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ABSTRACT OF THE DISSERTATION

Jacobi Forms over Number Fields
by

Howard Skogman

Doctor of Philosophy in Mathematics

University of California San Diego, 1999

Professor Harold Stark, Chair

We define Jacobi Forms over an algebraic number field K and construct examples by first
embedding the group and the space into the symplectic group and the symplectic upper
half space respectively. We then create symplectic modular forms and create Jacobi
forms by taking the appropriate Fourier coefficients. We also prove some relations of

these Jacobi forms over certain fields to other types of modular forms.
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Chapter 1

Introduction

The functions considered in this paper are generalizations of the classical Jacobi

forms. Classical Jacobi forms are functions satisfying two transformation properties

atr+b =z im 2>
v <CT +d T+ d) = (er + d)Fe*™ e (7, 2) (1.1)
and
(T, z+ AT+ p) = 6_2”im(’\27+2kz)¢(7, 2) (1.2)
a
for all matrices in Sly(Z), and vectors [\, u] in Z2. The original examples of
c d

such forms were created by Jacobi in [11]. These examples were types of theta functions
of quadratic forms. For example, given a positive definite [ x [ matrix () with rational
integer entries and even diagonal entries, and given a fixed vector b in Z , define the
function
Oou(7, 2) = Z o TQFT 2 tFQl;z.
reZ

These theta functions have the special transformation properties described above, how-
ever there was no investigation into general functions satisfying the transformation prop-

erties presented above until [6].

It is clear that these functions are generalizations of modular forms which are



functions satisfying

a b

at +b\ k
f<c7'—i—d> =(ct+d)"f(r), V 4 € Sly(Z)

because setting the variable z = 0 and considering the first transformation formula
1.1 yields the modular form transformation formula. The most interesting feature of
Jacobi forms is that although they are only slightly more complicated than classical
modular forms, they provide information about much more complicated types of modular
forms such as vector valued and symplectic modular forms. There are a number of
isomorphisms between spaces of Jacobi forms and these other types of modular forms
and therefore understanding the Jacobi forms gives information about the other spaces of
modular forms. Many of these connections are presented in [6] but others are presented

n [12],[13],[18], [19].

There have also been a large number of investigations into more general types
of Jacobi forms. Some of these articles focus on replacing the variable z above with a
general matrix which has produced more connections to symplectic modular forms and

vector valued modular forms see for example [15], [22],[24],[25].

There are two principal constructions for most types of modular forms. One
is through theta functions, and the other is through Eisenstein series. These Eisenstein
series have also been created in the case of Jacobi forms and this has allowed the study
of the space of Jacobi forms as an algebraic structure. These techniques have also led to

more connections between Jacobi forms and other types of forms see [1],[2],[7].

Another type of generalization of Jacobi forms is functions satisfying the same
sort of transformation properties with larger groups of matrices and translation vectors.
This is the primary focus of this paper. There have been very few investigations into

this area. Gritsenko in [9] studied functions which satisfied generalizations of the trans-
b
c d
in Sly(Z[v/—1]) and [\, g in Z[v/—1]?. Krieg in [14] studied similar forms with the ring
Z[v/—1] replaced by the ring of integers in any imaginary quadratic field, and studied

formation formulas where the invariance properties were with respect to all

their connection to symplectic modular forms. Haverkamp in [10] studied forms where

the first transformation properties are with respect to Sla(Z) but the second is with



respect to vectors in the ring of integers in an imaginary quadratic field.

The aim of this paper is a still further generalization where the transformation
formulas are with respect to the ring of integers in any algebraic number field, (i.e. finite
degree extension of the rationals Q). So the first transformation formula is with respect to
Sl3(Ok) and the second is with respect to O% where Ok is the ring of algebraic integers
in a number field K. The construction relies on extending the connection between
Jacobi forms and symplectic modular forms to algebraic number fields. The actual
construction produces the “natural” generalization of Jacobi’s initial examples. One
interesting difference between this work and some of the above cited works [9],[10],[15],
is the use of a different symplectic group. The cited works all used the Hermitian

symplectic group which is all matrices M with entries in the ring of integers in the field

0 -1
such that ‘MJM = J = " where the bar denotes complex conjugation.
I, O

The symplectic group employed here has a similar requirement without the bar on the

first matrix.

Another interesting feature of the Jacobi forms constructed in this paper is the
need to introduce the index vector. The m which appears in the classical transformation
formulas is replaced by the inner product of a vector with itself. The vector only appears
in the variables corresponding to complex conjugates of the field and it causes a slight
modification of the transformation formulas. The difference is that instead of all of the
factors having the inner product of the vector with itself, some appear with the inner
product of the vector and its complex conjugate. This index vector does not appear in
Jacobi forms of totally real fields and this allows (along with some other facts) to extend

the connection to vector valued modular forms for totally real fields.

1.1 Some Notation

Throughout the paper some standard notation will be used which is listed here.
Q,Z,R,R*,C, will be used to denote the rational numbers, the rational integers, the real
numbers, the positive real numbers and the complex numbers respectively.

We will use K to denote an algebraic number field and Ok will be the ring of algebraic



integers in this number field. A totally positive element o € K will be denoted v > 0
and the notation o >> 0 is used to denote an element that is totally positive or zero.
We will denote by dg, 5;(1 the different and the inverse different of the field K.

The n x n matrices with entries in F is denoted M, (F). Given a matrix M € M,,(FF) the
transpose of M will be denoted ‘M. The [ x [ identity matrix will be I;.

The imaginary part of « is denoted Im(«).

The n dimensional Z-module spanned by the {a;}i1<i<p is written [a1, a, ...ap]7.



Chapter 2

Jacobi Forms over Q

All of the results presented in this chapter are presented in [6].

2.1 The Jacobi Group

Jacobi forms are functions satisfying transformation formulas related to a group
acting on the domain of the function. In order to define Jacobi forms, the first thing is
to define is the Jacobi group and then introduce the space on which this group discretely
acts. The Jacobi group is Sla(Z) x Z* = I'/(Z) where the group Sla(Z) consists of 2 x 2

matrices

a b
M = GSZQ(Z).
c d

such that each entry is a rational integer a,b,c,d € Z and det(M) = ad — bc = 1. Note
this is not a direct product but a semi-direct product where the group operation is given

by: for all M, M' in Sly(Z), and [\, ul, [a, 8] in Z?
(M’ [/\,/J]) © (M/7 [O‘vﬂ]) = (MM/’ P‘vu]M/ + [a,ﬁ]) (2'1)

The second entry is the product of the first vector and the second matrix, added to the

second vector.



We also define, as usual, the congruence subgroup of level N, for N in Z* as

a b
[o(N) =<K M = p ,M eT and ¢ =0 mod N
c

and we may choose to look at forms transforming under T'o(N) x (mZ)? where m is in
Z. The space on which this group acts is h x C where h := {z € C,Imz > 0} and C is
the field of complex numbers. The actions of I'/(Z) on h x C are for M in Sl3(Z),

a b at +b z
M = = — — 2.2
o= o) (CT+d,CT+d) (2.2

and for [\, u] in Z2,
A ulo(r,z) = (1,24 AT + p). (2.3)

The general element of this Jacobi group acts first by the matrix and then by the vector

which insures there is a group action on this space. To have a group action means that:

Va1,92 €T7(Z), (1,2) €h x C g10(g20(7,2)) = g1g2 o (7, 2).

This group action fixes the space and can be shown to be discrete. Briefly, a discrete

action is one with no sequences of distinct elements approaching a limit in the group.

2.2 Jacobi Forms

Definition. A function ¢(7,z) : h x C — C that satisfies

atr+b =z rim-cz
¢ <M’ m) = (er + d)F M e (7, 2) (2.4)
O,z + AT+ p) = e_zmm()‘27+2/\z)¢(7, z) (2.5)

b
for all ¢ J € Sly(Z), [\ pn] € Z2, and is analytic in both variables is called a
c

Jacobi Form of weight k and index m.



