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ABSTRACT OF THE DISSERTATION

Stability properties for g-multiplicities and branching formulas for

representations of the classical groups
by

Jeb Faulkner Willenbring
Doctor of Philosophy in Mathematics

University of California San Diego, 2000

Professor Nolan R. Wallach, Chair

By g-multiplicity we mean the generalization of a multiplicity formula for an ir-
reducible representation in a graded space to a generating function for the multiplicity in
the graded components. The ¢g-multiplicity refines the (non graded) multiplicity formula.
The main result of this thesis is a stable range in the space of harmonic polynomials as-
sociated to the (GL(n),0O(n)) case of the Kostant-Rallis theorem. In the stable range
the ¢g-multiplicity is deduced from certain symmetric function identities and Littlewood’s
restriction rules. Chapter 3 gives an alternative proof of Littlewood’s restriction rules
from Howe duality and a classification of unitary highest weight modules due to Enright,
Howe and Wallach.

For n > 3, the ¢g-multiplicity for the spherical harmonics is given both for the
(GL(n),0(n)) and the (SL(n),SO(n)) cases. The full ¢ analog of the Kostant-Rallis
theorem is described in detail for the symmetric pair (SL(4), SO(4)). The significance of
this example is that it has implications in the study of entanglement of the mixed 2 qubit
states in quantum computation. In chapter 2, a problem from classical invariant theory
is addressed. Specifically, the complex orthogonal group acts on the n x n matrices by
restricting the adjoint action of GL(n,C). This gives us an action on the ring of complex
valued polynomial functions on the matrices. A combinatorial description of the Hilbert

series for the invariant polynomials under this action is given.



Chapter 1

Introduction

There are two parallel themes that are of importance in this thesis. The first is
the interplay between combinatorics and the representation theory of the classical groups.
The second comes from the fact that the structure of certain infinite dimensional repre-
sentations of Lie algebras provides information about finite dimensional representation
theory. In order to be more precise, let W be a completely reducible representation of
a group (. For any irreducible representation V of G, we will call the largest number
of copies of V' in a direct sum that can be embedded as a subrepresentation of W. By
Schur’s lemma, this number is equal to the dimension of the space of linear maps between
V and W which commute with the action of G. If W is a graded representation with
the d** graded component denoted W¢, the graded multiplicity of V in W is to be the

formal power series,

Z dim Homq(E, W?) ¢¢
d>0

Here we take g to be an indeterminate. Observe that the multiplicity of a representation
is the graded multiplicity evaluated at 1. One idea behind this formalization is that often
the multiplicity of a representation has a purely combinatorial meaning and the graded
multiplicity becomes a natural g analog of the (non-graded) multiplicity. This supplies
us with an important interaction between combinatorics and representation theory.

We will now give several examples of this phenomenon. We first need some

notation. Let E be a representation of G. Let P(E) be the representation of G consisting



of the complex valued polynomial functions on F, under the usual action. Observe that
we have a natural grading by degree, and let P4(E) denote the degree d homogeneous
polynomial functions on E. Lastly, by P(E)“ we will mean the G-invariant polynomial
functions.

Consider the case when G is a semi-simple linear algebraic group with Lie
algebra g. G acts by the adjoint representation on g. Let Z(g) be the ideal generated by

the G invariant polynomials on g which vanish at the origin. Set:

7%g) = P%(g) N Z(g)

Let H%(g) be the G invariant complement of Z%(g) in the representation P%(g). Set:
H(g) = EPHa)
d

In [14], B. Kostant proved that P(g) is a free module over the G-invariant polynomials,
P(g). That is to say that,

P(g) = P(g)° ® H(g)

Furthermore, Kostant’s result also gives the multiplicity of all irreducible rep-
resentations of G in H(g). Indeed, if T is a maximal torus in G and V' is an irreducible
regular (in the sense of algebraic groups) representation of G then the multiplicity of an
irreducible representation V' in H(g) is the dimension of the space of T-invariant vectors

in V, denoted V7T In other words,
dim Homg(V, H(g)) = dim V7T

The space H(g) has a grading from P(g). Nineteen years later in [9], Hesselink
gave a graded multiplicity as well. Another proof of this graded multiplicity formula is
also given in [20].

Another case with a similar flavor is as follows: let § denote a regular involution
on G with differential at the identity (also denoted by) 6. Let K be the subgroup of G
consisting of the fixed points of 6. Denote the Lie algebra of K by £. We take p to be
the —1 eigenspace of 6.



Let Z(p) be the ideal generated by the K invariant polynomials on p which

vanish at the origin. Set:
Z%(p) = P*(p) N Z(p)
Let H(p) be the K invariant complement of Z¢(p) in the representation P4 (p).
Set:

H(p) = P H ()
d
In [13], B. Kostant and S. Rallis prove the following theorem.

Theorem 1 (Kostant, Rallis) The space of polynomial functions on p is a free module

over the ring of K invariant polynomials. That is,
Pp) 2= P(p)" © H(p)

and furthermore, as a representation of K, H(p) is equivalent to the representation
algebraically induced from the trivial representation of a subgroup M to K. Where M is
the centralizer in K of an Abelian subalgebra a of g maximal among such algebras both

contained in p and containing only semisimple elements.

A proof of this theorem can be found in [8]. This thesis will address the special
case when G = GL(n,C), 6(g9) = (¢-)” and hence K = O(n,C). Let D,, denote the set
of diagonal n x n complex matrices. In this special case, one can show that a =p N D,
and M = KN D,

The fact that H(p) is an induced representation and Frobenius reciprocity de-
termine the multiplicity of an irreducible representation of K in the space of harmonics.
Indeed, let VM denote the space of M-invariant vectors in V, where V is an irreducible

representation of K. Then,
dim Hom (V, H(p)) = dim VM

The question which will be addressed in the thesis concerns the distribution of
the above multiplicity in the graded components of H(p). This would provide a natural
g-analog of the above multiplicity formula. More specifically, if V* is an irreducible
representation of K with highest weight A then we will find

mx(q) = Z dim Homp (V*, H%) ¢?
d>0



Here a multiplicity formula is also given, but in general the formula for the graded
multiplicity is not yet known. In [20] an important family of examples is given where
we do have such a graded multiplicity formula. An example of a case not completely
understood is the pair (SL(n,C), SO(n,C)). The first non-trivial example of this case is
when n = 4. [20] gives the graded multiplicity for this case, but the techniques employed
were special to that example. Chapter 6 of this work is in part a recapitulation of [20)]
with alternative proofs of some of the theorems.

It is interesting that the n = 4 case is also important for the subject of quantum
computation. In fact, results in this direction have applications to other problems. In
classical invariant theory, they aid in the calculation of Hilbert series, which are graded
multiplicity formulae for the trivial representation. In [20], the Hilbert series is given
for the SO(4,C)-invariants in the polynomial functions on the 4 x 4 complex matrices
under the action of conjugation. This material is also reprinted for the convenience of
the reader in chapter 6. Another direction of research is to generalize this result for all
n. Some progress has been made in this direction and is mentioned in chapter 2.

The purpose of chapter 5 is to address part of the problem of finding the
graded multiplicity in the harmonic polynomials for the (GL(n,C),O(n,C)) case of the
Kostant-Rallis theorem. Specifically, Chapter 5 addresses larger values of n by describing
a certain stable range in which the graded components of the harmonic polynomials can
be completely decomposed. The components in the stable range are precisely those of
degree not greater than [%]. Thus a graded component of degree d is decomposed for
all but finitely many n. The existence of the stable range is a consequence of a new
interpretation of results of Enright, Howe and Wallach, (see [2]) and Howe’s theory of
dual pairs (see [10]). We will summarize this point of view shortly, but first consider
the following consequence of this program in classical invariant theory.

Consider the action of the complex orthogonal group O(n) on the nxn matrices,
M,,, by restricting the adjoint action of GL(n,C). This action gives us an action on
the ring of complex valued polynomial functions on the n x n matrices, P(M,). The
polynomials of degree d, denoted P?(M,) form a finite dimensional representation of
O(n) and provide a graded module structure on P(M,,) as well as the subring of invariant
polynomials, P(M,,)°™.

We can study this example by decomposing the n X n matrices into a direct sum



of symmetric, SM,, and antisymmetric, AM,, subspaces. The dimension of Pd(Mn)O(n)
would follow from a complete graded decomposition of P(AM,) and P(SM,). In the
former, the results of Hesselink (see [9]), imply such a graded decomposition, while in the
latter a graded decomposition, which refines the non-graded decomposition is essentially
the program just described. This is one reason that this case is the emphasis of this
thesis.

From another point of view, it is shown in chapter 2 that for 0 < d < n,

dim P4(M,,)°™ is equal to the coefficient of ¢¢ in,

1\
,g(l—qk>

Where ¢ is the number of k£ vertex cyclic graphs with directed edges counted up to
dihedral symmetry. The above formula gives a combinatorial interpretation of the Hilbert
series for this ring.

An important observation for these types of questions is that often the represen-
tation we consider is the restriction of a representation of a larger group. This fact pro-
vides a connection with another problem. Given an irreducible representation of a group,
how does it decompose if we restrict the action to a subgroup? Of particular importance
are the representations of GL(n) = GL(n,C). In [15] and [16], Littlewood gives a for-
mula for the multiplicity of an irreducible representation of the group O(n) = O(n,C) in
certain irreducible representations of GL(n). Results in chapter 3 give insight into when
such formulae exist and what can be said in more generality. Littlewood’s restriction
formulae have received recent attention from another point of view in [7] and [6].

