs,n} and {by,bo, ..., bs} respectively, we have, by left coset decomposition

(b1,b,...,bs,m) = (e—(by,n) — (ba,n) — - — (bs,n)) (b1, ba,....b) .
Multiplying this identity by the contributions to N(7') coming from the other columns of 7" yields
N(T) = (e—(b1,n) = (b2,n) — -+ — (by,n))N(T(n — 1))
which is precisely the first equality in 1.13 b) for £ = n — 1. This completes our proof.

The following result will play a crucial role here.

Theorem 1.3
For two standard tableau T, and T, of the same shape we have

N(Tl)P(Tg) # 0 - T <prp 1o 1.13
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Proof
Let k + 1 be the last letter of disagrement between 7 and T5. Using Proposition 1.3 we
derive the factorization

N(T)P(Tz) = ni(Th) N(Ti (k) P(T2(k)) Lpk(T2)

Thus
N(M)P(Tz) #0 = N(Tu(k))P(T2(k)) #0

and Proposition 1.1 gives
AT (k) > A(T2(k))

However we have seen that this holds true if and only if
T <pp Ty
This completes our argument.

2. Young's seminormal units
We have shown in the Representation Theory notes (here and after referred to by the symbol
[RT]) that the group algebra A(G) of a finite group G has a basis

An
{eli}ii=1}rea 21
with the property that
0 ifA#p,
ef‘jeﬁs = 0 ifA=p,butj#r 2.2
el ifA=pandj=r.
Moreover, we have also derived the identities
0 ifi 7,
ez?\j .= (with hy = |G]|/ny) 2.3
1/hy ifi=j.

From these identities it follows that we have the expansions
nx
Fo=Y Y fejil ey, (forall f € A(G)). 2.4
XeA =1

This basis allows us to construct a complete set of representatives of irreducible representations of
G. These are simply given by the collection {A*} ¢ obtained by setting

ANo) = [lag; (o)173 - 2.5
with
ag\j(o) = hAG;‘,i |U_1 (forallo € G) 2.6
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In fact, from 2.4 and 2.6 we derive the expansion
DN
o = E E ag\j(o')efj. 2.7
AeA i, j=1

and the relations in 2.3 immediately yield that

T
oelly = Z e ai (o) 2.8
i=1
or in matrix form
a<eﬁ8>19§n“ = <eﬁs>1§ign“ A (o) 2.9
Now we see from 2.6 that the representation A* is orthogonal (that is a;;(c~1) = a;;(¢)) if and only
if we have
e;‘i(o) = ef‘j (™) (forallo € G) 2.10

and this, in compact form may be simply be rewritten as

Ao A
leij = €} 2.11
When Young set himself the task of finding a complete set of irreducible orthogonal representations
of Sy, his point of departure (see [8] QSA VI) was the construction of units ef‘j satisfying conditions
2.2 and 2.3 together with the additional condition

le) = ﬁ& 2.12
i = ogx G .
J

These constructs have come to be referred to as “ Young’s seminormal units”. It is easily seen

that setting
>
A i
b= ya e 2.13

the orthogonality condition in 2.11 will be satisfied by the f;} and the desired orthogonal represen-
tations can then be readily obtained.

Surprisingly Young’s seminormal units can be written down with a minimal amount of
additional notation from the material which is already in our possession. To begin, we let

A A A
™, T, ..., T

denote the standard tableaux of shape A in Young’s last letter order. Moreover the permutation that

sends T} onto T} will be denoted o7}. In symbols

oy T = T) 2.14

7
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Finally, for a tableau 7" with n cells, it will be convenient, to use the abreviations

el

Tn—1)=T, Tmn-2)=T, T(n-3)=
This given, Young’s seminormal units are simply given by the formulas

P(T) o N(T>)
(”QJ(JQGM, 2.15
Iy j

ey = o)

where for a given standard tableau T of shape A\ the group algebra element e(7') is recursively
defined by setting
€ ifT=1[1],
e(T) = 2.16
(

e 7)%6(7) otherwise.

The remainder of this section is dedicated to proving that these units satisfy the identities
in 2.2, 2.3 and 2.12. But before we can carry this out we need to derive a few identities.

Our basic tool is provided by the following
Proposition 2.1
For any standard tableau T we have

(T) 2.17

where we should set h(T) = hy when \(T) = .

To prove this we need two auxiliary identities which are of independent interest.

Lemma 2.1

_ 2.18
b) e(T)P(T)N(T

N
m
|

Proof
We proceed by induction on the size of T'. So assume that 2.18 a) is true for any tableau with
n — 1 cells and let T" be a tableau with n cells. Note that the induction hypothesis then implies that

e(MPTNT)| = 1. 2.19

Now let the elements of 7' that are in the same row and column as n be given as in the proof of
Proposition 1.3. We may then write

o P(T)N(T) |6 =P(T)(e+ (ar1,n) + -+ (ar,n)) (e = (b1,n) — - -+ — (bs,n))N(T) |U_1 . 2.20

Note that for any pair ¢, j, the product of the two cycles (a;, n)(b;,n) is the 3-cycle (a;, n, b;) which

isnotin S,,_1, and since all of the permutations in P(T') or N(T) are in S,,_1, the only terms in 2.20
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that will yield permutations in S,,_; are those produced by the identity term e. Thus we necessarily
have
o P(T)N(T)|, = P(T)N(T)|,., = o P(T)N(T) |_. (forallo € S,_1).

Multiplying this relation by e(T) | and summing over o € S,,_; we get

and 2.19 gives

proving 2.18 b). Now 2.16 gives
h(T)e(T)P(T)N(T)|, = e
(by Prop. 1.2) = e(T)(N(T)e(T)P(T)N(T)P(T) L)P(T)N(T) .

(by 2.18b) = (e(T)P(T)N(T)P(T)N(T) |6)
h

(by 1.10) = h(T)e(T)P(T)N(T) |
(by 2.18b) = h(T).
This proves
e(T)P(T)N(T)| =1

and completes the induction.

Proof of Proposition 2.1
To begin we have

E(T)e(T)E(T) = P(T)N(T)e(T)P(T)N(T)
(by Prop. 12) = N(T)e(T)P(T)N(T)P(T)| P(T)N(T)
= e(T)P(T)N(T)P(T)N(T)| P(T)N(T)
P(T)N(T)

(by1.10) = h(T)
(by2.18b)) = R(T)P(T)N(T) = h(T)E(T).

This proves 2.17 a).

Next we have

E(T)e(T)E(T) = P(T)N(T)e(T)P(T)N(T)
(by Prop. 1.2) = N(T)e(T)P(T)N(T)P(T)| P(T)N(T)
= e(T)P(T)N(T)P(T)N(T)| P(T)N(T)
(by 1.10) = A(T)e(T)P(T)N(T)| P(T)N(T)
(by2.18a)) = h(T)P(T)N(T) = h(T)E(T)

This proves 2.17 b).
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Finally from the definition in 2.16 we get

e(T)E(T)e(T) = e(T) T e(T)E(T)e(T)
(by217a)) = e(T)E(T)e(T)
(by2.16) = e(T)E(T)e(T) g((g)) e(T)

(by2.17a)) = e(T)E(T)e(T)
(by 2.16)

I
=
3
2
3

This proves 2.17 c).

We are now ready to establish the basic properties of Young’s seminormal units. We begin
with a result which is an immediate consequence of the definition.

Theorem 2.1
For any standard tableau T the group algebra element e(T) is idempotent.
Proof

For T' = [1] this is true by definition, we can thus proceed by induction on the number of
cells of . Now we have

e(T)e(T) = e(T) ggj)) e(T) e(T) 5((11:)) e(T)
(by induction) = e(T) i((;:)) e(T) f((jj:)) e(T)
(by 2.17a)) = e(T) i((;:)) e(T) = e(T). Q.E.D.

These idempotents are orthogonal, more precisely we have

Theorem 2.2
If Ty and T, are standard tableaux with n cells then

0 I \(T1) # N(T)
G(Tl) €(T2) = 0 if )\(Tl) = A(Tg) but T 75 T, 2.20
e(Tl) If T1 = T2

Proof
Since by definition

B(Tl)e(Tg) = e(Tl) €(T2), 2.21

the first equality is an immediate consequence of 1.7. The last equality is a restatement of Theorem
2.1. We are left to prove the second equality. Since for n = 1, 2 there is nothing to prove, we shall
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proceed by induction on n and assume its validity for n — 1. This given we have the following

sequence of implications
e(Ti)e(T2) #0

(by221) |
e(Ty)e(T3) # 0
(by induction) |

T, =T,
(when \(Ty) = A\(T)) |
T, =15

This proves our assertion.

Theorem 2.3
Young’s seminormal units statisfy the identities

0 ifX#p,
elel, = 0 ifA=p,butj#r 2.22

1j°rs
e fA=pandj=r.

18

Proof
From the definition in 2.15 we derive that

E(TF)
h#

A E(TJ’/\) 2

@) ey = eTDoy = e@), ) el = oT) ot e(T%). 2.23

S

Thus the first equality in 2.1 is an immediate consequence of 1.7. In the case = A, 2.33 a) and b)
give
E(T}) o = B(TE)

—_— ; L T 2.24
h/\ h/\ T’Se( S) Y

Now if 7 # j, Theorem 2.2 gives e(T;)e(Tj ) = 0, proving the second case of 2.22. Finally for A\ = u
and j = r, 2.24 becomes

= E(T})  a —a E(T)) A
ety e = e(T0) oy = 2= eT)) e(T)) = o o elTL).