The first transformation formula 2.4 is a generalization of the classical modular

transformation formula, that is a function which satisfies a formula like

a b k a b

f ot | =(er+d)*f(1), V € Sly(Z). (2.6)
c d c d

A Jacobi form restricted to z = 0 is a modular form. The second transformation formula

2.5 is a type of elliptic transformation, which means it expresses an invariance under

translations by the rational integer lattice spanned by {1, 7}. Because of these formulas,

a Jacobi form satisfies ¢(7+1,2) = ¢(7, 2+ 1) = ¢(7, z) and therefore possesses a Fourier

expansion with respect to both 7, z i.e.
oo
¢(r2) = > )€
n=0  reZ, r2<dnm

where ¢ = *™7 ¢ = ¢2™*. Note that the r? < 4nm is a condition to make the function
analytic at infinity, i.e. analytic as 7 — 400. In the definition of Jacobi forms one may
also restrict to a subgroup of the Jacobi group, and one may allow a multiplier system

in the first transformation formula. Specifically we may replace 2.4 by

at +b z k 27rim¢
- — d cT+d
¢(CT+d,CT+d) X(M)(er + )2 ™S g(r, 2)

where x(M) is a root of unity depending only on the matrix M. We will discuss the

multiplier systems more in the following sections.

2.3 Relations to other types of modular forms

Jacobi forms are related to other types of modular forms, notably symplectic
and vector valued modular forms. We will only sketch some of the major results of the

correspondences here.

Symplectic modular forms of genus n are functions on

b ={Z =X +iY € My(C) | 'Z=2, Y >0},



i.e. m X n symmetric matrices over the complex numbers with positive definite imaginary
part. The group Sp2,(Z) acts discretely on this space, where
A B . 0, —1I,
Spgn(Z) =< M= € Mzn(Z) ’ MJIM = J =
C D I, 0O,
and 0,, I, denote the n X n zero and identity matrix respectively and all of A, B,C, D

are n X n matrices over the rational integers. This group may also be written as

A B
Spon(Z) = € My, (Z) | '"AC = 'CA,'DB = 'BD, '"AD — 'CB = I,
C D

The action of Spa,(Z) on h™ is given by

A B . A B -
oZ=(AZ+B)(CZ+D) ", V¥ € Spon(Z), Z € ™.
C D C D

Definition. A Symplectic modular form of weight k and genus n is a function

f(Z): 5™ — C such that

F(MoZ)=det(CZ+D)f(Z), ¥ M= g i € Spon(Z).  (2.7)

We may allow a multiplier system in the transformation formula.

When the genus is two the variable Z may be written as

T Z
7z = , T,m2€h, ze€C,
zZ T9

where I'm(7)Im(72) > Im(z)?. The correspondence between Jacobi forms and symplectic

modular forms is given by

Theorem. If f is a symplectic modular form of weight k and genus two, f(Z) =

f(1,2z,12) has a Fourier expansion with respect to 7o of the form

f(T7 Z, 7—2) == Z (ybk,m(T’ Z)eQWimT2

m=0

where each of the ¢ (T, 2) are Jacobi forms of weight k and index m.



This theorem shows the close connection between Jacobi forms and symplectic
modular forms. A generalization of this theorem will be used to create Jacobi forms over
an algebraic number field. It is interesting to note that this correspondence is somewhat
reversible, in that symplectic modular forms may be created by taking certain Jacobi

forms as the coefficients in a Fourier expansion when the genus is two.

The relation to vector valued modular functions arises from a periodicity in
the Fourier coefficients of a Jacobi form. To state this connection first define for each
congruence class p modulo 2m

O pu(7,2) = Z qr2/4m§r7 g = X ¢ = 2Tz
reZ, r=pmod2m
which are Jacobi forms of weight % and index m on a subgroup of I'/(Z). If ¢(r, 2) is a

Jacobi form of weight k and index m, then there exist functions h,(7) such that

Z hu(T)Om (T, 2).

pmod2m
Where the h,(7) satisfy
hu(r + 1) = 2mmi/Amp, (7 (2.8)
1 ,
h, | — eQmW/thl, T 2.9
(T T @ 29)

where the square root in 2.9 is given by the principal value.

Theorem. The correspondence ¢pm(7,2) «— (hu)umod2m gives an isomorphism be-
tween the space of Jacobi forms of weight k and index m and vector valued modular

forms satisfying 2.8, 2.9 and bounded as Im(T) goes to infinity.

By vector valued modular forms of weight k£ — % we mean functions H(T) =

(hu (7)) pmod2m satisfying h(Mor) = (CT—l—d)k*%U(M)i_z’(T) where U (M) is some 2m X 2m

b
matrix and M = | in Sly(Z).
c d

Both of these correspondences will be extended for certain types of number

fields and then proofs of the results will be given.
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2.4 Multiplier systems

The more general definitions of modular forms, Jacobi forms, and symplectic
modular forms all include multiplier systems. This is especially important for those forms
that have non-integer weight. The importance of the multiplier system can be seen most
easily in the case of classical modular forms. We now state a definition of modular forms
on Sly(Z) which incorporates a multiplier system and then give some justification for its

necessity.
Definition. A modular form of weight k and multiplier system x(...) is an analytic

b
function f: b — C such that V ¢ J € Sly(2)

a b B ar +b\ a b &
AL er) = (EE) =1 0] er st

where x(...) is a root of unity (i.e. x(..)\ =1 for some f € Z) depending only on the
a b
c d

matriz

This may be seen as a generalization of the usual definition of modular forms

which is given with the multiplier system x (M) = 1 for all matrices M in Sla(Z).
b

In order to see how these multiplier systems arise let M = be a

c d
matrix in Sl3(Z) and let v(M,7) = (¢ + d). In order to have the group Siz(Z) act on

the space b it is necessary that for all My, My in Sls(Z), 7 in b,
Mlo(MQOT) :MlMQOT.

So in order to be a modular form of weight 1 without a multiplier the function v must

have the property that
v(Mi My, 1) = v(My, My o T)v(Ma, T)

and it is easy to check that v has this property. However, if f is a modular form of

weight % without a multiplier system then the requirement is

[SIE

Z/(MlMQ,T)% =v(My, My o T)%V(MQ,’T)
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which is not necessarily true due to the ambiguity with how each of the square roots are

taken. All that is known
v(My My, 7)2 = £u(My, Ms o 7)2v( Mo, 7)2.

A multiplier system is introduced to handle the sign trouble in this case and is defined

as x(...) : Sla(Z) — Uj such that

N[

X(MyMa)v(MyMa, 7)2 = x(M1)v(My, Mz o T)%X(MQ)V(M%T)%-

for all My, My € Sla(Z) where Uj is the finite group of the I-th roots of unity. Note that
it is not in general true that x (M1 Ma) = x(M1)x(Ma).

In general it is very complicated to figure out the multiplier y explicitly in terms
of the matrix. Most important to the work presented here is the multiplier system of the
symplectic theta function which is a symplectic modular form of weight % and satisfies

A B A

B
f . oZ | =f((AZ+B)(CZ+D)™ ') =x I det(CZ + D)

=

f(2)

for all matrices in a certain subgroup of Sps,(Z). The multiplier system x in this case
is an eighth root of unity depending only on the matrix and the value of the square
root that is taken. This is the most important case to this work because the symplectic
theta function will be used to create the new Jacobi forms and then the transformation
properties of the symplectic theta function are used to derive the transformation prop-
erties of the Jacobi forms. Stark in [21] determined the explicit multiplier system for
the symplectic theta function in some important special cases and this could be used to

determine the exact root of unity in the Jacobi transformation properties.



Chapter 3

Number fields

In this chapter we present some notation and facts about algebraic number
fields. The notation will be used throughout the rest of the paper. All of the results
presented here are standard and contained in most books about algebraic number theory

for example [5], [20].

3.1 The conjugates of a number field

Let K be an algebraic number field, that is K C C, K is a finite degree extension
of Q. It is well known that K may be written as K = Q(«) where « satisfies an
irreducible nth degree polynomial whose coefficients are rational integers, and then n
is the degree of the extension. Given «, every 3 in K may be expressed as a rational
combination of powers of «, for example 3 = E;:& bjozj where each b; is in Q. If the

) assume the

other roots of the polynomial satisfied by « are denoted a® a@  al
roots are ordered so that a = o), then the conjugates of the field K are defined as the
fields KV = Q(a®). Therefore, if an element § is in K, and § = Z?:_ol bja’ then the
conjugates of 3 are denoted () = Z?:_ol bja(i)j in KO, If o is a real number, K
is called a real conjugate of the field K and if o? is in C but not in R, K(® is called
a complex conjugate of K. Note that complex conjugates of « always come in pairs, if

o) = @ 4 bi is one root of the polynomial satisfied by a then @ = a — bi is also a

root. If KO = Q(a(i)) is a complex conjugate then denote the corresponding complex

12



13

conjugate field K'Y = Q@).