The problem of decomposing an irreducible, regular, GL(n) representation into
irreducible (regular) O(n) representations by recasting the statement to one of infinite
dimensional representation theory. Let {E*},ce and {F*}\cr be representatives of the
equivalence classes of irreducible regular representations of O(n) and GL(n) respectively.
In [8] it is explained how to take these index sets to be non-negative integer partitions
with at most n parts. For A € F and i € £, define the non-negative integer bfl to be the
multiplicity of the representation E* in the representation F* restricted to O(n).

M, «m denotes the representation of O(n) on the n x m matrices defined by

matrix multiplication on the left. This fact in turn gives us a representation of O(n) on



P(M;;

rm)- The algebra of operators commuting with the image of this representation

is generated by a set of polynomial coefficient differential operators. These, under the
usual bracket, span a Lie algebra isomorphic to the rank m symplectic Lie algebra,
sp(m) = sp(m, C).

The significance of studying the algebra of operators commuting with a repre-
sentation is given by a theorem known as the ”double commutant theorem” (see [8]). The
double commutant theorem gives us a pairing of the irreducible sp(m) representations,
denoted E,, in P(M;,,,,) with the irreducible regular representations of the group O(n),
occurring in P(M;,,..). The pairing in this case is part of Roger Howe’s general duality
theory (see [10]). For a recent treatment of these results see [8]. As an O(n) x sp(m)

representation the space P(M,,,) is a multiplicity free space. Indeed,

P(M;y.,) =D E" @ B, (1.1)
w

In this light, the isotypic component of an irreducible O(n) representation has
the structure of an sp(m) representation. The irreducible sp(m)-representations in this
space are (infinite dimensional) unitary highest weight representations. The interesting
fact is that they have a structure which implies a new interpretation of the numbers bf).

There is a rich literature on the structure of these representations, much of
which can be traced back to [2]. A careful survey of this theory will give great insight
into the restriction problem. One reason for this opinion is a consequence of the following
line of reasoning. GL(n) acts on M, x,, by left multiplication while GL(m) acts by right
multiplication. As a GL(n) x GL(m) representation, P (M

«m) 1s a multiplicity free

space decomposing as,

P(M,) = P F* @ F? (1.2)
A

In the above decomposition, F* is the irreducible representation of GL(n,C)
with highest weight A\. Observe that if we restrict the action of the first GL(n) to the

orthogonal group and write out the decomposition, we obtain,

P(M;.) =P (@ bﬁE“) ® F* (1.3)

A\ g



Reordering the summands in the above leads us to a new decomposition of the

space on the left.

P(M;) =P (E“ ® P bﬁFA> (1.4)
1 A

GL(m) is contained in the commutant of the algebra generated by the image of
the O(n) action, thus we have an action of GL(m) on the modules E,. This deduction
gives an expression for the GL(m) decomposition of these sp(m) representations, E,,
). Indeed,

occurring in P(M; ..

E, =), F* (1.5)
A

This interpretation of the modules £, allows for the development of the stable
range of chapter 5 mentioned earlier. It is important to note the special case when
m = 1, gives the classical example of decomposing the polynomials on the standard
representation of O(n) into spherical harmonics. More specifically, let the Laplacian be

defined by,

A =
2
i=1 Oz

We now define the degree d spherical harmonics,
Hy(C") = {f € PIC)|A(S) =0}
We will abbreviate Hg = Hg(C™).

The fact that the spherical harmonics are contained in the polynomials on the

standard representation provides additional structure. In chapter 4 a theorem is proven
which implies a graded multiplicity formula for the spherical harmonics in the space H(p)
for both the (SL(n),SO(n)) and the (GL(n),O(n)) case of the Kostant-Rallis theorem.

In the former we have,

. 1+ t”q(g)
Z dim Homgo s cy(Hr, H(p)) ¢ " = 0 Tt
k,d>0 1§¢§n71( —q't?)

While in the latter we have,

1
dim Homo (y,c) (Hy, H(p)) ¢* t* = o
k,%z:o e [Ticicn1(1—q't?)



Chapter 2

Stable result

2.1 The Problem

Let’s recall the standard notation. Let M, denote the vector space of n x n
matrices with entries from C. Let GL, the group of invertible matrices in M,, and

denote by O,, the subgroup of GGL,, consisting of orthogonal matrices, that is,

On={g€GLylg"g=1}

Denote the ring of polynomial functions on M,, by P(M,). O, acts linearly on
M,, by conjugation, which gives a linear group action on P(M,,) by, g.f (X) = f(¢g~'Xg)
for g € O,, X € M,,. Let P(Mn)O" be the ring of invariants under this action. This

action does not change the degree of f so we have a grading,

P(My) = @Pd(Mn) (2.1)
d>0

where we take P%(M,,) to be the degree d homogeneous polynomials on M,,. This also
gives us a grading on the invariants of the action. Our problem is to find an explicit

form for the Hilbert series of invariants. Let,

Ha(g) =Y dimP4(M,) " ¢ (2.2)
d>0



Where: P(M,)°" denotes the space of invariant polynomials of homogeneous

degree d. For notation we will also define,

H(q,t) = Hp(q)t" (2.3)

n>0
Expressing these formal power series in a simpler form is the subject of this work. Specif-

ically, H,(q) is to be written as a rational function of the form,

ap + a1q+ asq® + - + ayq"
[Ti<ick (T —g%)

Where: k, r, a;, and e;, are non-negative integers depending only on n. In

Hn(q) = (2.4)

general, k is the Krull dimension of the ring of invariants. Or equivalently, the dimension
of the variety defined by the invariant polynomials without constant term.
Note that for n = 1,2, or 3 it is not hard to study the invariants directly because

the representations of the orthogonal group in low rank are well understood.

Mm@ = 1= 25)
1

Hs(q) = (Y (2.6)

Hi(g) = 'y (27)

(1=a)(1=¢*)?(1 = *)*(1 = ¢*)
We refer the reader to [20] for the highly non-trivial and interesting case of

SO(4).

2.2 Littlewood-Richardson coefficients

Irreducible regular representations of the group GL, (or for any connected
reductive linear algebraic group for that matter) are indexed by highest weight vectors.
The highest weight vectors for polynomial representations of GL, are in one to one
correspondence with non-negative integer partitions. For a detailed development see [8].
The irreducible regular representation of GL,, indexed by A = (A1 > Ao > A3 > --- > \,)
will be denoted by F*. The sum of the parts of a partition \ is denoted by |A|, while
the number of parts is [()).



10

Definition 1 Let F* and F” be irreducible GL,, representations with highest weights
and v respectfully. Define the coefficients {Nﬁ‘,}} by,

Fre P =N, F
A

The numbers N, /i\,v are called the Littlewood-Richardson coefficients. Although,
these numbers are often defined as the structure constants for multiplication of the Schur
basis of the ring of symmetric functions. We will discuss this point somewhat further
in chapter 5. In the following we will derive yet another characterization in terms of
representations of the symmetric group. This is a consequence of Schur-Weyl duality.

The irreducible representations of the symmetric group are in bijective corre-
spondence with the partitions of m. A precise indexing of the representations of .S, is
given by the Young symmetrizers (see [8], [4], [18], [17], [19], [11] etc.) So to each parti-
tion A of m we can associate an irreducible representation, Uy of S,,,. The correspondence

is implicitly stated in the following theorem:

Theorem 2 (Schur-Weyl Duality) S, acts on @™ C" by permutation of the tensor
factors while GL,, acts on the same space diagonally. As a GL, X Sy, representation we

have,

R'cr= P Feu (2.8)

A Al =m
AN <n

Where the Uy are irreducible representations of Sy,.

We now begin an argument establishing the interpretation of the Littlewood-Richardson
coefficients in terms of the representations of the symmetric groups. First we set m =

m1 +msy for some non-negative integers m; and msy and apply theorem 2 to @™ C" and

®m2 (Cn

®m1+m2(cn = ( @ FrFeU,) ®( @ F*®U,) (2.9)

ppl =my v v = mo
l(p) <n l(v)<n

Next we expand the product and view @™ "2 C" as a GL,, X GL, X Sy, X Spm, rep-

resentation.
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+
R M= P FrereU,el, (2.10)
w, v
|nl =mq
[v] = mg2
(), l(v) < n

Restrict the action of GL, x GL, to the diagonal GL, and decompose into
irreducible GL,, x Sp,, X Sm, representations. The isotypic component of the GL,

representation I then has the structure of an S,,,, x S, representation. That is,

®m1+m2¢3” = D N, (U, @ U,) @ F> (2.11)

My Vs A
[ul = ma, [v] = ma
Al = m1 +m2
L), W), l(v) < m
Of course we also view @™ T"2C" as an GL,, X Sy, +m, representation, and
then the isotypic component of the GL,, representation F* has the structure of an (irre-

ducible) Sy, +m, representation.

®m1+m2(cn _ @ U)\ ® F)\ (2‘12)

A A =mq + mg
I\ <n

We are lead to the following rule for restricting an irreducible Sy, {m, repre-

sentation to the subgroup S, X Sp,.

