
Math 264B Assignment 1 Due Feb. 3, 2017 Remmel

1) Let θn : Sn → Sn be the bijection given in class such that for all σ ∈ Sn,
inv(σ) = maj(θn(σ)).

(a) Find θ9(482163597).

(b) Find θ−1
9 (764913285).

(2) Let φ : R(0k, 1n−k) → R(0k, 1n−k) be the map defined in Theorem 1.5 of
the Mendes-Remmel book such that maj(r) = inv(φ(r)) for all r ∈ R(0k, 1n−k).

(a) Find φ(0110110).

(b) Find φ−1(1001011).

(3) Let

[n]p,q = pn−1 + pn−2q + · · · + pqn−2 + qn−1 =
pn − qn

p − q
,

[n]p,q! = [n]p,q[n − 1]p,q · · · [1]p,q, and
[

n

k

]

p,q

=
[n]p,q!

[k]p,q![n − k]p,q!
.

For any sequence of natural numbers σ = σ1 . . . σn, let

inv(σ) =
∑

1≤i<j≤n

χ(σi > σj) and coinv(σ) =
∑

1≤i<j≤n

χ(σi < σj).

(a) Prove [n]p,q! =
∑

σ∈Sn
qinv(σ)pcoinv(σ).

(b) Prove
[

n
k

]

p,q
=

∑

r∈R(1k0n−k) qinv(r)pcoinv(r) where R(1k0n−k) is the set

of all rearrangements of k 1’s and n − k 0’s.

(4) Give combinatorial proofs of the following indentities.

(a)
[

n
k

]

p,q
= pk

[

n−1
k

]

p,q
+ qn−k

[

n−1
k−1

]

p,q
.

(b)
[

n
k

]

p,q
= qk

[

n−1
k

]

p,q
+ pn−k

[

n−1
k−1

]

p,q
.

(c)

(

x + n + 1

n

)

=

n
∑

i=0

(

x + i

i

)

.

(d)

[

n + 1

k

]

q

=

k
∑

j=0

qk−j

[

n − j

k − j

]

q

.
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(5)
(a) By enumerating partitions with respect to the number of parts, the size, and
the size of the largest part, show directly that

∑

m≥1

qmzwm

(1 − zq)(1 − zq2) · · · (1 − zqm)
=

∑

m≥1

qm2

zmwm

(1 − zq)(1 − zq2) · · · (1 − zqm)(1 − wq)(1 − wq2) · · · (1 − wqm)
.

(b) By enumerating partitions with respect to the number of parts, the size,
and the size of the largest part, show directly that

∑

m≥1

qmzwm(1 + zq)(1 − zq2) · · · (1 + zqm−1) =

∑

m≥1

q(
m+1

2 )zmwm

(1 − wq)(1 − wq2) · · · (1 − wqm)
.
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