Assume K is an nth degree extension, denoted [K : Q] = n,n = r; + 2ry where
71 is the number of real conjugates of K and 2r; is the number of complex conjugates of
K. Define Ok as the ring of integers in K, which is all elements of K satisfying a monic
polynomial with coefficients in Z. It is known that O is an n-dimensional Z module
written O = [w1,ws, ...wp]7z, so for all A in Ok, there exists [y,l2,...,1, € Z such that
A= Z?:l l;w;. For the rest of the paper the conjugates are labelled so that the first ry

r1+ro+7 .
R for all 1<j<ro.

are the real conjugates and the rest are such that K"+ = K

The invertible elements of Ok are called the units of K and denoted g,
uKZ{é“GOK | e #0, 8716(’)[(}.

An element a in K is called totally positive, denoted by a > 0, if all the real conjugates
of a are positive. It will also be useful to use the notation a >> 0 to mean that a is
totally positive or zero. The trace and the norm of an element a in K are respectively

given by
Trg gla) = Za(j),
j=1

and

Nigla) == N(a) := Ha(j).
j=1

For any a in K both Trg g(a), Ny/q(a) are in Q; in particular if a is in O then both
Trq(a), Nyjgla) are in Z. The discriminant of K denoted Ag = det(W)? where

ORNNC
w=| -
NORNG

Where the w; were defined above as the rational integer basis elements of Og. The

discriminant of a number field is a rational integer.
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3.2 Ideals in number fields, the Different

There are certain subsets of the field K which are known as ideals. Ideals play
an important role in a number field because the arithmetic of numbers is replaced by

the arithmetic of ideals.

Definition. An ideal of K is a subset a C O such that
(1) VYa,bea, a+bea
(2) Vb € Ok, baCa.

However, zero is not considered to be an ideal even though it does satisfy all of the
hypotheses. The ideals of a number field possess an arithmetic structure in that ideals
may be added or multiplied together, or divided one by the other. Define for two ideals
a,b C K, a+ b= (aUb) that is the ideal generated by the union of the two ideals, and
define ab as the ideal generated by all elements of the form a3 for ain a, 3 in b. In order
to define division of ideals it is necessary to define the inverse of an ideal. The inverse

of an ideal a is

al={beK|VYaca, bacOg}

It is not difficult to check that the above definition is an ideal. There are also notions of
prime ideals and the unique factorization of ideals into the product of prime ideals but

this will not be needed. Now define the inverse different of K to be 5%1 where

5t ={a € K | Trgglab) € Z, Vb € Ok}

The Different of K is dk, i.e. the inverse of the ideal 5;(1.

All ideals in a number field of degree n have a n-dimensional rational integer
basis. So if a is an ideal in K and « is in a then a = Z?Zl cja; where the a; are fixed
elements of K and the ¢; are in Z. This representation is denoted a = [a1, ag, ...an]z.

The conjugate ideals are then given by al?) = [agj), aéj), ...ag)]Z.

This type of basis may be used to turn a sum over elements of the ideal and the

conjugates of the element, into a sum over the rational integers. For example if a € a
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and o = )", ¢ja; as above then

j=1
04(1) agl) a%l) C1 C1
= : : p— Ql
o agn) . aﬁf‘) Cn Cn

The matrix representation of the ideal a is invertible and the inverse of the matrix 2
gives the basis for the ideal ailél_{l. The inverse matrix has the same structure as 2, for

example there exist by, bs,...b, € K such that

O )
A=
DR

then the ideal a_léf(l has a rational integer basis a_15;(1 = [b1, b2, ...by |7



Chapter 4

Jacobi forms over number fields

In this chapter the Jacobi group over a number field K is defined as well as
the space on which it acts, and the definition of a Jacobi form over a number field is
given. All of the notation from the previous chapter carries over into the rest of this

paper including the definitions of K, 7,79, K(j), Ok, W, etc.

4.1 The Jacobi group

The Jacobi group of the number field K will be denoted I'/ (K') where
I'(K) = Sly(Ok) x 0%.
The group operation is the same as in the classical case, see 2.1. This group acts on
H =" x hDr2 5 € x Qm
where Q is used to denote
Q= {z+y~r|z,y € C,x? = —1, ak = ka, VYa € C}
which is known as the full ring of quaternions. It is sometimes written as

Q={a+bi+cj+dr|abecdeR,i?=752=kr>=—-1 ij=r,jr=1,ji=—k}.

16
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h(Q) is used to denote the upper half plane of quaternions
hQ = {z+yx € Q| y e R}

which may also be written as all quaternions that have no j component and positive k
component. It will be crucial in all of the following calculations to be careful about the
ordering of elements of the quaternions since elements of this ring do not commute.

This space ‘H where this Jacobi group acts is composed of one copy of h x C for each
real conjugate of the field, and one copy of f)(Q) x Q for every pair of complex conjugates.

Variables of this space will be listed as

(7—17 T2 +eos Tri4ras Z1y -y ZT1+T,2)

where each of the 7 variables is in the appropriate upper half space and each of the z
variables is in the appropriate field. Note the ordering of the conjugates is retained from
chapter 4. So the first r; of the upper half plane 7; (or full field z;) variables are in h (or
C) and the next ry of the variables are in h9 (or Q). The quaternionic variables will be

represented as
Tj =T +y;K, VT € h(Q) and zj = u; +vjK, Vzj € Q.
The actions of I'/(Ox) on the space H are given by

a [ a f3
v € Sla(0k), O (T1y e Ty trgs 21y o-Zrytrg) =
v 6 v 0

04(1)7'1 + ﬁ(l) a(Tl)Trl 4 ﬁ(h)
D 46177 »)/(7"1)7—7,1 440’

(@7 g+ B (it g Ly gL

sl Zry

(r1+1) (r1+1)\—1
A7y + 607y g, 4§50 HOT) e ), (4.1)

(TT1+1’7

VN 1] € O%, [N 1] 0 (T1y oo Toy trgs 215 oo 2y o) =

(71 o Toy gy 21 + AL 5D o AT ()

ZT1+1 + TT1+1)\(TI+1) + /,L(r1+1), ) (42)
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As before, a general element of the Jacobi group acts first by the matrix and then by
the vector. These actions are just the different conjugates of the group elements acting
on the different copies of the upper half spaces and the full fields by the same actions as

in the classical case.

The definition of congruence subgroups as above may be extended to K and
thereby define subgroups of the Jacobi group using subgroups of Sly(Of ) and sublattices
in the ring of integers. For example, extending the notation from earlier, given an ideal

M C Ok define

a b
Co(M) =< M = pE M € Sl3(Ok) and c € M
c
and so a subgroup of I'/ (O) of the form I'g(M) x a? for ideals a, M C Ok may be used
in place of '/ (Of).

4.2 Jacobi forms

In order to define Jacobi forms over K it is necessary to define the transforma-
tion formulas and transformation factors for the Jacobi group. It will be useful to define

an exponential of a quaternion as
el..] =¥l ela+bk] = ela+a+i(b+b)] = e2rilatatilbtl)) g 4 b € Q.

To reduce some notation in the formulas the factor N'(y7+4) is used to denote the factor
that replaces the (¢7 + d) in the classical transformation formula 2.4, so denote for 7 in
h"‘l X b(Q)T27 Y 4 in OK

r1+r2

Nyr+6) = H (Y075 +69D) T (WD + 8D + 2|y @P2) (43)
j=1 j=ri+1

where the notation 7; = x; + y;~, for all 7; in h(Q) is used. The usual complex norm is
denoted by |...|, |a + bi|? = a® + b2

In the case of number fields, especially fields with complex conjugates, it is
necessary to define the index vector associated with the index m. The index vector

will be a certain complex vector, denoted m of length equal to twice the weight k of
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the form, such that m@WmU) = mW, for all 1 < j < n. The explicit nature and the
appearance of the index vector as well as what is meant by its conjugates will be made

clear in the construction.

Definition. A Jacobi form of weight k and index m and index vector m for the number

field K is a function

O(7,2) 1 5 x h(Im2 x € x Q™ — C

satisfying
o /8 o B o /6 . T1 (]) 7(])2;]2
vl s ) eE ) =xl et e g
ri+r2 ) ) ) )
H e{tm(])(uj_i_,U—jH)(,-Y(J)Tj_|_5(J))—1,.Y(])(uj+vj,€)m(1)] O(7,7) (4.4)
j=ri+1
and

j=1
I =900 42090 2)ml)] | ®(7,2) (4.5)
Jj=ri+1
for all “ ? € Slb(Ok), [\ u] € O%, where x is a root of unity depending only
Y

on the matriz.