(by Theorem 2.1) = ¢(T;) o

_ E(T? _
(by 2.17 a)) = e(T?) Ui)‘j (h)\J ) U])'\s e(T:\) )

A A A
A

2.25

(by 1.4) = e(T;\)

This proves the last equality in 2.22 and completes our argument.

Note that we also have
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Theorem 2.4
0 ifi#£7,
eyl = 2.26
1/hy ifi=j.
Proof
The definition in 2.15 gives
. P(TM o} N(T)
A _ A i % 2\
eij‘é = e(T}) hi : 6<Tj)’€
_ _\ P(TM o} N(T?
_ e(Tj-)e(T?) (T7) oy N(T7})
h €

and the first case of 2.26 follows from Theorem 2.2. But for i = j this becomes

A A
Al = o) e PIDNTT)
‘ h>\ €
(by Theorem 2.1) = hi e(T;\)P(TiA) N(TN) ‘
A €
(by2.18b) — —
by

This completes our proof.

From the identities in 2.22 and formula 2.9, it follows that, for A - n, the character of the
representation resulting from the action of S,, on a linear span

‘C[ei\s’ eésﬂ crt e;\LAS}

is the same as the character of the action of S,, on the left ideal A(S,,)e(T2).

S

From this observation we derive the following important fact.

Proposition 2.2
The character of the action of S, on L[e}, , €3, , ... , €}

s ] depends only on A
and it is given by the formula

TeSt(\)

where “T € St()\)” is to indicate that the sum is over all tableaux of shape \.
Proof

It is shown in the [RT] notes that if e is an idempotent of the group algebra A(G) then the
character x¢ of the left multiplication action of G on the ideal A(G)e is given by the formula

x¢ = Zaea‘l
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Taking T'= T, from this formula we obtain that

P ZO’e(T)U_l = Zoe(?)we(T)a_l

ceG o€S, hA
(Circular rearrangements are OK) = Z o e(T)e(T) w s
o€S, A
(by Theorem 2.1) = Z o e(T) P(T)N(T) s
g€S, hx
_ Z ” N(T) eliT)P(T) -
TESy A
(by Von Neuman lemma) = (dT)P(T)N(T)L) Z p w ot
A
ocES,

and 2.18 b) gives (by 1.3)

O = Z N(eT)P(oT)

h
oeSy A

This proves the Theorem since 0’7" describes all tableaux of shape ), as ¢ varies in S,,.

Remark 2.1

14

It is easily derived from the identities in 2.22 that the set {{e;;}7" is independent.

=1 Xrn

Furthermore, we proved in [YNR] that the numbers of standard tableaux n satisfy the identity

Zni = nl.

AFn

Thus {{e}}

nx
iJ=1J \Fn

is an independent subset of A(S,,) of cardinality equal to the dimension of

A(Sy). So it must be a basis. From this it is easy to derive that the expansion of any element

f € A(S,) in terms of the Young’s seminormal units is given by formula 2.4. We terminate this

section with two important applications of this formula.
We begin with the following beautiful identity of Alfred Young.

Theorem 2.5
For any standard tableau T

eT) = Y x(S=T)e(s)

S

where the sum is over all standard tableaux S yielding T upon removal of n .
Proof

Using formula 2.4 for f = ¢(T") and Young's units we get, (if 7" has n cells)

DN

eT) = > ha Y ele)

Men dj=1

A
e
e

2.27

2.28
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Now we have

_ _ A P(TMHoAN(T) _
o@ey| = emernTID T (|
S P(T]'A)U}\iN(T{\)
= o@)e(myery DD

and we immediately derive from Theorem 2.2 that this term doesn’t vanish only if

T, =T =T).
In particular this forces i = j, and 2.29 becomes
A A
e@el| = e@e@eh T IINED
€ A €
_». P(TMN(T?
(by Theorem 2.1) = e(T?)%
A €
1
(by2.18Db)) = —.
hx
Using 2.30 and 2.31 reduces 2.28 to
— A —\ —
e(T) = Z X(Ti = T) e .
X i=1
Since \ \
A P(TMON(T) —
o = o@hPEOMID (1) = o
A

formula 2.32 is only another way of writing 2.27.

A immediate corollary of Theorem 2.5 is the identification of the constant h.
Proposition 2.3

!
hy = &
DN
Proof

Equating coefficients of the identity on both sides of 2.27, and using 2.26 we get

Assuming that T has n cells, and that \(T') = u we may rewrite this identity in the form

1 1
o = —))\ -—
» % X(p—A) I

15

2.29

2.30

2.31

2.32

2.33

2.34

where the symbol “u—\" is to express that ) is obtained by adding a cell to u. Multiplying both

sides of 2.33 by n! and setting

(n—1)! n!
h
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converts 2.34 into the identity
nk, = Zx(,u—>)\) k.
A

which is precisely the recursion statisfied by the number of standard tableaux. From this it easily
follows that we must have
k A = N YV A

as desired.

The seminormality of the Young units is based on the following remarkable fact.
Theorem 2.6
For any standard tableaux T we have

le(T) = e(T). 2.35

Proof
Since 2.35 is obviously true for 7' = [1] we can proceed by induction on the number of cells
of T. This given we have

lelt) = o) ()
Using 2.27 this may be rewritten as
Le(T) = ()Y (;‘C()j]?)(T)e(Tg) 2.36
T\=T To=T
Since
e(r) T el) = oM o) MR T el

h(T)
from Theorem 1.1 we derive that T}, 75 and 7 must all have the same shape. But then the conditions
T1 =T =T force them all to be the same, converting 2.36 to

L6(T) = Ty elD) S D) ()
_ A PONT) — NIPT) - PN
(by 1.9 used twice) = h(C;?)d e(T)P(T)N(T) P(T)N(T)e(T)
(by 1.10) = héﬁ)? e(T)P(T)N(T)e(T) = %e(T)

where

a = N(T)e(T)N(T)P(T)| and b = (T)P(T)N(T)P(T)

To avoid computing these constants we simply observe that |e(T") and e(7") must have the same
coefficient of the identity, and since this coefficient must be 1/h(T') by 2.26, the identity in 2.37 forces

ab = h(T)
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and proves 2.35.

We are finally ready to prove seminormality.

Theorem 2.7
For each partition A we have constants

dy,dy, ..., dy, 2.38
giving
d
ey = 25 e (forall 1 < 4,5 < ny). 2.39
j
Proof

Since 2.39 may also be written as

Ly = G
0/

there is no loss in assuming that

This given, we need only show that for some constants d; we have

1
ley = 7 i (for1 < j < my), 2.40
J

where to lighten our notation we shall for a moment omit the superscript \. In fact, 2.40 implies

lean = diey (for 1 <i < my),
and then 2.22 gives
d; d;
lei; = | (eney) = (ley)(len) = 7 GLe = iy
g j

proving 2.39. So let us then prove 2.40. To this end we use the expansion formula 2.4 and get

lelj = Z Z ((i elj)esrL) Ers 2.41

r=1 s=1

However, note that Theorem 2.6 gives

(ielj)esrL = e(TJ> 'lhA 0‘j16<T1)€(T5) I Usre<Tr>€
- N(sziP(Tj) gﬂe@l)e(i)N(Ts)P(Ts) oure(T)e(T)
A A €
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and the non vanishing of the two products

e(T1)e(Ts) and  e(T,)e(T;)
forces s = 1 and r = j reducing 2.41 to

ley = ((lelj)eut) €j1

and this proves 2.40 with
1
- =« erj)ew|. -
j
This completes the proof and this section. The actual nature of the constants in 2.38 will
come to the surface in the next section.

3. The Murphy elements

A remarkable set of group algebra elements was shown by Murphy [5] to play an elegant
role in the study of representations of S,,. It develops that these elements considerably simplify
manipulations with Young seminormal units. Their definition is quite simple. We set

mi = (Lk) + (2,k) + (3,k) + -+ + (k—1,k) (fork=2,3,...,n) 3.1

These elements generate a commutative subalgebra of A(S,,). In fact we have the following basic
relations.

Theorem 3.1
Letting s, denote the transposition (h,h + 1)

a)  mpmE = mgmy (for2<h<k<n),

b)  spmps, = my (forh # k,k—1), -
¢) Sk Mp Sk = Mpyl — Sk-

d)  Sgp—1 MpSg—1 = Mp_1 + Sk.

Proof
Note first that in A(S5) we have

(1.2)((1,2) +(1,3) +(2,3)) = ((1.2)+(1,3) +(2,3))(1,2)
and this immediately implies
moMmsg = Mgzmsy.

This relation will clearly remain valid in \A(S,,) for all n > 3. So we may proceed by induction and
suppose that

M2, M3, ..., Mp-1
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have been shown to commute in A(S,,_1). Since they will necessarily commute also in .A(S,,). and
Cy = mo+mz+---+my 3.3
is a conjugacy class, we deduce that for all 2 < k <n — 1 we have

mamy + -+ Mp_1 Mg +mpmy = my (Mg +mz + -+ +my)
= (ma2 +m3 + - +my) my
= Mo Mg+ -+ M1 Mg + My M,
This yields
My My, = My M (forall2 <k<n-1)
and proves 3.2 a). Now note that 3.2 b) is trivial when h > k. On the other hand, when h < &,

conjugation of my, by s;, only interchanges the terms (h, k) and (h + 1, k) in my. Thus 3.2 b) must
hold true for all h # k precisely as asserted. Finally, we see that we also have

sk((l,k;)—i—(Q,k:)—s—u-+(k—1,k))sk = (L E+D)+ (2 k+1)+- 4+ (k=1 k+1) —mpyr — (k k+1).