Sm1 +ma

Res U= P NLU.eU, (2.13)
Sy X Sms o
[ul =mq
[v] = mg

By Frobenius reciprocity for finite groups we can restate the above in terms of

induced representations as,

Sm m
Ind U eU, = P NALU (2.14)
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2.3 The symmetric pair (GL,,O,)

As an O, representation, the conjugation action on M, is equivalent to the
diagonal action of O, on the the space C" ® C™. This is a consequence of the fact that
the standard representation of O, is equivalent to its dual. In order to understand the
space P(M,) as a graded O, representation we will investigate the restriction of the
standard GL,, X GL,, action on C" @ C" to the diagonal GL,, (that is, {(g,9)|g € GL,}),
and then restricted to the group O,,. For this we will use the following special case of

the Carton-Helgason theorem.

Theorem 3 Let F* denote the irreducible finite dimensional representation of the group

GL,, with highest weight \. Then,

dim (F)‘)O” = 1 if X has all even parts.

= 0 otherwise

This theorem follows from the fact that (GL,,O,) is a symmetric pair, see
[8], chapters 11 and 12. So the dimension of the O, invariant space in P?(M,) can be
computed from a complete GL,, decomposition. We begin this program by asserting the
following result sometimes referred to as Cauchy’s identity or the Chauchy-Littlewood
identity (see [4]), but which is also an instance of Roger Howe’s theory of dual pairs (see

[10)).

Theorem 4 The standard action of GLyxGL,, on C*"®C" defines an action on P*(C"®
C") by,
(9.0)f (z®@y) = flg~ 'z h™'y)

for (g,h) € GL, X GLy, and f a degree d homogeneous polynomial function on C" @ C™.
Under this action the space of functions decomposes as,
/Pd(cn ® (Cn) — @ (F/\)* ® (F)\)*

AI(N) < n
Al =d

We will now need to restrict the action from GL,, x GL, to the diagonal GL,,.
This is exactly the problem of finding the decomposition of a tensor product of an

irreducible GL,, representation with itself.
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Using theorems 3, and 4, we can write an expression for the Hilbert series

defined in section 2.1 as follows,

PCroC = @ Fe ) (2.15)
pl(p)<n

= P FrermHon (2.16)
()<

= b NLEN (2.17)

ppil(p) L (v)<n

- D  NEH (2.18)

() L) <n

Note that 2A means double all the parts of A. Theorem 3 then implies,

Hiq)= >, Nod= > Njg¥ (2.19)

Awl(A),l(p)<n Al (A H(p)<n
The second equality is a consequence of the fact that if N, # 0 then |u|+|v| =
|A]. It is interesting to point out that, if p is a partition of n, and Niﬁ # 0 then A must
be a partition of n as well, hence A can have at most n parts. This implies the following

result.

Theorem 5 (Stability range for invariants) For d,n >0,
dmPY0) " < > N2 (2.20)
A Al=|pl=d
with equality holding if and only if d < n.

For d > n the exact dimension is a subject of investigation. Consider the formal

power series,

Z ,\ PEIRIEY
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[ ]

Figure 2.1: An element in Cy4

and for m > 0, set dp,(t) = H(q,t)|g» (which is a polynomial in the t with non-negative

integer coefficients. Now observe,

H(q,t) = > N2aggn (2.21)
Al (V) () <n
1 22 AL\
A
H(q,t)
— . 2.23
T (2.23)

2.4 A Combinatorial Result.

Equation 2.19 defines a generating function which is a rational function. This
rational function is what we wish to compute. Unfortunately, a closed form expression
is not available yet, however, if we drop the length conditions on the partitions A and p
something more can be said.

A directed cycle is a (unlabeled) cyclic graph with its edges oriented. That is,
an unlabeled directed graph with cyclic underlying graph. Let Cp denote the set of k
vertex directed cycles, and D,,, denote the set of (not necessarily connected) directed k
vertex graphs in which each component is a directed cycle. It is helpful to introduce
some easy terminology. Here we shall call a directed edge an arc. The arrow end of an
arc will be called the head, while the other end will be called the tail. Note that we will
allow the one or two arc cases, so an arc joining a vertex to itself is a directed cycle, as
well as the case of two arcs joining a pair of vertices. An example of an element in Cy is
shown in figure 2.1, while an example of an element in Dj; is shown in figure 2.2

The elements of D,,, are multisubsets of UC;. Set d,,, = |Dy,|, and ¢ = |C|. It
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Figure 2.2: An example of an element in D13

Figure 2.3: An example of an element in LDy

is instructive to check that,

> dng™=1]] <1 _1qk>0k (2.24)

m>0 E>1
LD, will denote the set of graphs from D,, with each arc labeled by an element
of the set {1,2,...,m} such that each label is used exactly once. An example of an
element in £Djg is shown in figure 2.3.
Let I, be the set of involutions on the set {1,2,...,7}, and let .TT be the subset
of I, consisting of involutions which do not have fixed points. Our strategy is to set

up a bijective correspondence between L£D,, and TQm, The bijective correspondence is
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11, 12 13 4 15 1 17 NJ18 19 20

Figure 2.4: Arcs between the vertices paired by the involution.

19 20
9 10

Figure 2.5: An arrow from vertex i to vertex i+n

proven shortly. First we illuminate the idea of the proof by an example. Consider the

involution,

(12)(34)(515)(6 8)(7 12)(9 20)(10 19)(11 14)(13 17)(16 18)

(Here we are using the disjoint cycle representation.) Now we will describe how

this involution corresponds to figure 2.3. Write the numbers from 1 to 10 in a row and

above them write the numbers from 11 to 20. Next, connect each number with its image

under the involution, as shown in figure 2.4.

In the diagram above draw and arrow from each number to the number directly

above it, see figure 2.5.

Each number in the top row labels the head of an arc, while each number in the
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9 e 20
12 4 <:>
19 0

5

16,9 18 15@

Figure 2.6: Collapsed arcs in figure 2.5

bottom row labels the tail of an arc. Next, identify the pairs of vertices in the diagram
whenever a vertex is connected to another. The resulting picture will be an element of
D1 which has each arc labeled by a pair (7,7 + 10), where ¢ labels the tail of the arc and
i+ 10 labels the head of the arc. See figure 2.6.

Note that nothing is lost if one relabels the arc (7,74 10) with just ¢. This com-

pletes the correspondence for this example. The following is a more precise description.
Lemma 1 There exists a bijective map © : LD,,, — fgm

Proof:
Given g € LD,, we will make an involution o € Lo as follows, pick k €
{1,...,2m}, we will define the value of o at k in two cases. The two cases are 1 < k <m

and m—+1<k<2m.

CASE 1: If 1 < k < m then find the arc labeled by k if the tail of arc k is attached to
the tail of arc j then define, (k) = j. On the other hand, if the tail of arc k is attached
to the head of arc j then define, o(k) = j + m.

CASE 2: If m+ 1 < k < 2m then find the arc labeled by k — m if the head of arc m — k
is attached to the tail of arc j then define, (k) = j. On the other hand, if the head of
arc k —m is attached to the head of arc j then define, (k) = j + m.
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It can be checked that o is an involution in Sa,,. We will now describe the
inverse correspondence. Given an involution o create an element of £LD,, by starting
with m non-joined arcs labeled with the numbers 1 through m. We will now use the
values of o(k) and o(k+n) to identify the vertices. Identify the vertices at the head and

tail of arc k and arc j according to the following four cases:

olk)=7j Identify the tail of arc k with the tail of arc j.
olk)=j7+m Identify the tail of arc k& with the head of arc j.
olk+m)=j Identify the head of arc k with the tail of arc j.
o(k+m) =7+ m Identify the head of arc k with the head of arc j.

Q.E.D.

The following theorem establishes that the polynomials d,,(t) defined in the

last section are a t-analog of the numbers d,,.

Theorem 6

1 c’“
%Niﬁqm' =11 (1 _ k)

k>1 q

Proof:
For a partition A of m, let Uy denote the irreducible representation of S;,.

Recall that the Littlewood-Richardson coeflicients can be defined equivalently by,

Sml +ma
Smy X Smy

Ind (U, ® U,) = P N, Ux (2.25)
A

Let AS,, denote the diagonally embedded copy of S, in S, X S;,. By relabeling
the letters in the second copy of S,, we will embed S,, X S,, in S9,,. Hence, view both
AS,, and Sy, X Sy, as subgroups of So,,. The representation of Ss,, induced from the
trivial representation of AS,, can be decomposed into irreducible representations as

follows:
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SZm SQm S’ITL X Sm
Ind 1 = Ind Ind 1 (2.26)
AS,, S X Sm AS,,
~ a2 Pu.ey, (2.27)
Sm X Sm ” g g
Som
= Pid (U, @ U,) (2.28)
L Sm X Sm,
= EBN;L\# Uy (2:29)
A

Note that here 1 denotes the trivial representation. The above computation first
uses the fact that induction of representations is transitive in equation 2.26. Then it is
observed that representations of the symmetric group are self dual (this is because every
permutation is conjugate to its inverse), so by Schur’s lemma we obtain, equation 2.27.
After noting that induction distributes across the direct sums, we use the (equivalent)
definition of the Littlewood-Richardson coefficients in 2.25.