It is important to note that the forms which will be created have weight k in
Zor kin Z + %, however the index m is allowed to be any integer in the field. These
transformation formulas are easily seen to be generalizations of the classical case. The
transformation factors are essentially one conjugate of the factor from the classical action
for each conjugate of K, where one must be careful in the ordering of the terms for the
quaternionic variables. This definition may be restricted to subgroups of the Jacobi
group. The root of unity xy depending on the matrix will be an eighth root of unity, i.e.
x(M)® =1 for all M in Si3(Of) which may be determined using work of Stark in [21].
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Note there is no multiplier system in the second transformation formula 4.5. The group
action by elements of the form [\, u| along with the fact that theta functions will be
used in the construction, force the multiplier system to be trivial on these Jacobi group
elements. The only differences from the exact form of the classical formulas and factors
results from the noncommutative nature of the quaternionic variables. It is also useful
to note that the index vector is only necessary for fields with complex conjugates. So
for totally real fields it is only required to specify the index and not the index vector.
Also for totally real fields, it is possible to require that the Jacobi forms be analytic and
in fact this will be necessary in order to prove the connection to vector valued modular
forms. However, for the general algebraic number field there is no notion of an analytic

function so it is left out of the definition.



Chapter 5

Construction

In this chapter a construction will be outlined that produces Jacobi forms of
weight %, indexes of the form A2, and index vectors of the form (), for X in Of. There
is a method of producing arbitrary weights using quadratic forms which we will delay
until chapter 7 and suggest [17] for more information. The idea of the construction is to
use the relationship between Jacobi forms and symplectic modular forms. Specifically,
first create a symplectic modular form which transforms over a number field, then take a
Fourier expansion with respect to the appropriate variables and the Fourier coefficients
will be Jacobi forms. It will be necessary to explicity show this since it is not obvious
from the previous result how to generalize this property to number fields. The specific
function we will create as a first example is a generalization of the classical Jacobi theta

function

01(7,2) = Z emi(n*T+2nz)

nez

which is a Jacobi form of weight % and index 1 on a subgroup of the Jacobi group I'’(Z).

5.1 The index vector

To introduce the index vector, it is easiest to describe how it appears. First,
one creates a more general type of Jacobi theta function for any symmetric, positive

definite quadratic form ). That is, if () is an [ dimensional symmetric quadratic form

21
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over the rational integers with even diagonal entries, i.e. for a in Z!, Q(a) = @Qa and

Q(a) > 0, for all a in Z', a # 0, then fix a vector b in Z' and define

QQ(T Z) _ Z e7ri( laQat+2 aQbz)
ac?}
which is a Jacobi form of weight § and index Q(b). The natural generalization of this
form may be given for an [ dimensional symmetric quadratic form ) x whose entries are
in Og. It is known that such a form decomposes as Q%) = tpUlLl and for a fixed b in

Ok the general Jacobi theta fuction of a quadratic form may be written as

r1+r2
boes(77) = 3 eap(mi( S @ Ll Lllgl) 1 210 Ll [Llp0)))
aGOlK j=1

where we are using the previously defined exponential for quaternions. Such a form
will be constructed and shown to be a Jacobi form over K of weight é and the index
bQxb = BLLb, except that the non complex parts of the quaternionic transformation
factors will have an index of ®!LLb. So if the index m = Zlizl c? the non complex parts
of the quaternionic transformation factors have an index of 22:1 ¢;G;. This creates the
need to specify the index vector which is m() = LU0 for all of the conjugates in order
to completely specify the transformation factors. Actually knowing the index vector is
overkill. The transformation formulas are completely detemined by the index pair Q(b)
and the index for the non complex part of the quaternionic factors L Lb. So if another

index vector has the same index pair as Lb, the Jacobi form with this index vector will

transform identically to the Jacobi form with the index vector Lb.

This means that instead of requiring that forms have the same index vector,
the definition of Jacobi forms over K actually requires that the index vector for the form
be in the same class as the index vector in the definition. Where the class of an index
vector is determined by the index pair. The first construction will follow this idea in the
case where Qi = L = (1) the 1 x 1 identity matrix. The problems with the class of the

index vector will not arise until the general construction in chapter 7.
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5.2 Symplectic theta function

We now introduce the function which will be used to create a symplectic mod-

ular form, namely the symplectic theta function
U .
@Sp Z, _ Z il {m+V)Z(m+V)—2mU—-WVU) (5'1)
4 meznr

where Z is in h, and U,V in C" are fixed. O©sp(Z) is a symplectic modular form of

weight % with a multiplier system for Fén) where

w_Jy_ 4B ty At . .
Ly =qM = c € Span(Z) | A'B, C'D have even diagonal entries
D
. . A B (n)
Specifically, this means V. M = ely
C D
A B U 1 U
Osp oZ,M o = x(M)det(CZ + D)20g, | Z, (5.2)

C D Vv Vv

where x (M) is an eighth root of unity depending only on the matrix M and the value of
the square root that is taken. This root of unity can be explicitly determined in certain

cases using results of [21].

There is an alternate presentation of this theta function which changes the

group under which this function transforms. Namely by replacing the 7 that appears in

)

5.1 by a 2m¢ produces a function that does not transform properly under an but under
the group
gy — A B o
0 (4) = c D € Span(Z) | C has entries divisible by 4

This type of group is more common in the literature, and make calculations simpler to
present however it is quite a bit smaller than Fén) so the simplification comes at the price
of a large number of transformation formulas. In this paper the “2mi” version will be
used to simplify the statements of results and to simplify the construction however the

construction with the “mi” version works just as well.



24

5.3 Embeddings

The method of creating a symplectic theta function that transforms appropri-
ately is to embed I'/(Ok) into Spsn(Z) and the space h™ x h(D72 x €™ x Q™ into
h(?7). We will introduce notation to make this easier to state. We set for (7,2) in

bt x hDr2 % €71 x Q2

T1 0 Al 0
o 0 T2 ., O 29
di(7) = , di(2) =
Try Zry
"E’r‘l-‘rl 0 u"'l"l‘l 0
0 Lri+2 0 Ury+2
dy(T) = , da () = .
Lri+rs Ury+ro
Tri+1 0 Uy +1 0
0 Try42 0 Upy 42
dg(l') = ’ dg(U) =
Trytry Ury 47y
As before, set 7, = x; + yjx, z; = u; +vjxk for 1y < j < 7 + r2 and similarly

define dy (%), d2(7), ds(¥), ds(¥). It should be noted that all of the following quaternionic

embeddings are based on the same representation, i.e.

1)
atbreQ < %Z € My(C). (5.3)

~
Ql

Now embed the space H into h(*®) by sending (7, Z) to

a0 0 d(f) 0 0

0 do(@) ida(y) 0 do(u) ida(0)

7 0 dds(y) ds(¥) 0  ids(¥) ds(a)
d(?) 0 0 () 0 0

0 do(u) ids(v) 0  do(@) ida(¥)

0 ido(B) ds(il) 0 ids(i) ds(@)
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There are an extra set of upper half plane variables 7 (where the quaternionic variables
are denoted TJ,- = a:; + y;ﬁ), which were embedded in the lower right n X n corner of the
matrix. The Fourier expansion will be formed with respect to these extra variables, after

creating the symplectic modular form.

Another embedding as in chapter 4 allows a sum over rational integers instead

of integers in O, recall the definition from Chapter 3,

wgl) w7(11)
W = : : where O = w1, ...wn]z.
o)

This matrix W converts rational integers into elements of Ok, i.e. given A in Og, A=

Z?Zl a;w; with a; inZ, 1 <j <mn, then

AL L0 FORWEL
\@ 1 e n o
: (n) (n)
A\ wy ... wp o
o~ W 0 . .
Define W = and create the symplectic theta function
0o w
0 e e g ~ —~
o | Z, = Z e2mim WZWm _ Z 2 mIm where Z = WZW.
0 mezZn meZ2n

In order for this to be a symplectic theta function it is necessary to know that Zis in

the space h(2®). For this we need the following lemma.

Lemma. Assume V and T are invertible complex matrices, then the imaginary part of

Z = TVT is positive definite if %(V — W) is positive definite.