This proves 3.2 ¢). The proof is now complete since 3.2 d) immediately follows from 3.2 c) upon
replacing k by k — 1.

What is truly remarkable is that the Murphy elements have the Young seminormal units e}
as their common eigenvectors. This is an immediate consequence of the following identity.
Theorem 3.2

For every standard tableaux T of shape A+ n we have

Coe(T) = (n(\)—n(\)e(T), 3.4
where for a partition A = (A1, \a, ..., \x) We set
k
n(d) = > (i-1)\ 3.5

=1

and )\ denotes the conjugate of A
Proof
Since Cy commutes with every element of A(S,,) we derive that

Cye(T) = e(T)%ﬁN(T)G(T), 3.6

and Von Neuman's lemma then yields

P(T)CoN(T) = CoN(T)P(T)|. E(T).

€
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Substituting this in 3.6 we get

Coctr) = (eanmpin],) PO,
= (GNT)P(T)],) e(T)
It remains to prove
CoN(T)P(T) |, = n(N) —n(). o

Now the definition in 1.1 gives

CoN(T)P(T) L = Z Z Z sign(B)x (Ba = (i,7)) - 3.8

1<i<j<n a€R(T) BeC(T)

However, it should be apparent that unless the indices i, j are in the same row or column of T
it is impossible to interchange their positions in 7' by a row permutation followed by a column
permutation without messing up the positions of the other entries in 7'. Thus the only way we can
have the equality Sa = (4,7) is 8 = (i,5) or a = (i,5). This reduces the evaluation of the right
hand side of 3.8 to counting transpositions in C'(T") and R(T). Now if

)\Z(Al,)\g,...,)\k) and /\/ ( / / .. /\/)

then the number of transpositions in C(T') and R(T') are respectively given by

(1) = 1)

i=1
This reduces 3.8 to
ayoy "N,
avorml, = 3 (5) - X (3).
i=1 i=1
and it easily seen that this is only another way of writing the equality in 3.7. Our proof of 3.5 is thus

complete.

Remark 3.1

We should mention that the identity in 3.7 implies a classical identity (see [4]) satisfied by
the characters of S,,. To see this note that since conjugation by an elemnt o € S,, does not change
the coefficient of the identity, formula 3.7 may also be rewritten as

ha > ¢, o NIDPT)

o= nN)=n()).
A

€

(o
" oEeS,

But then Proposition 2.1 gives

hA T Cax M. n(N) = n(\).
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Since n!/hy = ny we finally obtain that

|Gl Xoin—z = n(N)—n(\), 3.9

nA
where X3, gives the value of x* at the conjugacy class C, and |Cs| gives the cardinality of Cs.
It is customary to call the difference “j — i” the “content ” of the lattice cell (i,j). For

instance in the figure below we display the Ferrers diagram of the partition (5, 3, 3) with its cells
filled by their contents.

2] -1]o
o1
ofl1[213]4] 310

For a given tableau 7' with n cells and an integer 2 < k < n let us denote by ¢y (k) the content of the
cell that contains & in 7. This given it is easy to see that for any tableau T" of shape A we necessarily

have
n

D er(k) = n(N)—n()). 3.11

k=2
This simple observation causes Theorem 3.2 to have the following truly remarkable corollary.

Theorem 3.3
For every standard tableau T with n cells we have for 2 <k <n
a) mpe(T) = cr(k)e(T),
b) e(T)ymyp = cr(k)e(T).

3.12

Proof

Note that since by Theorem 2.6 e(T') is self flipping and my, is trivially so, 3.12 b) can be
obtained by flipping both sides of 3.12 a). So we need only prove the latter. From the definition in
2.16 it follows that

e(B) =e—(1,2) and e(E@) = €+ (1,2).

Thus we see that
moe(f) = —e(f) and  moe(EE) = e(EE).

This verifies 3.12 a) for n = 2. So we may proceed by induction and suppose that 3.12 a) has been
verified up to n — 1. In particular if T is any standard tableau with n cells we will necessarily have

my e(T) = cz(k)e(T) = cr(k)e(T) (for2<k<n-1). 3.13
Thus PITIN(T
my e(T) = mye(T) % e(T)
3.14
(by 3.13) = ex(k) e(T) 7 o) = ex(h)e(T)
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This proves 3.12 for for 2 < k < n — 1. But for k = n we may use 3.4 with n(\") — n()) given by 3.11
and get
(ma+mg+---+mp)e(T) = (cr(2)+cer(3)+---+er(n))e(T).

Subtracting the identities in 3.14 for 2 < k < n — 1 yields
mpe(T) = cp(n)e(T).

completing the induction and the proof.

A beautiful consequence of this result is a completely explicit formula for Young’s semi-
normal units. To present this development we need a few preliminary observations. To begin note
thatif P(z2, 23, ...,z,)is any polynomial in its arguments and 7" is any standard tableau, then from
Theorem 3.3 it follows that

P(mg,ms,...,mp)e(T) = P(er(2),cr(3),...,er(n))e(T)

now we may construct P(xg, s, ..., 2,) in such manner that P(cr(2), cr(3),...,cr(n)) = 1 while
at the same time the operator P(mg,ms, ..., m,) kills all the other seminormal idempotents. To
give a precise and efficient construction of such a polynomial we need notation.

Let us recall that the “addable cells ” a partition ;1 of n — 1 are the cells we may add to the
Ferrers diagram of /1 to obtain of the Ferrers diagram of a partition of n. The collection of contents
of the addable cells of 1 will be simply denoted “.AC,,”. For instance it is easily seen from figure 3.10
that
ACs33 = {-3,2,5}.

This given we have

Theorem 3.4
For any standard tableau T we recursively define a polynomial Pr(xo, 3, ..., x,)
by setting
Ty —C .
PT(x27‘r37"'7x’!L) = Pf(x%x?n'-'vxn—l) H W, (Wlth P[l] = 1) 3.16
CGAC/\(?)
c#er(n)
Then
0 if S'is standard and S # T,
Pr(mg,ms,...,my)e(S) = 3.17
eT) ifS=T
Proof

For T' = [1] there is nothing to prove. We can thus proceed by induction and assume 3.17
to be valid for all for tableaux with n — 1 cells. Note that the induction hypothesis immediately
implies that the expression

Px(ma,ms,...,mu_1)e(S)
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fails to vanish only if and only if S = T and in that case we have

Pf(m27m3a s 7m'n.—1) B(T) =1

This also proves the first case of 3.17 when S # T. So we are left with the case S = T. Now from
from 3.16 it follows that for S = T

T —C
PT(mg,mg,...,mn) G(S) = H #)—c)e(s)
CEAC)\(?) T
c#er(n)
cs\n)—=c
(bys12a) = ( ]] ngn; — C)e(S)
CEAC)\(?) T
c#er(n)

This may also be written as

Pr(ma,ms,...,mn)e(S) = ( 11 %)6(5) 3.18
ceAC, T
c#er(n)

where fOI' convenience we have set
no= A(S)=AT)

Note further that the equality S = T forces cg(n) € AC,. So for the right hand side of 3.18 not to
vanish we must have cg(n) = er(n). But this holds true if and only if S = T In this case we have

H cs(n)—c H cr(n)—c 1
er(n) —c cr(n)—c

cE.ACM?) CEAC)\(¥)

c#er(n) c#er(n)

and 3.18 reduces to
Pr(ma,ms,...,mp)e(T) = e(T),
completing the proof of the Theorem.
We can now prove the following remarkable fact

Theorem 3.5
For any standard tableau T we have

e(T) = PT(m27m37"'7mn)' 319

Proof
Assume that
T =THF. 3.20
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Then \ L s s
Pr(ma,ms, ... 7mn)€jz’ e = Pr(ma,ms, ... 7mn)ejjeji €ii L
= PT(mg,mg,...,mn)e(Tj’\)e?i e(Tf\) |E 3.21
= e(ij)e])‘z e(nA) PT(m27 ms, ... 7mn)|6
Now, by 3.20 and Theorem 3.4, we have
PT(mg,mg,...,mn)e(Tj)‘)#O = A=p and j=r 3.22
Similarly, in view of 3.12 b) we also derive that
e(ﬂ)‘)PT(m2,m3,...,mn)#O = A=p and i=r 3.23

Using 3.21, 3.22 and 3.23 the expansion in 2.4 with f = Pr(mg,ms, ..., m,) reduces to

Pr(mz,ms,...,my) = hy Pr(ma,ms,...,my)eT}t) |€6(TT“)
(by 3.20) hy Pr(ma,ms, ..., my)eT) | e(T)
(by Theorem 3.4) = h,eT) | e(T)
(by 2.26) e(T)

completing the proof of the Theorem.

It might be good at this point to exhibit a few instances of the identity in 3.19. For the
tableaux with three cells Theorem 3.4 gives

e(EER) = (ma + 1)(ms +1)/6, e(Hy) = (ma +1)(ms - 2)/6
el B) =~ = 1)0ms ~1)/6, e(F) = ~(ma ~ )ms +2/6
We should also note that we have

() = —(ma —1)(ms +2)(ma — 2)(ma +2)(ms — 2)/96.