Let 7 be the element of So,, with disjoint cycle representation

(12)(34)...(ii4+1)...(2m —12m)

Define H,, to be the centralizer group of 7 in Ss,,. Hy, is isomorphic to the Weyl group
By, (or Cy,). An important fact explained in [17], chapter VII, section 2 (page 402) is,

Ind 1= @ Usy (2.30)

Equation 2.29 and equation 2.30 lead us to a formula which is a consequence

of only Schur’s Lemma,
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Sm m
S N2 = dimHoms,, (Ind " 1,Ind " 1 (2.31)
H AS
A Al=|pl=m m m
. S2m S2m
= dim Homag,, | 1, Res Ind 1 (2.32)
ASp, H,,
ASm,
Som Som
= dim [Res 2" Ind *" 1 (2.33)
AS,, Hy,

The group AS,, acts on the left cosets of H,, in Sa,, by restricting the left coset
action of Ss,,. By 2.33, it is clear that the orbits of this action are to be enumerated. As
usual, let Sa,,/Hyy, denote the left cosets of Hy, in Sop,. AS,, acts on fgm by conjugation
and this action is equivalent to the left coset action of AS,, on Sa,,/H,,, by the following

correspondence:

b Som/Hym — In
cH,, — oTo !
A quick check will establish that the above bijection is defined. The remainder
of the proof is to establish a bijective correspondence between the orbits I~2m J/AS,, and
the set D,,, defined above. Observe that two involutions o7 and o9 are in the same orbit

under the action of AS,,, if and only if they correspond to two elements g1, gs € LD,
which are different labelings of the same unlabeled directed graph. Q.E.D.

Observe that the space ®*C™ = S2(C™) & A2(C™). So under the action of GLy,

we have,
S(R)C) = S(S2(C™) @ S(A2(C™))

s(s*cm)= g > (2.34)

wil(p) <n

s(ncm)y= @ F®r (2.35)

v:l((2v)¢) <n
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Here we use the notation, A° to denote conjugation A\. Combining the last two

results together we obtain the following decomposition as a representation of GL,,.

S<®2(<C”)> - P rrerr

((@2v)?) <n
I(p) <n

A A
= @D My

A, 1, v
(@)% <n
(), A <n

Then, find the O,, invariants as before by taking one invariant for each even A.

This approach leads to the following identity:

22 A 22 A
Z Nupd” = Z Noji(20)° (2.36)
A, @ A, o, v
1), 1) < (21)°) < n
(p),l(A) <n

Taking n to infinity gives another identity of formal power series.

Corollary 7

Ck
Sz = 3 Ml = I (1) 237
A

AtV k>1
It is interesting to note that there is a correspondence between elements of Cy,
and certain O,, invariant functions on M, given by the following description. Let C' € Cy.
Choose arbitrarily an arc Ay in C. Let {Ag, As, ..., Ar} denote the sequence of arcs tra-
versed clockwise from A;. Let f: M,, — C be defined by, f(X) = Trace (Hle fZ(X)>
Where:

)X If A; is oriented clockwise.
fi= XT If A, is oriented counterclockwise.
It is easy to see that these functions are O, invariant. Observe that the def-
inition is independent of the initial choice of A; because a cyclic permutation of the
variables will not effect the value of the trace. Also, we could have interchanged the

words clockwise and counterclockwise because the trace of a matrix is the same as the

trace of its transpose.
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2.5 An enumeration of C, and D,,

In this section we enumerate the set Cy, by computing a generating function. A
vertex in a directed cycle is called a sink vertex if the two arcs joined to it are pointing
into the vertex. A vertex is called a source vertex if the two arcs joined to it are pointed
away from the vertex. A vertex is called a flow vertex if one arc points into it and one

arc points out of it. Next, let

C,(:) = {c € Ci|c has i sinks and ¢ sources} (2.38)

So C, = U@-C,(:). Observe that the source and sink vertices alternate with flow
vertices scattered between them. For each directed cycle, construct a polygon whose
corners correspond to the source vertices, with each side corresponding to a sink vertex.
The flow vertices are then represented by ordered pairs of non-negative integers assigned
to each side. In order to enumerate these, we will use Burnside’s theorem by averaging the
fix point set cardinalities of the action of the dihedral group on such n sided polygons.
The generating function g, (z) in which z* records the directed cycles with exactly n
sources, n sinks and k flow vertices is,

PC) PR (i (2:39)

— x2 n
2(1—a22)  2n o (1—zd)d

The generating function in which the coefficient of 2™ is the number of directed

cycles with n vertices is then,

C@) = 3 gula)a® (2.40)

k>1
220

= > W Z : (2.41)

d)
n>1 (1—-=z T

It is interesting to see that the initial segment of the sequence {cy}r>1is 1, 2, 2, 4, 4, 9,
10, 22, 30, 62, 94, 192, 316, 623, 1096, 2122, 3856, 7429, 13798, ...

An initial segment of the numbers D,,, for m = 0...19 is, 1, 1, 3, 5, 12, 20, 44,
76, 157, 281, 559, 1021, 2005, 3721, 7237, 13631, 26433, 50297, 97543, 187129. In section
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2.3, we defined a t-analog of these numbers. This is what is currently being investigated.
The following table gives some initial data. The coefficient of tleolumn) g (row) i) H (q,t)

h row are the

is displayed for rows and columns from 0 to 9. Recall then that in the m!
coefficients of d,,(t) and the sum of the first n columns is the sequence of coefficients of

the formal power series expansion of H,(q).

1 0 0 0 0 0 0 00O
1 2 0 0 0 0 0 00O
1 2 2 0 0 0 0 00O
1 5 3 3 0 0 0 00O
1 5 7 4 30 0 00O
1 9 13 12 5 4 0 000
1 921 21 14 6 4 0 0 O
1 14 33 48 30 19 7 5 0 O
1 14 51 7 67 39 21 8 5 0
1 20 73 145 133 98 48 26 9 6

2.6 On the Hilbert Series of P(g)¥

2.6.1 The restricted adjoint representation

Let G denote a connected semi-simple linear algebraic group over C with Lie
algebra g and let 6 denote a regular involution with differential (also denoted) 6 : g — g.
Let K be the set of fixed points of § in G and let ¥ denote the Lie algebra of K. ¢
is a Lie subalgebra of g and under the adjoint representation of K, g = ¢ ® p where,
p={Xeglf(X)=—-X}.

Of course for the purpose of this work we are interested in the reductive case
of the pair (GL,(C), 0,(C), but for the time being we will take G to be the semisimple
group SL,(C) and K = SO,(C). 6 is inverse transpose, while its differential at the
identity is negative transpose. g can be taken as the the trace zero matrices, ¢ the skew
symmetric matrices and p the symmetric matrices in g.

Let V be a regular representation of K. As before we have a linear action of
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K on the polynomial functions on V. Semisimplicity of G implies that K is reductive,
and in the case of K reductive the ring P(V)¥ is finitely generated, but not necessarily
a polynomial ring. Also, we have that P (V) is a finitely generated module over P(V )X,

but not necessarily a free module. Two deep results are the following.
Theorem 8 (Kostant) P(g) is free as a P(g)® -module

Of course applying the theorem to €, we have that P(£) is free as a P(£)%

-module, but in addition we also have,
Theorem 9 (Kostant-Rallis) P(p) is free as a P(p)X -module.

The Chevalley restriction theorem gives that P(g)®, P(£)X and P(p)X are
1

=1 (1—q%)

Where the numbers d; are the degrees the algebraically independent generators. Let the

polynomial rings in which case the Hilbert series for each is of the form,

ideal generated by the K-invariant polynomial functions of positive degree be denoted by
Ty and for each d > 0 set Z& = P4(V) NZy and let H¢, be the K-invariant complement
of Z¢ in P4(V). Set Hy = @g>oHE. Another way to say theorems 8 and 9 is,

P(g) =P(a)" © Hq
P(e) = PO)K @ Hy
P(p) =P(p)" @M,
The goal of this work is to understand the Hilbert series of the ring of invariants,

P(g)X. One approach is to view P(g) as P(£) ® P(p) and then apply the above results

to obtain,

P)X =POF 2 Pp)X @ (He® H,)~

One way of carrying out this program might be to obtain a complete graded
decomposition of the spaces H, and Hg and then pair each representation of K with
its dual to find the invariants. The graded decompositions of He is given in [9], but
currently the graded decomposition of H, is not known for general (K,p). See [20], for

some important cases where such a graded decomposition is given. Because of this the
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program will be to first use the results in [9] to obtain a graded decomposition of Hg
into irreducible representations and then use the Cartan and Helgason theorem for the
multiplicities of K-invariants in irreducible G representations.

We will now recall a formula which gives the graded multiplicity of each irre-
ducible representation of G in Hgy. Fix, T, a maximal (algebraic) torus of G and b the
corresponding Cartan subalgebra of g. Let | = dimT. Let ® denote the root system of
T acting on G. Choose a system, ®T, of positive roots in ® and let A be the simple
roots in ®*. Let W (G, T) = W be the Weyl group of T in G acting on h. If a € ® then
Sa € W denotes the reflection about the hyperplane o = 0 in . Let p = %Zaeqﬁ a (as
usual). Next, we will define Lustig’s g-analog of the Kostant partition function which
is a function p, on h* taking values in the ring of polynomials in ¢ with non-negative

integer coefficients.

. =Y pal)e ¢ (2.42)

HOLG‘I)+ 1- qeia £ehx

For any vector A € h* define the function,

Lx(@) = sgn(s)pg(s(A +p) — p).
seW

Theorem 10 (Hesselink) If p is a dominant integral character of T we denote by
F* the irreducible finite dimensional representation of (of the simply connected covering

group of ) G with highest weight . Then,
L,(q) =) _dim Homg(F", HJ) ¢ (2.43)
d

Here we quote the Cartan, Helgason theorem which asserts that the dimension
of the space of K-invariants in the restriction of an irreducible G-representation, F* is

at most 1. Define

1(G, K) = { € P (g)| dim (F1) =1}

With this in mind, we are lead to a (not so closed) formula for the Hilbert series

of the invariants,
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Hilb, P(g)* = Eﬁi(jﬁﬁqz()q ) (2.44)

The above hints at an algorithm to compute the Hilbert series of P(g)%. For
the cases of (GLy,O,,) and (GL,, SO,), I have implemented this algorithm.