Proof. The imaginary part of TVT is &£[TVT — TVT| = L[TVT — TVT)] since Z
is symmetric. Simplifying we have this is T[4 (V — #7)]T and the expression in the
parentheses is positive definite by assumption. Multiplying by T and T does not affect

the positive definite nature of the expression in parentheses. O
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The converse of the lemma is also true but will be unnecessary in the construction.

To see that Z is in H2n) | define

L, 0
0 0 I,
g I, 0
I,
0 I,
I, 0

then SZS is the same matrix as Z with the complex conjugate pairs switched in all of
the variables. Similarly S W is the same as the matrix W with the complex conjugate
pairs of rows switched which will be written as W. Note S? = I, and write WIZW =
TWSSZW = WSZW and the imaginary part of SZ is (using the notation from above)

di(y) di(v)
d3(y1) d3(vi) d3(u2)
da(y1) da(u2)  da(v1) (5.4)
di(v) di(y")
da(v1)  ds(u2) d3(y1)
da(uz) ds(v1) da(y1)

This matrix can be forced to be positive definite simply by picking the 3’ and the
variables to be large enough based on the other variables in the matrix. So some con-
ditions on the extra upper half plane variables forces the imaginary part of the matrix
in 5.4 to be positive definite and therefore the matrix YW ZW = GVSZW has positive

definite imaginary part and since it is obviously symmetric it is in )
Expanded out ©(Z) = O(7, Z,7') looks like

1 ) 1412
oFz7) = Y Y An e PnPzlel ST AP + 200
)\1,/\2601{ jZl ] =ri+1
ri+r2

[Z)\(] )2 / Z )\(]) /)\(J (55)

7j=1 Jj=r1+1
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This first line mimics the classical Jacobi theta functions where one thinks of the Ay as
fixed and the quadratic form @ = (1). In fact the first line is the Fourier expansion with

respect to the 7/, so the Fourier expansion with respect to 7 may be written

2 ri+r2
O /
#27)= T w3
)\QEOK Jj= =ri+1
where
1 r1+r2
ST e AP 2270 20el S AP AP 1 227208
MEOK j=1 j=r1+1

To write this expansion properly we should group the coefficients corresponding to Ao
and —\g should be grouped together, however since these terms are identical we leave

them separate for now.

The next step in the construction is to embed the Jacobi group into Spsy,(Z)
and show that the action on the embedded variables (7, Z) as an element of h(?) is the
claimed group action on the space. First define the notation J(a), for @ in K and extend

the notation from above for di, ds, d3 to elements of K

o 0 0
v 0 a® (@)
d(a) = = da(cr)
d
0 o) 3()
The embeddings of the elements of the Jacobi group are:
dle) 0 d(B) 0
0o I, O 0 A B
b S SZQ(OK) — . . = )
v div) 0 d@©) 0 C D
0 0 0 I,
L 0 0 dpw
d\) I, d(p) d(\ A B
o con o | A Dde) dow) |
0 0 I, d(=X) c D
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With these embeddings “ ? o(7,2,7) —
Y
di(aT + ) 0 0 di(aZ) 0 0
0 da(aZ + B)  ida(ay) 0 dao(at) idy(ad)
0 ids(ay)  d3(af + 3) 0 ids(a?)  dz(aw)
i (2) 0 0 d(7) 0 0 °
0 da () id3 (V) 0 do (') ida(y')
0 idz () ds() 0 ids(y) ds(@)
~1
di(yT +0) 0 0 di(v7) 0 0
0 dOEtd) b 0 (i) ida(r)
0 idg(vy)  ds(y@+pB) 0 uds(y¥)  ds(yd)
0 0 0 I, 0 0
0 0 0 0 I, 0
0 0 0 0 0 I,

It may be verified that this action with these embeddings takes the variables

Gy 4 g0) .
o+ 5 % V1<j<n (5.6)

[ RE) P () R ARSI Py [ R

75— (@D 4 BDY (D + 6D, 2 s (gD 4 6D) oy, Vo < j < o

(5.7)
(4) ,2
/ e < i<
TP Ty ~rj £ 60) visjsn (5:8)
T],' _ 7_]{ _ (uj +EJK/)(’Y(J)TJ + 5(]))_170)(@7 + ’UjK/), Y 1 S] <7ry—+mrs. (59)

Where the quaternionic factors are still embedded using 5.3. These are exactly the

o
proscibed actions of the matrix on the space H, and the extra variables TJ(
v 4
are transformed by subtracting the exponential transformation factor from formula 4.4

for the appropriate conjugate to the Tj/-.
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A
It should be noted that the action o Z is the same as the action

D

wAw-t  WBW P
w-tcw-t w-1Dpw

(recall Z = "W ZW). In order for this embedding of I'/(Ok) to act on the symplectic
theta function it is necessary that these embedded matrices be in Spyy,(Z) or to be more
precise F(()zn) (4). The next step is to calculate the conditions on «, 3,7, that will force
the matrix

A B\ _[ wAwW™  WBW € T2 ).

¢ D woletw -1 w-lpw ’
Since W is a matrix of integers in the field and contains a basis for the ring of integers
Ok the inverse matrix W1 is a basis for 5;{1 the inverse different of the field K. It
is easy to check that each of the entries in the matrices A, B,C, D is the trace of an
element of K. Since W™ is a basis for the inverse different, as long as «, 3, are in Ok
the entries of A, B, D will be traces of elements of (5;(1 and therefore rational integers.
In order for C' to be integral it is required that + in dx, i.e. ¥ must be in the different.
This is because the entries of C' are traces of elements in 61}2(7) and by the definition
of the inverse different, an element of the inverse different has integral trace. So as long
as v is in 0, C will have entries that are traces of elements in (5;(1. In order for this
matrix to be in FéM) (4) it is sufficient to require that 4 divide . Therefore as long as

b € I'p(49k) the matrix L
v 0 C D

e T (4).

It is easy to verify that
det(CZ + D) = det(CZ + D) = N(y7 + 6).
Therefore matching the Fourier coefficients of the symplectic theta function and the
transformed version by 5.2 and using the fact that ©(Z7) is a symplectic modular form,

the coefficients satisfy

a B 7“1 A9z 2
Z AP
v 0 ]_1 7(3 T + 5(])
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r1+72 ) ) ' ‘ )
el Z )\gj)(uj' + @/ﬁ)(’y(J)Tj + 5(3))*17(3)(%‘ + UjH)AéJ)]@%7A2 (7, 2).
j=r1+1

This agrees with the formula 4.4 given in the definition of a Jacobi form over K of weight

%, index A3 and index vector (A2).
The second transformation law is proved by looking at the actions of [\, u] in
O3 embedded in Sp4,(Z) and its action on the variables (7, Z,7/) and comparing Fourier

coefficients. The embedded [\, 1] matrix takes
71y, 7z + A+ V1< <

T — T+ D27 4 22Dz 4 ADR0) V1 <<y

7']'- — 7‘; + )\(j)Tj)\(j) + 2)\(j)zj + )\(j)u(j), Vri+1<5<7r+7ro.

It is trivial to see that det(C’ Z+D ) = 1, and therefore by the same arguement as above
that by matching the Fourier coefficients on both sides of the symplectic theta function
transformation formula 5.2 one extracts the transformation formulas for these Fourier
coefficients. These formulas are exactly those given in 4.5 of the definition for a Jacobi
form of weight § index A} and index vector (A2). It is also easy to check that in order
for
WAL WBW
w-torw-t w-iD'w

2
e ()
the only requirement is that [\, u] be in 0% since W10’ W1 = 0. Therefore by this
construction, one is able to produce Jacobi forms on I'g(4dx) x O% of weight % and index

A2 and index vector (\g) for all Ag in Of.



Chapter 6

Relation to vector valued

modular forms

In this chapter the algebraic number field K is required to be totally real, i.e.
K C R, though K is still assumed to be an nth degree extension. This restriction is
necessary because it is only for the totally real fields that one may require the forms
to be analytic, (it is only in the case of real fields and complex variables that analytic
functions make sense). In order for the forms to be analytic the construction in chapter 7
would need to be limited to quadratic forms all of whose conjugates are positive definite
(since K is totally real this makes sense). The analyticity of the Jacobi forms over K plus

“nice” Fourier

the fact that the Jacobi forms are periodic in both variables produces a
expansion. The periodicity may be seen from letting ®(7, 2) be a Jacobi form over K,

then because of the transformation formulas 4.4,4.5
O(7,2)=0(7+1,2) =0(7, 7+ 1)

where for example 7+ 1 means to add 1 to each element of the vector. Therefore the

Fourier expansion of ® has the form (note o = 0, so n = ry)
n
o7, 2) = Y claPely a7+ 59z (6.1)
a,pes! J=1
where each of the ¢(a, () is constant and 5;(1 is the inverse different as introduced earlier.