These expressions are easily derived if we take the view that the successive linear factors must be
selected to kick each additional label into the position that it occupies in the target tableau.
4. The seminormal matrices

In this section we shall work out explicit formulas for the seminormal matrices correspond-
ing to simple reflections for any given partition p. Since we shall keep u fixed throughout our
derivation, to simplify the displays we will sometimes omit the superscript ;.. So we assume that

T, To,... Ty, 41

are the standard tableaux of shape 1 in the Young Last Letter Order. We pick a simple transposition
sk = (k,k+1) (for 1 < k < n—1)and proceed to construct all the entries of the seminormal matrix
A (sy). Suppose first that for a pair 1 < r < s < n, we have

sk T = Ts. 4.2
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Note that since T, and T only differ in the positions of k and k + 1, the last letter of disagreement
between T, and T is necessarily k + 1. Moreover, since r < s = T, <y T it follows that k + 1
is higher in 7,. than in 7. Clearly k and & + 1 cannot be in the same row or column of 7. for then
4.2 would force T not to be standard. Furthermore two successive integers can never be in the
same diagonal of any standard tableau. In conclusion we see that these two tableaux can only be as
indicated in the figure below

k+1 k

T= K Ts= k+1

] | 13

This given our first step is to compute the image by s, of the seminormal idempotent

err = e(T}.). To this end we use the expansion formula in 2.4 and start by writing

spe(T, ZhA Z sie(T, )e;i

1,j=1

) el . 4.4

)

However, since by our conventions e(7}.) = e#, a use of Theorem 2.3 quickly reduces 4.4 to

ny,
ske(T,) = hy, Z (se(Ty) e,
i=1
= hy Z (Sk eﬁi
i=1 ¢

= Dy Y eli(sk) e

=1

e

r
€

r

) el 4.5

Now it develops that this expansion can be reduced drammatically further by use of Murphy

- H H h_c) 4.6

cC=C1

h;ﬁk k+1 c#er,. (h )

elements. To this end set

where ¢; and ¢, respectively denote the minimum and the maximum of the contents of the cells of
the diagram of p. Note that since 7. and T only differ in the positions of k£ and k + 1 we will have

er.(h)=cr,(h) (forallh #k,k+1). 4.7
It follows from 4.6 and 3.12 a) that
0 ifi £rs,

Me(T;) = < e(Ty) ifi=r, 4.8

e(Ts) ifi=s.



A. Garsia

Lecture Notes in Algebraic Combintorics March 7, 2003 26

In fact, the last two cases of 4.8 are immediate consequences of 4.6 and 4.7. On the other hand we
see from 4.6 that

Me(T;) #0 = cp,(h)=cp(h) ¥V h#kk+1.

Since standard tableaux increase along diagonals these equalities force T} to be identical with T,
except for the positions of k and k + 1. In other words the non-vanishing of IIe(T;) forces T; = T,
or T; = Ty. This proves the first case of 4.8.

Note next that, since there is no occurrence of my, and my4 in the right hand side of 4.6, it
follows from Theorem 3.1 that

IIsp = s 10 4.9
This given, we get
spe(T.) = sglle(T))
(by 4.9) = IIsge(T})
T
(by 45) = h, el (s) el
i=1
(by2.22) = h, Z el (sp) el el
i=1
(by 49) = hM efrtr Sk) e'lrl‘r + hll« eﬁs(sk) egr .
This may be rewritten as
spel. = ael. 4+ bek., 4.10

where @ and b are constants we shall soon determine.

To begin we multiply both sides of 4.10 by the Murphy element m;, and get (using 3.2 c))

= amyel, + bmye’

8T

(kM1 — 1) el
and 3.12 a) gives

CTr(k + 1) Sk eﬁr - eﬁr = a CTr(k) eﬁr + bCTr (k + 1) 6':} )

Subtracting from this 4.10 multiplied by cr. (k + 1) yields

= = alen (k) —en(k+1))er,.
Thus .
= . 4.11
er, (k+1) —er, (k)
Our next step is to multiply 4.10 by s;. This gives
el = aspel. + bspek. .
(by 4.10) = a(aet. + bek ) + bspel . 4.12

2

1 I I
a“ef. + abel, + bspel,. .
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Note thater, (k+1)—cg, (k) = 1forces k and k+1 to be in the same row of T, and ¢, (k+1) —er, (k) =
—1 forces k and k + 1 to be in the same column. Since these two alternatives have been excluded
we can’t have a? = 1. But then 4.12 shows that we can’t have b = 0. This allows us to extract s eX,
out of 4.12 and obtain

1— 2
spelt. = (—ba)effr — aek . 4.13

To determine b we need a further consequence of Theorem 1.3 which is quite interesting in its own

right. This may be stated as follows.

Proposition 4.1
For two standard tableaux T, T, of the same shape we have

a) E(Tz)e(Th) # 0 = To<p.Ti,
b) G(Tl)E(TQ) }é 0 = Ti<ppTs.

4.12

Proof
Let & + 1 be the last letter of disagreement between 77 and 7T,. In view of the recursive
definition of the seminormal unit e(7%) given in 2.16 we may write e(7}) in the form

e(Ty) = e(Ty(k—1)P(Ti(k)) Ry 413
where R is a residual factor of no concern. In the same vein, using 1.13 b) we may write
E(Ty) = P(Ty)n(To)N (Ta(k)) . 4.14
Using 4.13 and 4.14 we see that
E(Ty)e(Ty) #0 = N(Ta(k))e(Ty(k — 1)) P(Ty(k)) £0.
Thus from Proposition 1.1 it follows that
E(Ty)e(Ty) # 0 = X(Tx(k)) > X(Ti(k)) (in dominance)

and 4.12 a) necessarily follows from the definition of Young’s Last Letter Order. The proof of 4.12
b) is entirely analogous.

As a corollary of 4.12 we can now immediatly derive the following surprising result.

Proposition 4.1
The constant b appearing in 4.10 and 4.13 is plainly and simply equal to 1.

Proof
Note that since e¥, = e e” e, we may write
hacly = o) 2T e(T) (@ BT oty T) o) P e,
I, hy,
= BT (= uom N\ ET) =
= olT) = B (T BTt e(T)) == (T)
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and since by assumption we have s, T, = Ts we can set g% = s, in this last identity and obtain

byd10) — e(T)E
= ae(T)E(Ty)e(Ty) + be(To)E(Ty)el,
( + be(T)B(T) (e(Ts) 5
(Using 217 ¢)) = ae(T5)E(Ts)e(T,) + be(Ts)E(Ts)ske(T,)
+ bhyet

M sr ot

hyet. = e(Ts)E(Ts)sy e(T)
JE(T5)

4.15

Now note that we cannot have
E(TS)e(Tr) #0

for otherwise our Proposition 4.1 would give s < r which contraddicts our original assumptions.
Thus 4.15 necessarily reduces to

© — ©
hH Csr = b hH Csr

which forces

and completes our proof.

To continue our construction of the seminormal matrix corresponding to the simple trans-
position s; we need to compute the image by s, of the idempotent e(7;.) when k and & + 1 are in
the same row or column. Our point of departure, also in these cases is formula 4.5. Moreover, since
now the tableau sj 7' is no longer standard, from 4.6 we derive that

0 ifi #£r,
Me(T,) = 4.16
e(T,) ifi=r.

This given, multiplying both sides of 4.5 by IT we derive that

spe(Ty) = splle(T) = Ilspe(T) = hy, Z el (sk)

= h, Z (s) el el 4.17
(by 416) = hﬂ eﬁr(sk)err
= ae(T}).

with
a=hy,ek (sg). 4.18
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To determine a we multiply both sides of 4.18 by the Murphy element m;, and use 3.2 ¢) to get

acr, (k) ety = mysiel,
= spmpr1e(Tr) — e(Ty)

= cr.(k+1)sge(T,) — e(T})

(by 4.18) = cp.(k+1)ae(T,) — e(T}),

and this gives

1 { 1 if k and k + 1 are in the same row of T,
4.19

1 if kand k + 1 are in the same column.

To state our final result in a compact form we need one further observation concerning the
case when k and k + 1 are not in the same row or column of T,.. Then if k£ + 1 is in cell (i1, j;) and k
is in cell (i2, j2) we may write

cr. (k) —er.(k+1) = (j2—i2) — (1 —41)

Jo—J1 + i —i2

When k + 1 is in a higher cell than % in T, as it was assumed at the beginning of this section, then
the quantity

m(Ty) = er.(k)—cp(k+1) = —1/a 4.20

gives the “taxi-cab distance” between k and k + 1. That is the length of any path that joins k + 1
to k by rasT and souTH steps. See figure below where we have drawn such a path by a dashed
line.

Iy i

v

k+1 «¢ i1

Tr= E v
k ———"
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This given, the identities proved in this section yield the following fundamental result

Theorem 4.2
Let
T, T, ..., Tf:ﬂ

be the standard tableaux of shape u+ n in Young’s Last Letter Order, then for any
pair 1 <r,;i<mn, and 1 <k <n we have

et if k and k + 1 are in the same row of T#
—ek if k and k+ 1 are in the same column of T#
speb, = 1 . .. .
i) ek, + ek, if TH = s, T* and k + 1 is higher than k in T#
Tg\Lr
1 . . . .
K 1— 4) poif TF = 5, T# and k is higher than k +1 in T*
i (TH) Eru ( w2 (TY) Cu s T Ok & + "
4.21
Proof

Given 4.19, the first two cases are simply a restatement of 4.17 right multiplied by e*,. Note
next that if we combine 4.10, 4.11, 4.20 and Proposition 4.1 we obtain

1
spel. = ~ T el + el 4.22
T

This gives the third case after right multiplication by e#,. Similarly, 4.13 gives

1 1
b= (1= ) e+~ ek 4.23
Sk eST’ ( 71_]% (TT/:I/) 67‘7‘ + Trk (TT/,J/) 657’

Since 7 (T#) = 7 (T"), the fourth case of 4.21 is obtained by an interchange of r and s followed by
right multiplication by e#,. This completes the proof.