2.7 O,-stability of the tensor algebra

Define the formal series,
m On
To(q) = > dim ()" End(C)) "
m>0

We will let the GL,, decomposition of Q" C™ be defined by the numbers f),

Rcr= p nHe (2.45)

(AN <n
[Al =m

Schur-Weyl duality implies that f) is the dimension of the irreducible S, rep-
resentation indexed by A. Again, we will find the dimension of the O,-invariants by

theorem 3, and obtain,

T(g)= > farg™ (2.46)

Al(A)<n

Theorem 11 For m,n > 0 we have,

m On 2m)!
dim ((X) End(@")) < 2m) (2.47)
with equality if and only if m <n

Proof:

dim(@mEnd(Cn)>On _ dim< m(@n®(cn)*))on
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From the theory of representations of the symmetric group, fs) is the number of
standard tableaux on the shape 2A. The RSK algorithm gives a correspondence between
pairs of standard tableaux (of the same shape) and permutations (see [4], chapter 4).
The involutions are sent to the diagonal pairs via this correspondence (see [4], page 52),
moreover the number of odd columns is the number of fixed points in the involution. We

can conjugate all of these to change column parity conditions to row parity conditions.

dim (@mEnd(Cn))o" = >

A A|=m,l(A)<n
< > fa
A A|=m
= ‘TQm’
(2m)!
2m m)

Observe that the above inequality is actually an equality if and only if m <n. Q.E.D.
It is important to note that the above proof gives an algorithm for computing

the exact dimension, by using the hook length formula for fs).



Chapter 3

Branching

3.1 Restriction of representations

We address the problem of decomposing an irreducible GL(n) = GL(n,C) rep-
resentation into irreducible representations of the orthogonal subgroup, O(n) = O(n,C)
or in the case n = 2k, the rank k symplectic group, Sp(k) = Sp(k,C). In general this
the problem of decomposing an irreducible representation of a group into irreducible
representations for one of its subgroups is called branching. From the Weyl character
formula, one can derive very general formulae in terms of partition functions, see [8]
chapter 8. There are quite a few sources in the literature involving branching problems.
Some of the most recent papers are [7], and [6]. Although the problem is address much
earlier. In [15] and [16], Littlewood refers to the work of Schur and Frobenius. The
physics literature also has a wide variety of treatments, see [3].

[5] has a section on branching rules. However, some of the hypotheses are not
strong enough in certain theorems. For example, the rules for branching from GL(n,C)
to O(n,C) in formula (25.37) on page 427 in [5] has the following counterexample: The
square of the determinant is an irreducible GL(n, C) representation which restricts to the
trivial representation of O(n,C). The stated formula indicates that the restricted repre-
sentation should contain irreducible components which have dimension greater than 1.
If one adds the requirement that the partition indexing the GL(n, C) representation has
at most | 5] parts then this example is removed. Littlewood indicates this assumption in

[16]. This example indicates that some care must be given when attacking this problem.

28
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In particular, one should expect to find formulas which work only in certain ranges. I
will refer to such a range as a stable range.

The representations will in general be regular representations in the category
of linear algebraic groups. This is to say that, the matrix coefficients are rational func-
tions of the entries in GL(n,C) where the denominators are powers of the determinant.
Indeed, the ring of matrix coefficients is isomorphic to the ring of polynomials in n?
variables localized at the determinant. In this category the irreducible representations
are indexed by dominant weights. The over all structure of this chapter is to describe
first and indexing of the irreducible representations of the groups involved (even the dis-
connected case of O(n)). Then we introduce Howe duality for the pairs (GL(n), GL(m)),
(O(n),sp(m)) and (Sp(k), so*(2m)). Using the Howe duality theorems will will prove
the Littlewood restriction rules for the pairs (GL(n),O(n)) and (GL(2k), Sp(k)).

3.1.1 Irreducible Representations of GL(n)

For any integer partition A = (A1,...,\y), let F(;\l ) be the irreducible regular
representations of GL(n) indexed in the usual way by highest weights, Aje1 + -+ Anen.
Where the e; denote the standard linear functionals on the diagonal Cartan subalgebra

of the Lie algebra gl,,(C). That is,

a1y, 0 0 ... 0 |
0 ago 0o ... 0
R e s
0 0 0 ... apn |

Note that if it is clear which group we are dealing with, we will usually omit
the (n) subscript from our notation. If \,, > 0 then we will say that F* is a polynomial
representation. This terminology is motivated by the fact that the matrix coefficients are
in fact polynomial functions in this case. Polynomial representations are not closed under
duality, while regular representations are closed. We consider polynomial representations
for a convenience of notation. Branching to the orthogonal or symplectic groups is
essentially the same in either category because every regular representation of GL(n) is
a polynomial representation if we tensor with a sufficiently high positive integer power

of the determinant.
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3.1.2 Irreducible Representations of Sp(k)

{V#}, will be representatives of the equivalence classes of irreducible regular
representations of Sp(k, C). As with the GL(n, C') case we will index this by non-negative
integer partitions in which each v corresponds to an irreducible regular (or polynomials

in this case) representation of Sp(n) with highest weight pie; + -+ + ppeg.

3.1.3 Irreducible Representations of O(n)

{E#},, will be representatives of the equivalence classes of irreducible regular
representations of O(n,C). We can again take the index set to be non-negative integer
partitions with at most n parts as described in [8] chapter 10. We will repeat the
indexing here. Let @ be the symmetric nondegenerate bilinear form defining the complex

orthogonal group.

Let
-2
Cij ®m(cn - ®m =
Defined by:
Cij(1 @+ Qui @ QU ® -+ Qvm) =
Qi vj) V1 ® -+ B V1 ®VH1 ® QU1 B V41 @ @ Uy
Let

H(®mcn) = m ker Cij

1<i<j<m
For each A with |\| = m and I(\) < n we can choose a representative, F'* for
the irreducible GL(n) representation with highest weight A\ as a subspace of @"C".
This tensor space decomposes by Schur-Weyl duality as,

R'cr= P Foeu

A A =m
I\ < n

Where Uy is an irreducible representation of the symmetric group on m letters,

Sm- See chapter 2 for more comments on this decomposition.
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Given a partition A = (A > --- > A\, > 0) with |A] = m and {(\) < n,
set BY = F* N H(®™C"). Denote by X¢ the conjugate partition of X\. That is to
say the partition with its i part defined by X{ = #{j : A; > i}. If X is such that
A§ 4+ A§ > n then B = (0). In the case that A\§ + A§ < n, E* will be an irreducible
representation of O(n,C). It is the case that all irreducible regular representations of
O(n,C) occur as invariant subspaces of tensor powers of the standard representation. As
a consequence of this fact, every irreducible regular representation of O(n) corresponds
to a unique partition A\. The proofs of these facts can be found in [8], chapter 10. In
particular, we have the decomposition of the harmonic tensors into irreducible O(n) x S,

representations,

HE = P Eou

A Al =m
A +A5<n

Note that because O(n, C) is not a connected group we do not index represen-
tations by highest weights. Next we will describe how representations of O(n) indexed
in this way decomposes into irreducible representations for SO(n) where we do describe

the representations by highest weights.

Branching from O(n,C) to SO(n,C)

In chapter 5 of [8] the irreducible O(n) representations are obtained from the
fact that SO(n) is an index two subgroup of O(n). This implies that the irreducible
representations of O(n) either remain irreducible when restricted to SO(n) or decompose
into two irreducible representations of SO(n). We will now describe this in terms of the

above parameters.

Proposition 12 ((O(n), SO(n)) branching, see [8]) Let E* be an irreducible repre-
sentation of O(n,C) indezed by a non-negative integer partition, A subject to the condi-

tion that A{ + A5 < n. (A partition satisfying this condition will be called admissible.)

Set:

_ O(n,C)
V= Resso(n’(c) FE
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Case 1: n = 2r and l(\) = r then the representation V is reducible with two irreducible

components with highest weights,
Ater + -+ Ao1er—1 + ey

and,

Arer + -+ Amiep—1 — ey

Case 2: I(\) # r then for all n the representation V is irreducible with highest
weight,
Arer+ -+ Apmrer—1 + Avey

Remark: The proof of this theorem is contained in chapter 5 of [8] together
with the comments about the indexing of the O(n) representations found in chapter 10.

Let A and p be partitions such that,

o My tur=n
o )\, = p; for all ¢ such that 2 <i<n

A pair of partitions satisfying the above two conditions will be called associates.

Corollary 13 (Associate partition theorem, see [8] chapter 10)
As representations of SO(n),

o) A ~ O(n)
Resso(n)E & ResSO(n)E“

if and only if A and p are associates.

3.1.4 Branching Coefficients

For a non-negative integer partitions A and u, define the non-negative integers

bf; to be the multiplicity of E* in the representation F* restricted to the orthogonal

group.
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As Sp(k) € GL(2k), we can view an irreducible representation of GL(n) as a
representation of Sp(k). In the space manner, let cf; be the multiplicity of V# in F*
restricted to Sp(k).