In fact, for the forms that will be constructed in chapter 7 the Fourier expansion is only

31
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over O C (5[_{1 however in the general case this may not be assumed.

The “nice” property of these Fourier expansions is that the Fourier expansion
is with respect to 7,z instead of just x, and u. For a general algebraic number field,
we do not have enough information about the Fourier expansions of our Jacobi forms
to prove many of these results. We introduce notation which will be helpful. Earlier
the trace T'rg @ of an element of the field K was defined, now extend this definition to
include the variables in the space H. For example, let 7 be an n dimensional upper half
plane variable as usual and let a € K then set

n

TrgQlat) = Z()é(j)Tj.

j=1
We similarly define the trace of the n dimensional full field variable which has been

written as Z.

6.1 Restriction in the Fourier expansion

For Jacobi forms of index m over Q, the functions are required to be analytic

and this forces an extra condition on the Fourier expansion which has the form
(o)
@(7_7 Z) — Z Z C(n,’l”)qnfT, q= 627rm-7 5 — 62mz'
n=0 reZ, r2<dnm

The condition that 72 < 4nm is a condition to make the function analytic as 7 — ioco.

A similar condition arises with analytic Jacobi forms over totally real number fields.

Theorem. If (7, 72) is an analytic Jacobi form of weight k and index m over a totally

real number field K of degree n then m > 0 and

o(F2 = Y Y c(a, By Trraleie), (6.2)

acdyt, a>>0  (BEOK | B*<dam)

The condition on the second sum is that for all 1 < j < n, B(j)Q < 4aDm ),

Proof. Assume that ®(7, 2) is a Jacobi form over K and has a Fourier expansion of the

form 6.1. Since the Jacobi form is required to be analytic, the form restricted to (7,0)
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is also an analytic function of 7. Therefore ®(7,0) will have a Fourier expansion with
respect to only totally positive elements of 6[_(1 and zero, because if there was an « in
the Fourier expansion such that al¥) < 0 for some 1 < j < n then by letting Tj — 100,
the function would diverge and therefore not be analytic. Similarly for any A € Ok the
function

(7,0) = f(7) = TTRATNIP((A, 0] o (7,0)
is analytic in 7. The Fourier expansion of f(7) is
f(7) = Z cla, B)e[Trg glar + A3t + Nrm)).
a,Be8!

In order for this function to be analytic in all of the 7; it is necessary that
al) 4 )\(j)ﬁ(j) + A2, 0) S 0, V1<j<mn, A€ Og.

This is a quadratic polynomial in AU) so it will always be positive provided the discrim-
inant is negative or zero, i.e. 32 —4mal) <0 and since a¥) > 0, m¥) > 0 and this

was what was claimed in the theorem. O

Therefore for totally real number fields the index is always totally positive as well as the

condition on the Fourier expansion 3% — 4am < 0 or % — 4am = 0.

6.2 Periodicity in the Fourier coefficients

Given ®(7, ?) is a Jacobi form over a totally real number field K, the Fourier

expansion may be written as
UEEEEDY > clap)emTralonton),
acdyt, a>>0  (B€0k | f2<4am)

Since there is no need of an index vector for this case we will just specify that the index

of the form is m € O.

Theorem. Given that ®(7,2) is an analytic Jacobi form of index m over a totally real
number field K, ® has a Fourier expansion of the form given above and the Fourier

coeffiecients c(o, ) depend only on 3 mod 2m and on 4am — (32.
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Proof. The second transformation formula 4.5 for Jacobi forms over K yields, for any

)\MU’E OK

(Ao ()= Y claB)elTrgglar + Bz + A + p)] =

a,Be8!

6[—TT‘K/Q(m)\2T +2mAz)|®(7, 2). (6.3)
It follows that

®(7, Z) = e[Tr/Q(mA*T + 2mAz)] Z c(a, Ble[Trgolar + B(z + AT+ p))] =

a,Be8!
D el B)eTrigllo+ Nm+ AB|T + [B+ 2Am]z)].  (6.4)
a,Be8
Therefore
c(a, B) = cla + XN2m + A3, B+ 2xm) = c(d/, 3). (6.5)

Then since 4am — % = 4a/m — 6/2, the Fourier coefficients depend only § mod 2m and

on 4am — (3. O

6.3 Connection to vector valued modular forms

Assume we are given a Jacobi form over a totally real number field K with a
Fourier expansion as above. The periodicity of the Fourier coefficients described in the
previous section leads to a connection between Jacobi forms and vector valued modular
forms just as in the classical case. Note that the Fourier coefficients of a Jacobi form for

the real number field K may be expressed as

_ _ (N+p? B N+
c(a,ﬁ)-qAN)-c( i ,ﬁ) for 8 = pmod 2m, o = e
Note that we are allowed to assume 32 —4dam = —N < 0 or N = 0 by the earlier

theorem. Extend the definition to all totally positive numbers (or zero) N by setting
cu(N) =0 if N # —p? mod 2m. Now define the following functions

hu(?) _ Z CM(N)€27riTrk/Q(NT/4m) (66)
N>2>0
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D (7y 2) = > 2miTr QUo7 /Amtp2), (6.7)

pedf_{l p=pmod2m
Then we have

(7, 2) = Z Z o(a, B)e2 /el 87) _

cyG&;{l7 a>>0 (BeOk | B2<4am)

2 2. > culN)e [TTK/Q<N4_;pQT+pz)] -

pmod2m  (p=pmod2m) N>>0

S ()7, 2). (6.8)

pmod2m
Now it is easy to check that
3 _ 2
Oy (F+ 1, 7) = 27 Tr/0Gm0)g,,, (7, 2)
or more generally
2y

(7 + 7, 2) = 205wy, (7, 2), ¥y e Ok (6.9)

and therefore since ®(7 + v, 2) = (7, 2), we get

. _,2
h#(?+7) — e—QTF’LTT‘K/Q( fm’y)h#(»f-’)’ V 'y (= OK (610)
Now it remains to find a formula for hu(_;l), (note that _; = (;—11,;—:))

because results of Vaserstein, Cooke, and Liehl prove that the matrices

0 -1 1 v
) )’YEOK
1 0 0 1

generate Sly(Ok), see [3],[4],[16],[23]. So knowing h,(7 + ) and hy, (%) gives the
g

a -
transformation properties of h,(7) for all € Sly(Ok). In order to find h, (=)
v 0
we will create the theta functions ¥y, (7, Z) as the coefficients of a symplectic theta
function and then specify the transformation formula for ¥, u(_Tlv % ) where the variables

have the obvious meaning. Define the following matrices

DO [\
o 5]
S
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om® 0
M; = 0 . , M=
2m ()

My 0
0 M

Note that m > 0 because of the earlier theorem and therefore the matrix M is positive
definite. Therefore by selecting the imaginary parts of the 7/ variables such that yjyé- > vj2-
for all 1 < j < n using the notation introduced earlier, the variable Z is in the symplectic

upper half space. Recall the matrix

- w0 ;
W= , W= (w)i<ijn, Ok = [wi,..wn)z,
0o w

U1

as defined earlier. Also let V = € C?" where v,v3 € C". Let u € O be

V2
a representative of a congruence class modulo m and let - = Z}Ll bjw;, where the

b; € Q and let v1 = (bj)1<j<n,v2 = (0). Then set

_ Z ot (Vor) WMZMW (V7).

4 rez?n
Note that the presence of the matrix M changes the sum over rational integer vectors
into a sum over the elements of the ideal (2m) instead of O as in the first construction.

So the sum of elements of the form YV + r) is actually a sum over the elements of 03

of the form ~ where po € Ok and p; is equivalent to u mod 2m.
P2

Expanded out this looks like

Om (7, 2,7,

/

3 e[Tric/alpt 1 + 2(p1p2) el Tricyop )] (6.11)

p1 € OKHO2 € (2m)7

4dm 4dm

p1 = pmod 2m

which again yields the Fourier expansion with respect to the 7/. The py = 2m Fourier

0 -1
coefficient is then ¥, (7, Z). By using the matrix in Sly(Z) embedded as
1 0
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in chapter 5 and considering the expansion of

and the transformation formula for the symplectic theta function 5.2 (note that the
vector notation ™ has been dropped to ease the notation, however all of the 7, z, 7’ should

be considered as vectors),

0 -1 0 -1 0 2 -V
@m,,u OZ: ° — —Qm,u 7—717577—/_2_5
1 0 1 0 v T 0
2 ! z % 27_/ -z
= Z exp[miTr g (P + 2(P1P2)% - p1 %)]eﬂfp[MTTK/Q(@ me )l
p1,02€0K
0 -1 L 0
=X (20 2|
1 0 ) 5 ) 14
For ease of notation, let x(S . By again examining the ps = 2m

coefficient and equating the different py = 2m coefﬁc1ents we get that

19m7u (__1, E) _ X(S)(H Tj ' ) 27rzTTK/Q(mz2/T) Z [TTK/Q( v )]ﬁm,u(F, Z).