From 4.21 we obtain a rather simple recipe for constructing the seminormal representation
matrix A*(sy). More precisely we have

Theorem 4.3
If A#(sy,) is the matrix yielding the action of the simple transposition s, =
(k,k+1) on the basis (¢ ,,eb,,...,el ), that is

k(€ s €h s - ,eﬁmu> = (el ey ,eﬁmu>A“(sk) 4.24
then At(sy) = [laf;(sk) %, with
-1

Wk(TrM)
arr(sk) = 4.25

mET#) if k is higher than k+1 in TH,

if k+1 is higher than k in T#,
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where m,(T#) is the taxi-cab distance between k and k+1 in T*. Moreover for i # j we
have

0 If SkTi’J 7& TJH,
_ if 5;,T' =T" and i < j

aij(sk) =  1—m2(T}) R =y ’ 4.26
1 if T/ =T/ and i > j.

Proof
The equation in 4.23 simply says that for each 1 < j < n, we have

ety = 30 e (o)
i=1
Thus the identities in 2.25 and 2.26 are obtained by equating coefficients of the units e/, on both
sides of 4.21.

We are now in a position to obtain explicit expressions for the factors d' occurring in 2.39.
Our starting point is the following auxiliary identity.

Proposition 4.2
Let T# = 5, T* with r < s then

dejdt = (1—1/m(T})). 4.27

Proof
Equating coefficients of the identity in 4.23 and using 2.26 gives

1 1
I — S N
sieb | (1 m%(TT)) W 4.28
On the other hand we have
seebr | = Llseely) ],
= (leb) sk |,
(by239) — % o
. = —u €rsSk .
y dy 4.29
m
= % Sk €ys |
. . dr d* 1
(by 4.22 right multiplied by e¥,) = W( —1/mp(TH) e, + eb)| = FT.
T € T Ty

and 4.27 follows by combining 4.28 and 4.29.



A. Garsia Lecture Notes in Algebraic Combintorics March 7, 2003 32

To complete the construction of these factors we need one further result.

Proposition 4.3
For any X and any 1 < s <n, we can join T{* to T} by a chain of tableaux

T =T) T} — - T} —T) =1 4.30

tm—1 Tm s

with the following two basic properties
(a) T,ﬁ_l <rL T;} foralll<r<m-1,
4.31
(b) Tz); = skrTi);,l Wlth Sk, = (/CT, kr + 1)
Proof
The assertion is trivial for A F 2. So, by induction, let us assume we have proved the result
forany p - n —1. Letthen A F n and 1 < s < ny. To construct the chain in 4.30 we need some
notation. To begin let ¢4 be the lattice cell that contains n in 77 and let ¢; be the lattice cell that
contains n in 77". We should note that ¢; is necessarily be the highest corner of the diagram of .
Now set )\(T:\) = p. Using the induction hypothesis we construct a chain for Ti:
TP =TV Tl — . TF T8 =T, 4.32

J1
This given, let T}T , for 1 < r < m, be the tableau obtained by adding n to T]“ in the cell c,. If it
happens that ¢; = ¢, then the tableaux T} will be satisfy 4.30 and 4.31 and we are done. If ¢, is a
lower corner of the diagram of X then the chain

T T} ST T} =T, 4.33

tm—1 Tm s

will satisfy 4.31 a) and b). Now we only need to construct a chain that joins 77" to 7. The crucial
observation is that when ¢, # ¢; then ¢; is both the highest corner of the diagrams of x and A\. Thus
in T{' the label n — 1 is necessarily in ¢;. In particular T} has n in ¢, and n — 1 in ¢;. This given, the
tableau s,,_17;) willhave n in ¢; and n — 1 in ¢,. Thus

Spn— 1T <LL TA.

11

This reduces us to the previous case since now n is the highest corner of A. Thus the constrution of
the desired chain can now be carried out by prepending the chain in 4.33 with the chain that joins
T} to s,—1T}. This completes the induction and the proof.

Combining the last two propositions we obtain

Theorem 4.4
It
TN=T) =T, — - =T} =T} =T

11 Tm—1 Tm S

is any chain satisfying 4.31 a) and b) then

H 1—n} (T1) 4.34
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Proof
Clearly, 4.34 follows by succesive applications of 4.27.

5. Murphy elements and conjugacy classes

We should point out that the name “Murphy elements” may be a bit unfair. These el-
ements first appeared in a 1971 paper of A. Jucys. In a 1980 paper Murphy’s rediscovers these
elements (presumably) independently of Jucys work. Murphy’s fundamental contribution is dis-
covering their connection with Young’s seminormal units. However, in a remarkable 1972 paper
Jucys goes on to show that that every class function of S,, may be expressed as a symmetric polyno-
mial in mo, mg, . .., m,. Jucys’ development was basically existential. The purpose of this section is
to reestablish Jucys’ results in a constructive manner and obtain explicit expressions for the charac-
ters of S,, as well as the conjugacy classes. We should mention that such a constructive approach was
adopted in a joint paper by P. Diaconis and C. Greene [1] where a number of explicit formulas were
derived in special cases. We also solve here a number of problems posed in the Diaconis-Greene

paper.
To begin we shall derive two separate proofs of the following basic fact.

Theorem 5.1
If Q(yo,y3,--.,yn) Is & symmetric polynomial in its arguments then the group
algebra element
Q(ma,ms,...,my,) 5.1

is a class function of S,,.
15¢ Proof
The result follows if we prove that

o Q(ma,m3,...,my)o" " = Q(my,ms,...,my,) (Vo e S, 5.2

Since the simple transpositions s1, sa, . . ., $,—1 generate S,, we need only check the identities
sk Q(mo, ms,...,my) sk = Q(ma,m3,...,my) (VEk=1,2,....,n—1) 5.3
Moreover, since every symmetric polynomial in ys,ys, ...,y is a polynomial in the elementary

symmetric functions

61(1/27.7}& R ayn) ) 62(9279& s 7y'rl) yetey €7L—1(y2’y37 s ay”) ) 5.4

and products of class functions are class function we need only verify 5.2 when @ is one of the
elementaries in 5.4.

Now we can do this all at once by showing 5.3 for

n—1
Q2. Y3, - Un) = D t"er(y2,ys,-oun) = [[(1+tun)
r=1



A. Garsia Lecture Notes in Algebraic Combintorics March 7, 2003 34

To this end note that the relations in 3.2 b) give us

n n
Sk (H(1+tmh)) S = ( H (1—|—tmh)) s (L4+tmg) (1 +tmpgg1)sk - 5.5
h=2 h=2
hetk,k—1

But from 3.2 ¢) and d) we then obtain

Sk (1 +tmk) (1 +tmk+1)sk = Sk (1 +tmk)sk Sk (1 +tmk+1)sk
(T+tmpgr —tsk) (L+tmy +tsi) 56
— (1+tmk+17t5k+tmk+tsk+t2(mk+1fsk)(karsk) ’

(1 +tmpyr +tmg + t2(mk+1mk + Mp1SK — S Mg — 1)

Now note that right multiplication of 3.2 ¢) by s, also gives
Mmrg+1Sk — Sk Mg — 1 =0
Substituting this in 5.6 reduces it to

sk(l-l-tmk)(l—&-tmkﬂ)sk = (1+tmk+1 +tmk+t2(mk+1mk)
= (1+tmg) (L+tmgsr)

Using this relation in 5.5 finally yields the desired identity

1

s (TLa+tmn)se = (TL0+tm)

h=2 h=2
completing our first proof.

We have seen that the seminormal units e(7') may be expressed as polynomials in the
Murphy elements. We need to do the reverse here and express the Murphy elements in terms of the
seminormal units. More precisely

Theorem 5.2
For k <n we have
> er(k)e(T) 5.7
T €ST(n)
where the symbol “T' € ST(n)” is to indicate that the sum is to be carried out over
all standard tableaux with n cells.
Proof
Formula 2.4 with f = my, gives

nx

my = ZhA Z mke;‘i eef‘j 5.8

AFn ij=1
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However from the relations in 2.22 we derive that

— AN A
(by 3.12a)) = e (k) ej;e5 = e (k) e5; 5
and 2.26 gives
0 ifi#j
mechl, = en®eil, =

era(k) /by ifi=j

Using this in 5.8 reduces it to

n
m, = Z Z chA(k) e;j.