By Schur’s lemma we have:

A 1 GL(n) 1\
b, = dim Homoy) (E“, Res O(n) F )

N GL(2k) -\
e, = dunHomSp(k) <VM7 Res Sp(k) F )

3.1.5 Littlewood’s Restriction Rules

Given integer partitions, p = (u1 > -+ > pp), A = (Ay > -+ > A\,), and

v=(v1 >+ >1y), define the classical Littlewood-Richardson coefficients Nli"y by,
N}, = dim Homgr, ) (F, F* ® F")

Littlewood’s restriction formula for O(n)

If v is a partition then set 2v to be the partition obtained by doubling each

part of v.

Theorem 14 (See [16]) Ifr = [§], and A= (A1 > --- > A\, > 0),
then for = (1 > -+ > pr > 0),

L(n)

dim Homg ) (E", Res g(n)

F)\) — N}\

vil(v)<r
Littlewood’s restriction formula for Sp(k)

If v is a non-negative integer partition then (2v)¢ is a non-negative integer
partition with even columns in its Young diagram.

Littlewood’s restriction formula for Sp(k) asserts:
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Theorem 15 (See [16]) For A= (A1 > --- > \; > 0),
then for p = (p1 > -+ > pig),
: GL(2k
dim Homsp(k)(v“, Res Sp((k) )F)\) = Z N()\QV)C7M
v:l((2v)e)<k
The goal of this work is to give a proof of the above formulae by using the

structure theory of infinite dimensional highest weight modules.

3.2 Howe duality

3.2.1 Howe duality for the groups (GL(n), GL(m))

Theorem 16 (Howe duality A-A) GL(n) acts on Myxm by left multiplication and
GL(m) acts by right multiplication. As a GL(n) x GL(m) representation, P(M},,) is
multiplicity free space decomposing as,
P(Miw)= D Foy®F.,
Adl(N)<min(n,m)
Corollary 17 All irreducible polynomial representations of GL(n) occur as invariant

subspaces of the left multiplication representation on P(M; ).

Corollary 18 All irreducible regular representations of O(n) occur as invariant sub-

spaces of P(M},.,)

Corollary 19 All irreducible regular representations of Sp(k) occur as invariant sub-

spaces of P(M3y...1.)

Let ATLL’m be the algebra of operators in End(P(M;:,,)) generated by the image
of the representation of GL(n).

Let Aff,, be the algebra of operators in End(P(My,,)) generated by the image
of the representation of GL(m).

Part of the Howe duality theorem (in full form) is the assertion that the com-
mutant of the algebra Aﬁ,m is the algebra Aﬁm and that the commutant of the algebra
AEis the algebra AL
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3.2.2 Howe duality for (O(n), sp(m))

Consider the representation of O(n) defined by matrix multiplication on M, .,
from the left. We then have a left (linear) action of O(n) on P(M},,,). For 1 <i<j <

m, the algebra of operators commuting with the algebra generated by the image of this

representation has a generating set defined in terms of the following operators:

- 0
B = Thi
! Zl "0z,
n
82
Ai =
K ; x5 ;025

n
My = ) wsts;
s=1

Let Cp m be the algebra of operators in End (P(M,xm)) commuting with the
image of the left action of O(n).

The above operators generate the algebra of linear operators commuting with
the O(n) action. Under the usual bracket, the vector space span of the operators
{M;;, Eij + 50i5, Ai;j} has the structure a Lie algebra isomorphic to the rank m sym-
plectic Lie algebra, sp(m) = sp(m, C).

The double commutant theorem gives us a pairing of the irreducible sp(m)

modules, denoted E,, in P(M;;,,,) with the irreducible representation of the group O(n),

nxm
occurring in P(M;,.). The pairing in this case is part of Roger Howe’s general duality

theory see [10]. For a recent treatment of these results see [8]. We quote the result here:

Theorem 20 As an O(n) x sp(m) representation the space P(M},.,.) is a multiplicity
free space. That 1is,
PO = @ BB,
pl(p)<min(L5],m)
In this light, the isotypic component of an irreducible O(n) representation has
the structure of an sp(m) module. The irreducible sp(m) modules are infinite dimensional

highest weight modules.
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The interesting fact is that the structure of these modules gives insight into the
computation of the branching coefficients described in subsection 3.1.5. These facts will

be discussed further in section 3.3.

3.2.3 Howe duality for (Sp(k), so*(2m))

Consider the representation of Sp(k) defined on Msg ., by matrix multiplica-
tion on the left. We then have a locally finite dimensional representation of Sp(k) on
P(M,.,,). For 1 <i < j < m, the algebra of operators commuting with the algebra
generated by the image of this representation has a generating set defined in terms of

the operators,

0? 0
Di i = -
/ (aws,z'@fb’(k+s),j O0xs j 31‘(k+s),i)

M- 1M+

Sij = (T, (hts),j — TsjT(k+s),i)

I
_

S

And, recall that for all 1 <4,j < m we defined:

2%k P
E;; = Z Tsig—
s=1 Ls,j

Let Dy be the algebra of operators in End (P(Magxm)) commuting with the
image of the left action of Sp(k).

As with the (O(n),sp(m)) case, the above operators generate the algebra of
operators commuting with the Sp(k) action. Under the usual bracket, the vector space
span of {M;;, Ay} for 1 <i < j <nand Ejj+kd;; for all 1 < 4,5 < m has the structure
a Lie algebra isomorphic to the Lie algebra so(2m,C). This is a Lie algebra over C,
which is the complexification of the real Lie algebra so*(2m).

The double commutant theorem gives us a pairing of the irreducible Sp(k)
representations and irreducible so(2m) modules that occur in P(Mj,,,.). Denote the
50(2m) modules by V},. The pairing in this case is again part of Roger Howe’s general

duality theory.



37

Theorem 21 As an Sp(k) x so(2m) representation the space P(Ms,.,.,..) is a multiplicity

free space. That 1is,
P(Mim)= P V'OV
wl(p) <min(k,m)
In this light, the isotypic component of an irreducible Sp(k) representation
has the structure of an so(2m) module. The irreducible so(m) modules are infinite

dimensional highest weight modules.

3.2.4 A change in the order of summation.

Recall A,, 1, the centralizer algebra of operators commuting with the left GL(n)

action on P(Mj; ,,,). From theorem 16 we have,

PMin) = O Foy@
AN <min(n,m)

We will restrict the action of the GL(n) in the above to the orthogonal group

and write out the decomposition,

P(M; ) = D (@ ngu) o P>

A 1
In the above sum, g runs over non-negative integer partitions with at most

r = | §] parts. Upon reordering the summands in each of the decompositions we obtain,

P(M;y) = P (E“ 2P bﬁFA>
A

0

The sp(m) modules, E, are representations of the O(n) centralizer algebra,
Cnm in End(P(M},,)). Observe that .A,If;m C Cp,m because O(n) C GL(n). The image
of GL(m) is then contained in the algebra, Cy, ;. This implies that £, is a representation
of the group GL(m). We shall call this representation the right representation of GL(m)
on E,.

In the same way, consider the case where n = 2k and restrict the action of

the GL(2k) to the symplectic group and write out the decomposition after reversing the
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order of summation.

P(Msp) = P (V“ P Cf‘LFA>
A

1

In the above, p runs over all partitions with at most min(k, m) non-zero parts,
while A runs over all partitions with at most min(2k, m) non-zero parts. The so(2m)
modules, V,, are representations of the Sp(k) centralizer algebras, Dy ,,,. Observe that
Aok C Dy because Sp(k) C GL(2k). Hence the image of GL(m) is contained in the
algebra, Dy, ,,. This implies that V), is a representation of the group GL(m). Again, we
shall call this the right representation of GL(m) on V.

This gives an expression for the GL(m) decomposition (under the right action)

of the sp(m)-modules, E,, as well as the so(2m)-modules, V,, occurring in P(M;,,.)-

Proposition 22 ((O(n),sp(k)) case) As a GL(m) representation under the right ac-

tion, an sp(m) representation E,, occurring in the space P(M;m) decomposes as,

E, = b
Adl(A)<min(n,m)
Proposition 23 ((Sp(k), so*(2m)) case) As a GL(m) representation under the right

action, an so(2m) representation V,, occurring in the space P(Msy,. ) decomposes as,

V.= @ czF)‘

Al(AN)<min(2k,m)
3.3 Generalized Verma Modules

In this section we will show how the results of Enright, Howe and Wallach (see
[2]) imply that in a certain stable range the modules E,, and V,, have a special structure.
We will use these results to give another proof of the the Littlewood restriction rules.
In the most general situation, let G be simple real Lie group with a subgroup K such
that, (G, K) is a Hermitian symmetric pair. Let go be the Lie algebra of G, while g
denotes the complexification of gg. Let €y be the Lie algebra of K, and again let £ be the
complexification of &y. Let gg = &y @ po be the Cartan decomposition. Let g =€ p be
the complexified Cartan decomposition. hy C €y will denote a Cartan subalgebra. Our

assumptions imply that hy C go and is a Cartan subalgebra for gy as well. § will denote
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the complexification of hy as before. Let b be a Borel subalgebra containing t such that
q = ¢+ b is a parabolic subalgebra of g. ® = ®(g,h) will denote the roots of g with
respect to b.