T Jj=1 2m(]) vmod2m
(6.12)
Therefore since
0 -1 0 ) 0
Omp o(Z | - || =x(SN@eTrramEing,,  (z, |,
1 0 Vv
we have
-1\ -1 k ! Tj -1 . vy
hy, <7> =x(8)7"N(7) (1_[1 2m(j)) 2 zd:z exp(?mTrK/Q(%))h,,(T) (6.13)
j= vmod2m

and we have now essentially proved the following correspondence

Theorem. For a totally real number field K the correspondence between analytic Jacobi
forms of weight k and index m and vector valued modular forms satisfying the transfor-

mation formulas 6.10,6.13 over K and bounded as 7; — 0o, V 1 < j < n, of weight kf%
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given by
O(r,2) = > hu()mpu(r,2) «— (hu(7)) umod2m

pmod2m

18 an isomorphism between the spaces.

There is a small ambiguity which arises due to the fact that there is a choice
of which square roots are taken, so in fact we need a metaplectic covering of the group
Sla(Of) to account for this. The metaplectic covering will not be pursued here except to
note that a metaplectic covering of the group Sla(Of) is a group that in essence contains
group elements combined with a multiplier system evaluated at the group element. This

functions much in the same way as the multiplier systems discussed earlier.



Chapter 7

General construction with

quadratic forms

The initial example given in chapter 5 created Jacobi forms of weight %, index
A%, and index vector ()\) for all A in O. We now present a more general construction
which will create forms of arbitrary half integral weight, more general indexes in Ok
and much more general index vectors. The forms which will be created here are going
to be generalizations of the Jacobi theta functions for a positive definite quadratic form
over the rational integers of the type that appear in [11] and more recently in section
5.1. For example, let ) be a positive definite quadratic form with entries in Z so for a
in Z", a# 0, Q(a) = ‘aQa > 0, and fix b in Z" then define

Bo.b(r,2) = Z 2mi( 'aQar+2'aQbz)
acZr

The quadratic forms used in this construction will be required to be positive definite in
all of the real conjugates and this is a significant restriction. For this general construction
we are using the “27i” version of the symplectic theta function which will force all of the
transformation formulas onto a I'g congruence subgroup instead of the I'y type congru-
ence subgroups. The use of the “mi” version is almost identical with the only difference

being the subgroup of the symplectic group under which the functions transform.

There is a more general construction for theta functions of indefinite quadratic

forms (i.e. not positive definite) over number fields but for this we simply refer the reader
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to [17], and [8] which shows how to create theta functions of indefinite quadratic forms.
The techniques used in this paper may also be generalized to the indefinite quadratic

forms with majorants by combining the methods of this paper and [17].

7.1 Quadratic forms

There are some facts about quadratic forms which will be useful in order to

create Jacobi forms. A quadratic form is a symmetric function
Q:C"xC"—C
which will be represented as a matrix so
Q(a,b) = ‘@Qb, Q € M,(C), a@,be C"

A symmetric quadratic form is such that
so it is necessary that the matrix @) be symmetric, 1Q = Q. When @ is a matrix of real

numbers, we call @) positive definite if
Q(a) =Q(d,a) >0, VaeC".

Note that it is meaningless to talk about a quadratic form over the complex numbers
being positive definite, however in the case of complex entries, a quadratic form will be
required to have non-zero determinant. Given such a matrix there will always be an
upper triangular matrix L € M,(C) such that Q = 'LL, L = (I; j)1<ij<n With l;; =0
for j < 1.

For this construction, the quadratic form @ is in M,,(Ok), Q = (gst)1<st<n

so all of the entries are integers in the number field. Since ) has entries in K, it is

(

S

each conjugate of the form LU so that QU) = *LUILUI, also denote LIM+r2til = It

reasonable to define the conjugates QU) = (q Jt) )1<st<n and denote the decomposition of

r1+4j]

to continue the notation and ordering from earlier. There is a significant restriction to

the quadratic forms for this construction which is that the real conjugates of @@ which
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are QU),1 < j < r1 must be positive definite. It is possible to do the construction
without this restriction but this would force the introduction of majorants and even

more notation.

7.2 The general theta functions

Given a quadratic form over Ok as in the previous section, we will create a

theta function of the form for b in OlK

r1+7r2
00.4(7, 2) = Z el( Z ta @) tL[j]TjL[ﬂa(j) + 21, 9) tL[j]sz[j]b(j))]. (7.1)

aEOlK Jj=1
These functions will be produced as before by creating a symplectic theta function and
choosing the appropriate Fourier coefficients. This construction and the verification of

the construction will prove the following theorem

Theorem. Let K be an algebraic number field of degree n = r1 + 219 as usual. Let Q
be a l x 1 quadratic form with entries in Ok, such that QU) >0 for 1 < j <ry (i.e. all
of the real conjugates are positive definite), and let g be the greatest common divisor of

the principal minors of Q, and let QW) = tLUILU for 1 < j < n then the function

L
2

O1 om0 = 004(7,2)

L

5, index Q(b), and index vector Lb for the subgroup

is a Jacobi form of weight
Do(40x g~ 2det(Q)?) x O% C TY(Ok). The sum over iy, m means to sum over all vectors

be OlK such that Q(b) = m and thLmLmb = tmDmY) for all m < j <11+ ro.

In the case where there is only one b in (’)lK in the sum then this is the natural
generalization of the Jacobi theta function. However, for a general index pair {m,m} all
that can be shown is that the sum is over a finite number of b. Note d is the different

of K as in the earlier notation.
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We begin by introducing notation let

a O

0 a
di(a) =

a

which is an [ x [ matrix. Then for 7 in h™ X h(Q)TZ and other similar variables

di(m) 0
dia(7T) = 0 di(n)
di(7r,)
dy(@r,+1) 0
dy o () = 0 dy(r, 12)
dy(Try4ry)
di(Try+1) 0
di3(7) = 0 di(Zry+2)
(T, 4ry)

where the notation 7; = x; + y;x for 7; in b(Q) is used. Similarly define these matrices

for the other variables y;, 2;, u;, vj, 7}, ¥, yi. Now define the [ x nl matrix
w§j) wv(@j) 0 .
(4) (4)
W) — 0 .. 0 w e Wy 0
WD)
and define the matrix W and L to be
w @) Ll o

. we | - W0 ~ 0o LA - L 0
W = 7W == —~ 5 L= 7L = ~ )

0o w : 0 L

W) ]
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where the LUl were defined in the previous section. The variable for the symplectic theta

function is defined similarly as

du(?) 0 0 du(z_’) 0 0

0 di2(Z) idy2(Y) 0 dio(t)  id;2(0)

Z_ 0 idi3(y) di3(@) 0 idi3(v)  dy3(a)
du(z_’) 0 0 du(f‘y) 0 0

0 dip(@) idi3(@) 0 di2(Z) idi2(y')

0 idio(0) di3(1) 0 ddis(y’) dis(@)

Now create the symplectic theta function

eSp,Q(Z) _ Z 6271'1'( G W 'L ZE/WE[)’
aezznl

(7.2)

but for this to be a symplectic theta function it must be verified that GVLZLW is in
h(Q"l) or at least that one can pick the extra upper half plane variables in order to put
this matrix into the symplectic upper half space. The matrix is obviously symmetric by
construction therefore it remains to show it has positive definite imaginary part. By the

same reasoning as earlier consider the matrix S

Iy, O
0 0 I,
5 Iy, O
Iy,
0 Iy,
Iy, O

which has the same effect as before, it switches the complex conjugate rows of the matrix

LW which is denoted as LW = SLW. Therefore in order to show this matrix

o~~~

WILZLW (7.3)

has positive definite imaginary part, note 52 = Is,,; and consider

WILZLW = WILSSZLW = W ILSZLW
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and if SZ has positive definite imaginary part then so does 7.3 by the earlier lemma in

chapter 5. The imaginary part of SZ is

di1(y) di1(v)
di3(y1) diz(v1) di3(us)
di2(y1) di2(u2) dia(v1) (7.4)
di1(v) di1(y')
di2(v1) di3(us2) di3(y1)
dia(uz) dis(v1) di2(y1)

This matrix is just [ copies of the matrix in 5.4 and since we can pick the 3’ and the
yj variables so that 5.4 is positive definite, the same choices of 3’ and y; will force the

above matrix to be positive definite.