Abrn j=1
This completes our proof since this identity is simply another way of writing 5.7.
We are now ready to give our

27d Proof of Theorem 5.1.
From 5.7 and the orthogonality relations in 2.20 we derive that

Mgy My~ + - My, = Z er(ki) er(ka) -+ er(k) e(T).
T €St(n)
It thus follows that for any polynomial Q(yz, v, . . ., yn) we must also have
Q(m2m3"'mn) = Z Q(CT(Q)aCT(3)7"'aCT(n)) G(T) : 5.9
T €St(n)
Now if Q(y2,¥2, ..., yn) is a symmetric function in its arguments, the order in which the quanti-
ties cr(2), cr(3),- - -, cr(n) are substituted in Q(y2, y2, - - - , ¥» ) is immaterial and by grouping terms
where Q(cr(2), ¢r(3),- -+, cr(n)) takes the same value, formula 5.9 may be rewritten in the form
Q(mams---my) = Z Q(c,\(2), ex(d), -, c)\(n)) Z e(T). 5.10
Abn TeST(N)
where the quantities ¢)(2),¢x(3), - -, ca(n) represent the contents of the cells of the diagram of A

in some preferred order and the symbol “T" € ST(\)” represents that the sum is to be carried out
over all standard tableaux of shape A. Now 5.10 would complete the proof once we realize that the

summand
(3N

Ut = > (D) = e 5.11
TeST(N) i=1
is none other than the character y*. However, all we need here is to show that the U* are class
functions, and for that we need only verify that they commute with all the seminormal units e¥,.
However this is an immediate consequence of the relations in 2.22.
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To show the converse of Theorem 5.1 we need only show that the irreducible characters x*
may be expressed as symmetric polynomials in the Murphy elements. To see where this leads us,
suppose that for each partition A we have a symmetric polynomial

Qx(z2,23,...,1,) 5.12

such that

X)\ = Q)\(m27m3,"'7mn) 5.13

Now it follows immediately from Proposition 2.2 and 2.33 that

nx

X =y el 5.14
=1

Using the identities in 2.22 we then immediately derive that

5.15

0 EDY
XM= {

hax™ ifpu=X.
These are the well known orthogonality relations satisfied by the irreducible characters. Combining

5.13 with 5.15 we derive that we must have

Qk(m23m37"'7mn) X“ = 516

0 Y
{ hax® ifpu=X.
However, from 3.12 a) and the symmetry of @, it follows (as in the 2" proof of Theorem 5.1) that

Qx(ma,ms,...,ma) €5 = Qal(cu(2),¢u(3),- ., cu(n)) e
and thus we also have
Qs ) X = @a(eu(2)rcu(3),- - culm)) X" 5.17

Comparing with 5.16 we derive that the polynomial @) must satisfy the identities

5.17

0 ifu#A,
Qx(cu(2),¢u(3),...,cu(n)) = {

ha ifp=A.

Experimenting with special cases shows that these equations do not uniquely determine Q. Nev-
ertheless, all we need here is a systematic way of constructing one particular solution for each .
Now it develops that we may in fact, produce @, in terms of a symmetric polynomial which first
appears in an exercise of Macdonald (see [4] ex. 5, 6 and 7 p. 117).

Let us recall that the symbol (z), represents the “lower factorial polynomial” that is

@)y = zz—D(z—-2)---(r—a+1)
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This given, our starting point is the following remarkable result.
Proposition 5.1
For a given integer vector a = (a1 > az > ... > a, > 0) set

detH(yi)“'HK‘ i<
Za(y) = Ealy1,y2, -, Yn) = e 5.18
’ ‘ " H1§i<j§n(yi = Y;)

then for all b= (b; > by > ... > b, > 0) we have

ailas! - ay! .
0 ( ] if b=a,
. a; — Ay
Zo[b] =  EEE ’ 5.19
0 if bl < la] & bAa. (1)
Proof
By the definition of determinant we have
detH(yi)aj ngi,jfn = Z Slgn(a) (yl)aal (y2)ag2 e (yn>a0n 5.20
ocESy,
Now note that for an integer = we have
x!
@a = o
Thus with the replacements y;—b; we may rewrite 5.20 in the form
1
, = Dbilbol---b | ;
detH(bl)aj ngmgn = bylby!---by,! Z sign(o) o — a0 s — o)l (on —au ). 5.21

ocES,

Now for the summand corresponding to o to survive we must have
blzaal ) bZZaaga cee bn2a0n7

and this gives
b1 +bo+---+b,>a1+ax+---+ay,

Thus when |b] < |a| all terms in 5.20 do vanish unless b = a. But in this case only the identity term
fails to vanish, and 5.21 reduces to

det||(ai)a,

= lao! - - |
||1§i7j§n ap-ag: Ap - .

This implies 5.19 precisely as stated.

(1) Recall that for a vector y = (y1,92,...,yn) Weset [yl =y1 +y2 + - + yn
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The identities in 5.19 strongly suggest that we should be able to use the polynomial =, (y)
in the construction of @,. This is prescisely what we will do. However to carry this out we need

some notation and a few auxiliary facts.

For a pair of integers m, k > 0 set

with the understanding that

The following result is well known
Proposition 5.2

The sequence of polynomials Ry(x) with generating function

k eut _ 1

Z % Ri(x) = e

k>0

ev —1

vields all the integer sums in 5.22. More precisely we have

Yr(m) = Ri(m) Vk,m>0
Proof
We have .
uk uk
Z o Yr(m) = - i*
k>0 k>0 i=1
R ()" &
B Z ko Ze
=1 k>0 =1
— el 4 €2u 4. 4 emu
o emv —1
- et —1
This proves 5.25.

5.22

5.23

5.24

5.25

It will be good to see here a few of these polynomials. We should mention that they were

computed with MAPLE directly from 5.24:

Ri(z)=zx(z+1)

Ry(z) = —z(z+1)(2z+ 1)

| = =

R3(z) = ixQ(aﬁ +1)?

Ry(z) = —2(2z + 1)(x + 1)(32% 4+ 32 — 1)
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1
Rs(z) = Ex2(2x2 + 422 — 1) (z + 1)?

Rg(z) = %mz + 1) (z +1)(32* + 623 — 32+ 1)
IfA= (A > Xy > >\, >0) is a partition we set [(\) = m and call it the “length of
A ”. This given if I(\) < n we set
AR = () ha(n). o An(n)
with

NAn—1 if 1<i<i())
Ai(n) =

n—i if IAN)<i<n

It will also be convenient here and after to denote by “C(\) ” the sequence of contents of the diagram
of a partition ), in some order.

Recalling that we denote by py(z1, z2, ..., z,) the “power sum” symmetric function
pe(z) = pr(rr,20,...,2,) = af +ab+- 4k

we have the following basic fact

Theorem 5.3
The symmetric polynomial

k

k S S

wn,k(x)sz(n—l)Jr;(s)(n — (n—1)")pr_s() 5.26

vields the identities
PA®)] = Tk [COV)] for all A+ n 5.27
Proof
IfI(\) < nset
A = 0 foralli > I()).
From the definition of contents we then get that
prlCN] = D G-
i=1 j=1

"k
Z(a)(fi)k*“j“ . 5.28



A. Garsia Lecture Notes in Algebraic Combintorics March 7, 2003

Note that this formula remains valid for £ = 0 provided we adopt the convention of setting

Po[C(N)] = n forall\Fn.

In fact, setting k = 0, the last line of 5.28 reduces to

and 5.23 gives

This given, we derive that

T Pk[i'()\)] =Y Ra(X) Z (=) -

k>0 =1 a0 al — (k—a)!
i = ¢ Aiu —iu
(using 5.25) = ; —— (e e
1 & , }
= (Ai—i)u —iu
1 —eu ; (6 [ )
= e’ 9 (Ni+n—i)u (n—1)
1—eu ; (6 e )
e*nu n A . uk
S TR
i=1k>1
—nu b
- 16_ e—u (pk[)‘(n)] - Rk(n — 1))% .
k>1 !

Now this may be inverted to

Uk uk u
> pelA(n)] o > Ri(n— 1))H + (ent — ey Zpk[c(/\)}y :

k>1 k>1 k>0
Equating coefficients of u* in this equality gives
k

pAm] = Ri(n— 1)+ 3 (

s=1

k

S

)(ns —(n— 1)8)]%75[6()‘)] .

and this proves 5.27 with ,, ;, given by 5.26, precisely as asserted.

This result has the following immediate corollary.

40

5.29

5.30
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Theorem 5.4
Let P be a symmetric polynomial in (x,...,z,) and let

P:H(plvp%"'apn) = Zcppp
p

be its expansion in terms of the power symmetric function basis. Then the symmetric
polynomial
TrnP = H(p15p25"'apn)

Pk—=Tn k

vields the identities
(r.P)[C(N)] = P[A(n)] VAEn

Now we need only one more fact to obtain our polynomial @), Namely the following
classical formula.

Lemma 5.1

The number of standard tableaux of shape \ - n is given by the ratio

n!

- i Ai(n) = A, 5.31
I A () A2 (n)! -+ Ap (n)! lgggf (n) = Aj(n))
In particular we get that
nt o A(m) ()l Ay (n)!

5.32

T T Mhesyen i) = N ()

Proof

It is well known (see [4] p. 114) that for any p - n we have the Schur function expansion

Po = DX, 5

AFn
since we also have
det Ha:j‘ﬁn_JHn .
S . __hg=1
k(mla axn) deth?,JHZJZI
we see that
Xp = ppdet a7} 5.33

Rl ST IO R
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In the particular case that p = 1™ this gives

. n' a1+n—o1 , a2+n—og anp+n—o
= sign(o — I T AR e " .
f)\ a';n ! ( )a1+a2+~Z+Ocn=n 011!()(2! o Oén! ' ’ ati\l(n)zgg(n)"'r»f;"(n)
1
= | )
n U;L sign(o) a(n) + 01— )l0a(n) o2 — )l (n(n) + on —n)!

n! )

T Mm)Da(m)! A, (n)! > sign(@) (), _,, (o), -+ (Aa(m)),
n T o€eSn
n!

B A(n) e (n)! - Ap(n)! det || (Xi(n))

n—j Hz j=1

5.34
This yields the desired formula 5.31 since the determinant in 5.34 can be reduced by simple column
manipulations to the Vandermonde determinant evaluated at A1 (n), A2(n), ..., A\ (n),.