&t = T (g, b) will denote the positive roots. Let ®. be the roots of (€, §). We
call these roots, compact roots, while the remaining roots of g will be denoted by &,
and referred to as noncompact roots. Set ®F = &+ N &, and &} = T N P,,.

For a dominant weight A € b, let F* be a irreducible ¢ module. Now,
N(\) =U(g) Qu(q F*

. We will call N(A) a generalized Verma module. Define:

P+_:: jg: Ja

acdt
=) g
ae@ﬁ
Both p* and p~ are £ invariant subspaces. As a -module we have g = p~ ®eDp™.

This implies that as a &-module,
NN =Sp ) e FA

Let the irreducible quotient of N(A) be denoted by L(A). The goal of this
section is to use a sufficient condition of when N(\) = L(\) and use this fact to prove
the Littlewood restriction rules.

For A € h*, and o € P set

2(A
)\a: <,Q{>

(@, q)

Let 3 be the unique maximal noncompact positive root of g. Let h] be the span of
®.. By the assumptions on (G, K), b has codimension 1 in h*. That is, £ has a one
dimensional center. There is then a unique choice ¢ € h* so that, ¢ is orthogonal to ®.

and (g = 1. Equivalently,

(€.5) = 5(6.8)
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A
Y

Figure 3.1: Ao+ 2¢ for z e R

The span of ¢ is a complement to £]. Each highest weight A is a point on a line

defined by Ay + z{ where )\ is normalized so that:

<)‘O+pvﬁ> =0

A is then determined by Ag and z by either of the two equivalent conditions,

(¢,p) (3.1)
(8,8)
2

A+p,0) =

z
z

Theorem 24 (Enright, Howe, Wallach [2]) The set of real numbers z with L(\g +

2() a unitarizable g-module is given in figure 3.1.
o The set includes the half line ending at A(\o).
o The discrete series representations of G correspond to values z < 0
e The limit of the discrete series corresponds to z = 0.

o The smallest value of z with N (Ao + 2C) reducible is z = A(Xo. We call A(\g) the

first reduction point.

e In addition to the half line there are a number of equally spaced points in the set

ending at B(\o).

Remark: In particular, if z < A(\g) then N(A) = L(A). The fact that we shall
need is that since A(Ag) > 0, we have that if z < 0 then N(\) = L(\).

From the Howe duality theory we have that the modules V), and F, are irre-
ducible modules. It is the case that they are in fact unitary highest weight modules (see
[2]). The question answered by the above theorem is: When are the modules generalized
Verma Modules? We consider the two cases g = so(2m) and g = sp(m) and give a

sufficient (but not necessary) condition for when this happens.



41

3.3.1 The so*(2m) case.

go = so"(2m)
g = so(2m,C)

¢t = gl(m,C)
pto= A%CM)
= ACT
- D,
o = {ei—ejll1<i<j<m}
dF = {eit+ejll<i<j<m}

= e1+ey

B
p = (m=—1,m—-2m-3,...,2,1,0)
¢

Proposition 25 For the Sp(k) x so(2m)-decomposition,

P(Ms;,..) =EPvrev,
where the direct sum runs over non-negative integer partitions,

o= (pa, 2, - k)
with | = min(k, m) non-zero parts, the highest weight of V,, is the m tuple:
p=(=k,...,—k,—k—py,...,—k— 1)

The highest weight of the Sp(k) representation is the k tuple:

w= (g1, p,0,...,0)

Proof:
This proposition is a form of the well known Howe duality theorem mentioned

earlier. We indicate below enough detail to determine the explicit parameters.
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For 1 <i < min(2k, m), define:

r11 T12 ... T1g
ro1 T2 ... T
w; = Det
L Tl T2 e Tii ]
Let
M1 p2, H2—H3 HPm—1—"Hm 1
Uy = Wy Wy W wmm

In [2] p. 124 the vector v, is a highest weight vector relative to the chosen
positive system with highest weight fi. Furthermore, let T' be the usual diagonal torus
for the groups Sp(k,C). For t = (t1,...,t;) we have to, = t{* ... t{* v,. And it can
be checked that v, is killed by the positive nilpotent part of the Lie algebra of Sp(k, C).

This means that v, is a highest weight vector for both actions. Q.E.D.
Let:
U 2k¢
= (k,ky... k)
————
m k’s

Proposition 26 As a gl(m,C) representation under restriction, the so*(2m) generalized
Verma module,

N(=k,....—k,—k—ju,...,—k— )

is equivalent to P(A2(C™)*) @ F~H @ F~1
Proof: This follows from the definition of a generalized Verma modules and
pm=A2CT)

Q.E.D.

Remark: In the above, F'~" is the one dimensional representation of the com-

plex Lie algebra gl,,(C). This representation is equivalent to —k T'r(X). In the case that
N(f1) = E, then it is a representation under the right action of GL(m). Note that the
differential of the right action of GL(m,C) on E, is not equivalent to the restriction of

sp(m, C) to the Lie subalgebra gl,,,(C). However, we do have the following,
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Proposition 27 If V), has highest weight,
p=(=k,...,—k,—k—py,....,—k— 1)
and V, = N(f1) then under the right action of GL(m) we have,
V, = S(A*(C™)*) @ F*
Proof: The action of the Cartan subalgebra,
h C gl(m,C) C so(2m,C)

defined by the differential operators Ej;; 4 kd; ; differs by k Id,, from the action of the
Cartan subalgebra,

b C Lie(GL(m,C))
defined by the differential of the right action of GL(m, C). Q.E.D.
Proposition 28 In the decomposition, P(My; ) =D VF @V,
VM = N(_k_ukav_k_ul)
= L(_k_:uk77_k‘_:u1)
Proof: Recall first that in this example, p = (k — 1,k —2,...,0). So,
A p=(—k—pg,—k— pg—1,...)
th—1,k-2,...)
= (= — 1, —pg-1—2,...)

For this example, 3 = e; + e2. So,

2(A +p, )

z = —

(3,8)
= (A+pB)

= —Hk — k-1 — 2

The result follows from Theorem 24. Q.E.D.
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Proposition 29 ([8] chapter 5) As a GL(k) representation
S(A2(CF)) is a multiplicity free space in which an irreducible representation FV occurs
if and only if v has each part repeated an even number of times. That is, the Young

diagram has even columns.

Corollary 30 The multiplicity of the GL(m) representation F*,
in S(A2(C™)) @ FH is,

Z N(/\2V)C,#

vil((2v)e)<m

Proof: Tensor every irreducible component of S(A%(C™)) with F*. Q.E.D.

A proof of Littlewood’s restriction rules for Sp(k)

Let
A=A > > >N >0)

p=(p1>p2 > > p >0)

be non-negative integer partitions with at most k parts and set [ to be the following

vector in C¥,

/]:(_k_:u'k’?"'a_k_ul)

e By definition cf; is the multiplicity of the irreducible representation V* in the GL(k)

representation F*.

. cf; is the same as the multiplicity of the GL(k)-representation F* in the so(2k)-

representation V), by Proposition 23

e V), is an irreducible unitary highest weight representation with highest weight £ by
Proposition 25. Hence, V,, = L(f).

e V# occurs in the space P(Ms, ;) by Corollary 19.
e V), occurs in the space P(M;, ;) by Theorem 21
o If L(fi) occurs in P(Ms; ;) then L(fi) = N(ji) by Proposition 28

e As aright GL(k) representation, V,, = S(A%(CF)) ® F* by Proposition 27



e The multiplicity of the irreducible representation F* of GL(m) in

S(A*(CH) @ F*

A

is ¢;, and by Proposition 30 this number is:

Z N()QV)W

v:il((2v)e)<m

3.3.2 The sp(m) case.

go = sp(2m)
g = sp(m,C)
t = gl(m,C)
pto= s*Cm)
pmo= sHCmy
= Cp,
dF = {ei—ejll<i<j<m}
of = {e;+ell<i<ji<m}

B = 2e
p = (mm-—1m-—2/...,3,2,1)
¢ = (L,1,...,1)

For this section let r = [ 5] and I = min(r,m).

Proposition 31 For the

O(n) x sp(m)-decomposition,

P(M;:,,) =EPE"®E,

45

Q.E.D.
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where the direct sum runs over non-negative integer partitions p with | non-zero parts,

the highest weight of E,, is:

. n n n n
:u’:(_57"'7_57_5_,“[7"'7_5_lul)
Proof: For 1 <i < min(n,m),
r11 I12 ... T4
xro1 I29 ... T
w; = Det
_l'il Py Tiq ]
Let
_ —_ Am—1—A
vy = Wil T2 T Am A

In [12], p.23 prop 6.6 we have that the vector v; is a highest weight vector
which under the action of the O(n, C) generates an irreducible representation of O(n,C
isomorphic to E*. Q.E.D.
In the next proposition we will denote by 7 the partition in which each part is

equal to 5. That is,

il
Il
0|3
N

n n
= Gogrery)
| S ————

S

3

Proposition 32 ((O(n),sp(m)) case) As a gl(m,C) representation under restriction,

the generalized Verma module,

n n n

n
N
( 27 ) 27 D) M, ) /’Ll)

s equivalent to
P(S*(C™)*) @ F* @ F1

Proof: This follows from the definition of a generalized Verma modules and
p— —_ SQ(Cm)*

Q.E.D.
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Remark: In the above, F is the one dimensional representation of the complex
Lie algebra representation equivalent to § T'r(X). This is not the differential of a group
representation of the GL(m,C). However, in the case that N(fi) = E, then it is a
representation under the right action of GL(m). Note that the differential of the right
action of GL(m,C) on E, is not equivalent to the restriction of sp(m,C) to the Lie

subalgebra gl,,,(C). Although we do have the following,

Proposition 33 In the case that, E, has highest weight

i=(—2 n._n n )
n= 97 ) Ky -ey 2 M1

2 2
and E,, = N(fi) then under the right action of GL(m) we have
E, = S(S*(C™) ® F*
Proof: The action of the Cartan subalgebra,

b C gl(m,C) C sp(m,C)

defined by the differential operators Ej; + 56;; differs by 5 I, from the action of the

Cartan subalgebra,

b C Lie(GL(m,C))

defined by the differential of the right action of GL(m, C). Q.E.D.