Expanded out this symplectic theta function 7.2 looks like
Ospa(Z) = Osp0(7, 2, 7') and
Osp.0(7,2,7) = Z e[( Z @bl L) 4 2t il o, LUlp0))]
abeol,  i=1
T1 r1+72
e[(z t(J) thT]’-Lmb(j))]e[( Z () tL[J']TJ{L[ﬂb(j))]
j=1 j=ri+1
r1 14712

- Z 00.0(7, Z—')e[(z t(3) thTJ’-LU]b(j))}e[( Z () tLU]TJ’-LU]b(j))]
beOL, Jj=1 j=ri+1

where
r1+7r2

00.b(7,2) = Z e[( Z tq(9) tL[ﬂTjL[ﬂa(J‘) + 91) tL[j]sz[j]b(j))].
acOl,  J=1
This last representation shows how the Jacobi theta functions fg; arise as the Fourier
coefficients with respect to the 7/ variables. However, there may be a number of vectors
b in (’)lK which are all part of the same Fourier coefficient because they all produce the
same index Q(b). In particular this last representation should be written as

2

T1
Z Z 00.5(7, Z)e[z mU‘)T;]e[ Z th(9) tL[ﬂT;L[ﬂbU)]. (7.6)
j=1

meOK (b0l | Q(b)=m) j=ri+
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Some of these Jacobi theta functions will be separated from each other so that they will
be shown to transform as Jacobi forms independent of the other Jacobi theta functions in
the coefficeint. Some of these 6 ; will still be grouped together in the Fourier coefficient
but it will be shown that they as a group transform correctly according to the definition

of Jacobi forms over K with a given index vector.

Before we can fully state the transformation formulas of these Fourier coeffi-
cients it is necessary to examine the structure of the coefficient. The formula above 7.6 is
a Fourier expansion with respect to the TJ/-, forl1 <j <7y, and x;-, for m+1<j<ri+r
however the y}, with 1 +1 < j < r; 47y are not part of the expansion (because the form
is not analytic). They are grouped in simply as a matter of notational convenience. How-
ever, it is possible to assume that the non-complex parts of the quaternionic variables,
the yg are part of the Fourier expansion at least in order to show the transformation
formulas. It was already noted that all of the Jacobi theta functions with index vectors
b such that Q(b) = m are summed to make the mth coefficient. It is possible to separate
these into classes based on the associated index pair (Q(b), b!LLb). Since there are only
a finite number of vectors b which produce the same index there is a smallest B!LLb
because these are all real numbers. The sum of these Jacobi theta functions with the
same index pair can then be separated from the rest of the Fourier coefficient by letting
the yz for r1 +1 < j <747y goto infinity. This will force the theta functions associated
to the larger H*LLb to goto zero faster. Now that this portion of the Fourier coefficient
is separated it may be shown to be a Jacobi form over K of weight é, index index Q(b)
and index vector Lb where b is the vector associated to any one of the theta functions
in the class. Similarly once this class of Jacobi theta functions is shown to be a Jacobi
form one can take the next smallest DL Lb and repeat the process thus separating out

all of the different classes of theta functions.

7.3 Transformation formulas

Now it is necessary to show this sum over a class of Jacobi theta functions
transforms correctly. As before, it is necessary to extend the group embeddings from

the first example so that the embedded group will act on Z. We generalize the earlier
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definition of d(«) to dj(a), for a in Ok

di(aM) 0 . 0
d
. 0 di(a?) (@)
di(a) = : . = di2(a)
' ' di3(ax)
0 di(a™)
Then the embeddings of the elements of I'/ (O ) are:
di() 0 d(B) 0
0 I, 0 0 A B
ﬂ S SlQ(OK) — . : . =
v 4 di(y) 0 dfs) 0 ¢ D
0 0 0 Iy
Ly 0 0  dp
di(A) Iy d di(A A B
Dol e O3 (A L di(p) Vz( wo|
0 0 Iu di(=N o D

0 0 0 I

m—— «
Set T'= LW. It should be noted that the actions of b o (7, Z) is the same as
v 4

the action of

TTAT-1  TBT
T-tctr-1 7-lpT

o 'TZT

on the 7,z variables, and similarly for the embedded [\, 4] matrix. In fact the actions
are exactly the same as those in chapter 5 in 5.6-5.9, since these embedding are simply [
copies of the embeddings in chapter 5. So, by introducing a quadratic form the actions

have not changed but it is still necessary to check that this matrix

A B TTAT-1 BT

_ )= (7.7)
C D T-tctr-! T-'DT
is in Spyni(Z) or particularly Fgml) (4), whenever “ 5 is in a subgroup of Sl (Ok)
Y

and similarly for the embedded [\, ] matrix.
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In order to check that this embedded group matrix is actually in Spsn(Z)
consider the entries of the matrices 2(, E, 6’, D which with a little computation are all
traces of elements in K. One fact which is helpful here is that the entries of Q! are given
in terms of determinants of minors divided by the determinant of ). Therefore let g be
the ideal generated by the principal minors of @) then all of the entries of Q! are divisible
by gdet(Q)~!. The entries in A, D are all traces of elements from the ideal generated
by (5;{1 the traces of these elements are by definition all in Z. The entries of B are all
traces of elements in an ideal contained in the integers Ok so they are rational integers.
The entries of the matrix C are all traces of elements from the ideal 5202 (det(Q)) 2
and therefore in order for all of these entries to be rational integers we require that -
be in dxdet(Q)?g2. Now in order for this matrix to be in F(()A‘nl) (4) it is also necessary
that all of the entries of C' be divisible by 4, therefore if v is in 46xdet(Q)2g~2 then the

embedded matrix is in F(()4nl)(4).

So far, the construction has produced a symplectic theta function which has
combinations of Jacobi theta functions of a quadratic form () over the field K as its
Fourier coefficients and these may be separated into classes based on the index pair. In
the last section it was shown that the embedded I'/ (O ) acted correctly on the embedded
version of the space H, and it is easy to check that the actions on the individual 7;, 2, TJ/-
are the same as in section 5.3. It is also easy to check that det(CZ + D) = N (cr + d)!
as previously defined. Therefore since ©g), g is a symplectic modular form, by using 5.2

A B
we see that for all M = € F((;ml) (4),
C D

Osp@(M o Z) = x(M)det(CZ + D)2 Ogy(Z).
Expanding this we have,

Z e[2mi%a'T(M o Z)Ta] = x(M)N (et + d)é Z exp(2mita'TZTa).
aeZ?n! aeZ?n

We expand out the right hand side of this equation as in the previous calculations, and

look at the Fourier expansion 7.6 as in chapter 5. Since each

S,V 1<j<n (7.8)
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T — 7, — (uj +3;5) (Y75 + 6NN (uy +vjk), ¥ o <j <+, (7.9)

We get the exponential part of the transformation formulas by matching the Fourier
coefficients in 7.6, and by replacing 7’ as in 7.8, 7.9 where the index for the Jacobi theta
function is given by b!LLb = Q(b) and the index vector is now given by (Lb).

Similarly, the embedded [\, ] € O% matrix takes
Tj — Tj, 2Zj — Zj —I—Tj)\(j) +uV YV 1<i<ri 41

T — T+ A2 L oA o 4 A0 w1 <<

T — T+ A A 22Dz ND D) 41 < <yt

Also the action of o

A B rAtT-t 'TB'T

C D T-lottr-t TD'T
on 'TZT is the same as the action of [\, 4] on the variables (7, Z). It is trivial to see that
det(C'Z + D’) =1 and it is known that x(M) = 1 in this case, and therefore we get the
transformation formulas by the same arguement as above, i.e. by matching the Fourier
coefficients and pulling out the transformation formulas for these Fourier coefficients. So
this calculation has verified that the mth Fourier coefficient is in fact Jacobi forms of

weight é, index Q(b) = m, and index vector Lb.
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