We can now finally state the main result of this section

Theorem 5.5
For A n set
Qk[ylay%"',yn] = Tn E’A(n) [ylay27"'>yn] 5.35
then for u+n we have
h)\ lfu =A
Qe = . 5.36
0 ifpu#X
In particular we must also have
X = Qal0,ma,...,my] 5.37
Proof
Since the numerator in 5.18 is clearly an alternating polynomial in y1, s, . . ., yn, the Van-

dermonde determinant factors out and the ratio evaluates to a symmetric polynomial. We can thus
apply Theorem 5.4 and derive that

QC(w)] = Exm[u)].

Since .
Z)\i(n) = (Z) + n = Z,ul(n)

we can apply Proposition 5.1 and derive that

L#EN,
Q)\[C(M)] = H1§i<j§n (’\'i(n)_)‘j("))
0 ifpu=MX\.
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and 5.36 immediately follows from the identity in 5.32.
Now note that combining 5.36 with 3.12 we get for any standard tableau T of shape

hae(T) ifp=2A

Qa[0,ma, ..., mn]e(T) = QA(C(w)e(T) = 5.38
0 if £ N
Since
Xt o= Y eD)
AT)=p
from 5.38 we get that

hax* ifp=2Xx,
Q/\[O7m2>"'7mn] XM =
0 if £\

Subtracting from this result the well known identities

hax* ifp=2Xx,

Xt =
0 if M.
yields
(Q,\[07m2,.‘.,mn] — X’\>XM = 0, forall uFn. 5.39
Since Theorem 5.1 guarantees that the group algebra element
Q/\[07 ma,... 7mn} - X>\

is a class function, the identities in 5.39 are sufficient to guarantee that this difference mustidentically
vanish. This completes our proof.

It develops that these polynomials are quite remarkable in their relative simplicity. To
begin with, computer experimentation reveals that the polynomial Z),,)[y1, y2, - - - , ¥»] may be quite
monstruous even for small partitions. Of course that should be expected. When expressed in terms
of the power basis it may still take a few lines of print even for A F 4. However, surprisingly, the
replacement pj,—, ;. produces drammatic simplifications so that the resulting polynomials end up
containing only a few terms. For instance for the partitions of 4 we obtain

Quiin = 1+4p1 —pa/2+pi/2 —ps

Qa11 = —3—6p1+3p2/2—pi/2+p3
Q22 = 20+ +p1 —4p2
Q31 = —3+6p; +3pa/2 —p?/2 —p3

Qs = 1—4p; —p2/2+pi/2+ps

Even for partitions of 6 these polynomials contain only a few terms. For instance we get

Q321 = 161 —22py — 8p} — p3 + 6py .
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Theorem 5.5 has two corollaries that are worth stating at this point.

Theorem 5.6
The polynomial
Hn[y17y2a"'7yn} = ZQ)\[yhyQa"'ayn]
AFn
satisfies the identities
H,[C(p)] = hy for all u+n

Proof
This is an immediate consequence of 5.36.

March 7, 2003

Again these polynomials are surprisingly simple. For instance up to n = 6 we obtain

H3(y) = 1+p2
Hy(y) = 16 —2ps+pi
Hs(y) = ps—6ps—p?+46
He(y) = —9ps+2p3 + 1dps + 12p2 + 11

Theorem 5.7
For p+n set

Zp[ylay% ce 7yn] = ZQA[ylyyZa cee 7yn] X;\/Zp
AFn

where for p = 1%12°2...p% as customary we set

44

5.40

5.41

5.42

5.43

5.44

2, = 19122 ... n aqlag!- - a,!
then
ZC(w)) = hy Xﬁ/zp
and the conjugacy class C, (as an element of the group algebra of S,,) is given by the
formula
C, = Z,[0,ma,...,m,]
Proof

The identity in 5.43 follows immediately from 5.36. Next, recall that the class function C,,

in terms of the characters, has the expansion

A A
Cpr = ZX Xp/%p
AFn
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Thus 5.44 is an immediate consequence of 5.37.
We give below a few samples we obtained from formula 5.41
Zpo(y) = 301 — 5p2
Zi39(y) = 12p1 4 pip2 — 4ps3

Z13,3) (y) = =30+ 6py + 3p? + 6pa + %p% _ %m

In a recent paper [2] A. Goupil et al, endevour to express the central parameter

w;‘ = X;\ hx/zp 5.45

as polynomial depending on p evaluated at C'(\). The results they obtain are interesting in the
present context since their polynomials yield alternate versions of the polynomails Z,,.

More precisely one of their results may be stated as follows

Theorem 5.7 (Goupil et al [2])
For each partition of n of the form

o with v Fr

we can construct a symmetric polynomial

G, = Z cy(n)p, with c,(n) € Q[n] 5.46
lpl<r
satisfying
Gl = > gm)pleN] = w)iu. (forall A+ n) 5.47
lpl<r

The polynomials G, constructed by Goupil et al are also relatively simple when expressed
in terms of power sums. The proof of Theorem 5.7 by Goupil et al is algorithmic, but the resulting
algorithm is of considerable complexity. Our aim here is to obtain an alternate algorithm.

It develops that the crucial idea in carrying this out stems from a calculation initiated by
Macdonald in the same previously quoted exercise (). In fact, the aim of Macdonald in that exercise
is to obtain a formula for w;c\’ln,k.. Extending Macdonald’s idea to its most general form naturally
leads us to the following remarkable result.

(t) Ex. 7, page 117 of [4].
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Theorem 5.8
Let v be a partition of m all of whose parts are > 1 and set

1 -
Uin(¥) = — D X5 Bam®) 5.48
7 akr
then the polynomial
Pyn(y) = mVyn(y) 5.49
vields the identities
o n[CN)] = wl i (V Ak n) 5.50
Proof
From the well known formula
X;))\ = Dp det ||33:.L_]||Zj:1 zi‘1+n71z;2+"72-~zf§"+"7"

using our notation, we get for p =, 1”7

Xiner = PYpy det ||z |

n
A
LI A A2 An ()

Expanding p., in terms of Schur functions we get

A _ o, n—r
Xy qn-r = E X5 P1 w(T1y ) A (X1, ) A Aa(m)an(m)

atr 1 2 "

_ a  n—r a;(n)|n

- Z X~ P1 det sz ||i)j:1 L) Ao () A (n)
atr 1 2 "

_ o, n—r - Aoy (") Aoy (n) Aoy (n)

= E X~ P1 § sign(o) Ty ) T qn LA A2 () A ()
akr o€eS, 1 2 "

Following Macdonald we use the multinomial expansion of p}~" and obtain

N B . (n*ff‘)! gy (n)+p1 oy (n)+p2 Aoy (R)+Pn
akr 0€Sy  Pitpetetpp=n—r TS " ' ’
1
=(n—r7r)! @ sign(o
(n =)' X5 > sign(o) (A1 (n) — g, (n)!(A2(n) — g, () (An(n) — ao, (n)!

atr oceS,

Since all the parts of y are > 1 we have that z, 1~ = z,(n — r)! thus 5.45 with p = ~,1"" and 5.32
give

_ ha _ XGan @)l A (n)!

I I zy(n —1)! Zy(n—r)!ngKan()\i(n)!—)\j(n)!)

()
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Using this in our previous relation we obtain

W _ 1 o sianlo A1(n) A (n)! - Ay (n)!
T Tlhicicieni(n)! = A (n)) ; X U%;n gn(o) (M (n) — ag, (n)!(A2(n) — @y (n)! - - (An(n) — ag,, (n)!
_ i Z @ Eaesn sign(o) (M (n))aal ()‘2<n))aa2 Tt ()‘n(n»agn
Y K H1§i<j§n()‘i(n)! = Aj(n))
_ Zi S XS Eag [A0)] - 5.51
7 akr

Now, from 5.49 and Theorem 5.4 we get that

Prn[CN] = Won [1(V)]
and 5.51 together with the definition in 5.48 gives 5.50 and completes the proof of the theorem.

Formulas 5.48 and 5.49 combined are not sufficient to render explicit the dependence on n.
To achieve this and obtain expansions similar to 5.47 for the polynomials ®., ,, we need one further
step. This is provided by the following basic identity.

Proposition 5.3
For atm <n let

Ra[xl’x27...7xn;n] = _‘a(n)[l‘(n)]7 5.52

where for convenience we have set

z(n) = (a:l(n), x2(n), ... ,an(n)) (with z;(n) = z; +n —1i),
then
Rolz1, 20, 05 m)] = Rylz1, 20,20 1;m — 1] 5.53
Proof
Note that if a; > 1 we may write
Wi)a, = i (i —1)a;—1 fori=1,...,n.
Thus
(yl - 1)&1—1 (yl - 1)an,—1—1 1

(yZ - 1)(1171 (y2 - ]‘)an—lfl 1

det H(yz)aj ||:Ij:1 Yyn=0 — Y1Yy2 - Yn—-1 det

Ay =

(ynfl - l)alfl U (y’ﬂfl - 1)U«n—1*1 1
0 0 1
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Thus from the definition in 5.18 we get that

(Y1 = Vay—1 - (1= Dap_ 11
<y2 - 1)(11—1 (y2 - l)an—l—l
Ea[ylay27"'ayn yn=0 — det . . / H (yz_y_])
an=0 : e : 1<i<j<n—1

(ynfl - 1)0‘171 T (ynfl - ]-)an,lfl
5.54

Note that for [(a) < n we have a;,(n) = 0 and «;(n) > 1 for all i < n. Moreover, we also have
zin)—1 = z;+n—i—-1 = z;(n—1) (fori=1,...,n—1)
and
a;(n)—1 = a;+n—i—-1 = a(n—1) (fori=1,...,n—1)
Thus, setting y; = z;(n) and a; = «;(n), in 5.54 immediately gives 5.53 precisely as asserted.
Proposition 5.3 has the following remarkable corollary

Proposition 5.4
If a - m then for any n > m we have the power basis expansion

Ea(n)(yhyQa"'vyn) = Z Cﬁ(n)p[)(yhyQa"'?yn)' 5.55
lo|<m

This given, define the coefficients d3(n) through the equation

ALY

lp|<m

= s (n
P Ri(n=1+3 00, (5) (= (n=1))a 2 A, 5.56

[p|<m

where qi,q,...,qn are indeterminates and for p = 1¥12%2 ... ;mkn we set
0% = a'es? g
then for all n > m we have
dy(n) = dj(m) (forall [p| < m). 5.57

Proof
It is easily seen from the definition in 5.18 that Z,, is a polynomial of degree

n
a1+a2+"'+an—<2>

thus it follows that, when « F m, the polynomial in the left hand side of 5.55 is of degree m. Thus
the power sum expansion of Z,,)(y1, %2, - - - , yn) must necessarily be of the form given in 5.55.
For convenience set for all k > 1

n

k
qr(x1, T2, ..., xy) = ZZ (i) (—=i)F= Ry (x4) 5.58

i=1 s=0
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Note that by combining 5.26, 5.27 and 5.28 we derive that,

pi(z1(n),22(n),...,zy(n)) = Ri(n—1) +Z( > —(n—1)%)gs(z1,22,...,2x) 5.59
Then it follows from the definition in 5.52 that
Rolz1, 22, ..., xn5n] = Z ¢y (n) pp(x1(n), z2(n), ..., z0(n)).
lpl<m
5.60
(by 5.56) = Z dy(n) qp(21, 22, .., 2n)
lp|<m
where for p = 1¥12k2 .. .i;mFm we set
QP(x1>$27 ey fﬂn) = qiﬁ (th% cee ,xn)q§2 (xl’ Z2,... ,l‘n) e ‘Jﬁln@laﬂf% e ,ZL’n)
Note next that Proposition 5.3 gives
Ruolz1, 22, Zpn;n] = Ru[x1,29,... &y ;m]
Tm41=Tm42=""=Tpn=0 561
(by 5.60 form =n) = Z dy(m) gp(w1, 22, -, Tm) '
lp|<m
On the other hand 6.60 itself gives
Rulz1,22,. .., 2050 ] ot iae 0 = > di(n)gp(z1, 32, ) oo a0
[p|<m
5.62
But we plainly see from 5.58 that for all £ > 0 we have
qr(T1, T2, .., ZTp) = q(x1,Z9,. .., Tm) . 5.63
Tmt1=Tmto="= Ty =0
Combining 5.61, 5.62 and 5.63 gives
Z dy(m) qp(z1, 2250y T Z dy(n) gp(z1,22,. .., Tm)
lp|<m lp|<m
and this forces 5.57, completing the proof.
Theorem 5.9
Let v be a partition of m all of whose parts are > 1 and set
W’Y(plap2a"'7p7n; = _Z X,y Z d 5.64
7 abm |p|<m po—m
then for all A\-n we have
W. s D2y ey Pm i M = Wy in-m 5.65
A R AR) W b
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In particular the conjugacy class C., jn-m € A(S,) Is given by the formula

C’y,l”_m = W"/(plvp27"‘7pm;n)

Dk—Pk[Mm2,M2,...,Mx]

Proof
It follows from Proposition 5.4 that, for v - m, the polynomial

Crp = Wy,

defined in 5.49, may also be written in the form

D, = %Z 2 S da(m)p,

akFm |p|<m

50

5.66

We should note however that the definition 5.56 yields that some powers of ¢y will necessarily occur

in the expansion on the right hand side of 5.56. Since for any A - n, we have py[C()\)] = n, we see

that in making the replacement g, —py [C())], the variable g, will necessarily be replaced by n. Thus

5.65 follows by combining Theorems 5.8 and 5.9. Formula 5.66 can then be derived from 5.65 the

same way we derived 5.37 from 5.36.

The reader may find interesting to observe the remarkable simplicity of some of our poly-

nomials 1V, given in the tables which follow.

Wi =p;

W3 =1/2n(n—1)+ p2

W,=—(-3+2n)p1 +ps3
Wy =1/2n(n—1)+1/2p1> —3/2po

W5 = 1/6n(n—1)(5n—19) +ps— (=10+3n)py — 2p1°
Wiy = —1/2 (16 —13n+n°) p1 —4p3 + p2p1

Ws = 2Bn—4)(n—5)p1+ps—(—25+4n)ps —6p2p1

Wy = —4/3n(n—1)(2n—"7)—5ps+ (—35+12n)ps + p3p1 — (—11+2n) p:°

Wis = 1/8n(n—1)(n”*—13n+34) —5/2ps+1/2p2”> — 1/2 (n—3) (n — 10) p2 + 3p:°

Wa = 1/2 (10—9n+n2)p1—|—10/3p3—|—1/6p13—3/2p2p1
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W; = —1/24n(n—1) (49n® — 609n + 1502) — 9/2 ps® — 8 psp1 + 2 (—36 + 7n) p1?
+1/2 (504 + 21n* — 241n) po — 5/2 (2n — 21) ps + Pe
Wiy = 10 (—11+2n)ps +1/6 (—174n” + 889n — 864 + 5n°) py
— (3n —40) pap1 + pap1 — 6ps — 2p1°

Wy = —1/2 (n—5)(n—36)ps +1/2 (—240 — 531 + 251n + 2n°) p
— (=27+2n)p2p1 — 6 p5 + P3P2
W322 = —1/4 (’I’L—l) (n2—25n+72)n+1/2p2p12—3/2p22—4p3p1

—1/4 (n® —25n+104) p1> +5/4 (n® — 251+ 60) p2 + 15 p4
Ws = 1/3 (480> + 3283 — 918 n) p3 — 4/3 (—264n> — 945 + 1058 n + 16 n*) p;
+2(24n —197)p2p1 — 2 (—49+3n) p5s + % p1° — 12p3p2 + p7 — 10 paps
W = 3n(n—1)(3n* —35n+82) — 6pap1” + 27p2”° — (4n — 73) p3py
+ (6n* — 110n 4 379) p1® + psp1 — (—564n + 1099 + 541%) po + 10 (=28 4+ 3n) ps — 7Pe
Wi = —1/24n(n—1) (10n® — 273n% + 2243 n — 4770) — 2pap1® — 1/2 (6n — 65) p2® + pap2 + 40 p3p1
+ (n* = 61n+260) p1® +7/3 (=372 +n® + 206 — 27n*) po — 1/2 (455 +n* — 61n) ps — 7pg
Wi = 2/3n(n—1)(6n° —62n+139) +9ps” + 1/2p3”* — (2n — 23) psps
+1/2 (4n* 4267 — 76n) p1® — 3/2 (8n —21) (2n — 13) p2 + 15 (=7 +n) ps — 7/2ps
Wiz = 1/2 (560 — 121n + n?) ps — 1/6 (—471n* — 1890 + 22n® + 2069 n) p1 + 1/2 (301 — 247) p2p:
+21ps —1/2 (—19+42n) p1° +1/2p3p1” — 5pap1 — 3/2Psp2
Wiss = (2n% — 620+ 245) p3 + 1/8 (2240 — 2490 n + n* + 607 n* — 38n%) p1 — 5/2paps
—1/2 (=25n+n*+190) pop1 + 1/2p1p2”> + 21 ps + 3p1° — 4 psp2

9
Wazoe = 1/24n(n—1) (3n® —67n+182) +1/24p;* — 3/4pap1® + 3 p22 +10/3 p3py

35
+1/4 (n® = 17n+56) p1*> — 1/4 (140 — 63n + 3n*) p2 — TP
These notes would not be complete without the evaluation of the elementary symmetric
functions at the Murphy elements. This can be stated as follows

Theorem 5.10
For s =1,2,...,n we have

es(ma,ms,...,my) = Z C, 6.66
H(p)=n—s

Proof
Remarkably, this identity is equivalent to a formula giving the principal specialization of
Schur functions. This is shown by a purely combinatorial argument by Diaconis and Greene in [1].
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We shall reverse the cart here and derive it from the Schur function identity. To be precise it is shown
in [4] (ex. 4 p. 45) that for A F n and for all N > n we have

- x I &W+i-9 6.67
A (id)ex

S,\(xl, . . .xN)

r1=-=xNn=1
On the other hand, Frobenius formula gives

" X) (
2P . = E 22 NUP)
) — Ppla1,.-.2N) er1=—zy=1

S)\(Jil, . . .JjN)
pkEn P pkEn Zp

361:"':23'1\[:1

Clearly the validity of 6.67 and 6.68 for all N implies the polynomial equality

A
Xo i) L L
Zzpt — I ¢+i-9)

pn A (ig)Ex

Thus it follows from Theorem 3.3 that

n A
A Xp 1)) LA
kl_|2(t+mk) X' = ( g - hy t'\? )X

pkEn P

and equating coefficients of "~ we finally obtain

es(ma,ms,...,mp)x" = ( Z —h)\)x)‘

I
—
]
gﬁ
~—
e

and the validity of this for all A - n proves 6.66.
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