Proposition 34 Let r = |§]. In the decomposition,
P(M;,) =P E" x E,

n n

E, = N(—g—u,«,...,—§—,u1)
n n
— (-,
( 9 Mo ) 92 Nl)

Proof: Recall first that in this example, p = (r,r — 1,...,1). So,

n
A p=(—2 —p,..)

2
+(r,r—1,...)

n
=(r———ly,...)

2
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For this example, 8 = 2e1. So,

L = 2A+p0)
(8,8)
_ A+ph)
2
_ 2(r — 5 — pr)
2
23 -3 )
2
n n
= L§J T Mo
< 0
The result follows from Theorem 24. Q.E.D.

Proposition 35 (see [8] chapter 5) As a GL(m) representation
S(S2(C™)) is a multiplicity free space in which an irreducible representation FY occurs

if and only if v has even parts. That is, the Young diagram has even rows.
Corollary 36 The multiplicity of the GL(m) representation F* in
S(S*(C™)) ® FH

18,

> Moy

vil(v)<n

Proof: Tensor every irreducible component of S(S?(C™)) with FX. Q.E.D.

A proof of Littlewood’s restriction rules for O(n)

Let r = 5]
)\:()\12)\22...

Y

Ar

Y

0)

v
v

po= (1 > p2 > > pp >0)

be non-negative integer partitions with at most r parts and set i to be the following

vector in C",

- n n

H:(—g—ﬂrw--a_g—ﬂl)
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e By definition bf; is the multiplicity of the irreducible representation E* in the GL(r)
representation F*.

° bf; is the same as the multiplicity of the GL(r)-representation F* in the sp(r)-

representation £, by Proposition 22

e I, is an irreducible unitary highest weight representation with highest weight [

by Proposition 31. Hence, £, = L(ji).
e EF occurs in the space P(M,; ) by Corollary 18.
e E, occurs in the space P(M,, ) by Theorem 20
e If L(f1) occurs in P(M, ) then L(ji) = N(f1) by Proposition 34
e As aright GL(r) representation, E, = S(5%(C")) ® F* by Proposition 33
e The multiplicity of the irreducible representation F* of GL(r) in
S(S*(CT)) @ F*

is b;\L and by Corollary 36 is also:
> Mo
vil(v)<n

Q.E.D.

In conclusion, we point out that the techniques employed in this chapter are
somewhat more general than what we have actually used. In the research following this

thesis we will give stronger branching rules as further applications of this same theory.



Chapter 4

Spherical Harmonics

4.1 Spherical Harmonics

4.1.1 Classical Setup

Let {z;}"_; be the coordinate basis of the vector space (C™)" and (x,x) the

standard non-degenerate bilinear form on C" with respect to this basis, ie:
(i, 5) = 0i;

Using this form we will identify C™ with (C™)*. P(C"™) will denote the ring of polynomial
functions on C™. This ring is graded by degree, so take P4(C") to be the degree d
homogeneous polynomials. Hence,

P(C") =P PHCm)

d>0

For x € C", set Q(x) = (x,z). Q is a quadratic polynomial function on C". Let the
subring of P(C™) generated by @ be denoted by C[Q]. As usual, let the Laplacian,

Define the degree d spherical harmonics,

Hy(C") = {f € PAOIA() =0}

20
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We will abbreviate Hy = Hy(C™), and set
H(C") =P Hy
d>0
O(n) will (specifically) be the subgroup of GL(n) consisting of orthogonal matrices with
respect to Q. GL(n) acts linearly on C" by the standard representation, so let P(C™)°()
denote the subring of O(n)-invariant polynomial functions. For the classical theory of
spherical harmonics refer to [8]. The part of the theory we require is summarized by,
P(C™) = P(C")°™ @ H, and P(C")°™ = C[Q]. As mentioned in the last chapter a

list of operators which generate the commutant of this action are,

A =
Z dx;®
=1
n
n 0
E = Z L
2 + N i 81‘1
=1
n
M = Z:EZQ
=1

The above operators span a vector space which under the usual Lie bracket is a Lie
algebra isomorphic to slo(C). In fact, if X = %A, Y = —%M, and H = —F then
{X,Y,H} is a standard TDS, see [8].

4.1.2 A formal expression

Let the symbols ?1,...,t, and h be indeterminates and let t = t(,) denote the
list t1,...,t,. Let N denote the set of non-negative integers. For a € N" let A\(a) be a

partition with its i*" part,
n
Ma)i = aj
j=i

Also, for a non-negative integer partition A with at most n parts, let

A()\)l: )\i_/\i+1 FOI“lSiSn—l
An Fori=mn

Observe that for all partitions, A with {(A) < n, and for all, a € N",
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Recall the notation from chapter 3 where we indexed the irreducible representations of
O(n, C) by non-negative integer partitions. Note that the spherical harmonics correspond
to the partitions with exactly one non-zero part, that is Hy = E*, where u = (d) =

(d,0,...,0). As in chapter 3, set:
bf‘d) = dim Homo ) (Ha, FA)

In the above, the subscript (d) is intended to denote a partition with one part equal to

d. Consider the following formal sum,

o Aa) a pd
Rom)(bmy:h) = Y by t2h
aeN" d>0

The idea in the above is that the coefficient of t{*...¢%» h? is the multiplicity of the
spherical harmonics of degree d in FA® | where the highest weight A is indexed by its

non-negative integer combination of fundamental weights for GL(n).

Theorem 37 Forn > 2,

T (1 + titigih)
(1 —t1h) [T (1 =) T (1 — 2h2)

Remarks: In the above an empty product has the value 1, as usual.

Rom) =

By expanding the above expression into a formal power series we obtain an
effective method to compute the multiplicity of the space of spherical harmonics of
degree d in a irreducible GL(n) representation with highest weight A.

In the next section we will give a somewhat technical proof of theorem 37. It

is instructive to point out that what we will prove is the following inductive approach.

Proposition 38

1+ tptns1h
RO(n-i—l)(t(n—i-l)a h) = (1 — t2+1)(1 — t%hQ)RO(n) (t(n)a h,) f07” n>1

1+th

Rowy(t,h) = 12
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4.2 Proof of theorem 37

Define:
- A@) o adieny O™ agd
Walt,h) = Y dim (F ® SU(C )) t2h
aeN" d>0

Recall the isomorphism,

Homogy(Ha, FY) =2 ((Hg)* @ F*)O®)
> (Hyw FY)OW

As an application of this observe,

O(n)

Y dim (FA ® Sd(cn))o(n) pt = 3 dim (FA ® (Sd(C”))*) hd

d>0 d>0
— Y dim (FA ® Pd(cn))o(”) hd
>0

1 O(n)
= — N'dim(F*eoH h
1— h2? ; ( d)

1 A gd
= T bl
d>0
We then obtain,
Rogmy = (1 = W)W (tm), h)

Given partitions A and g with at most n parts, A is said to interlace pif A; > pu; > Ajyq for
all 1 <4 <n—1. Another way to state this condition is that the corresponding Young
diagrams differ by a horizontal strip. With this in mind we shall compute W, (t,h)

another way, first observe the classical interlacing result.

Theorem 39 (Interlacing, [8] Chapter 9)
) si(cm) =
A
Where the sum is over all partitions A\ with at most n parts and

size |p| + d that interlace p.

In order to find the O(n) invariants we will again (see chapter 2) use the fol-

lowing special case of Cartan and Helgason, (see [8], chapter 10).
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Theorem 40

di ( >\>O(”) 1 if X has all even parts
im ( F =
0 otherwise

To obtain our objective we will give a weighted enumeration of even partitions

which interlace a given partition. We define the following set,
Ly, ={(\, )] 2N > pi > 211 > pipq forall i, 1 <i<n—1}

Let (C[t(n), h] denote the ring of polynomials in z1,...,x, and h. Consider the weight,
Wy, : Ly — Clt,, hl, by,

n—1
wn()\’u) — t%n [Htf«i#'ﬂrl hZ?:1(2)‘i—Hi)
i=1

— (AW 2Nyl

Proposition 41
(Ap)ELn
Proof:

O(n)

Waltey,h) = Y dim (FA® g s4Cm) " 2n?

aeN", d>0

= Z Z 1| AW pd

Bl 2> pup >0 A 2Xinterlaces p
d>0 27| — |ul = d
=Y AW A
(Mp)€Ln

Q.E.D.
We will express Wy, (t(n), h) as a rational function. We will proceed inductively
as follows. Set,

N2 = {(a,b) € N?|a,b >0, a + b€ 27}

e —
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and define another weight,

Wy : N? x L, — C] t(nt1), N

{En ((a'> b)v ()‘7 :u)) = tgz—&—l t?’n hb ’LUn()\, ,LL)

Theorem 42 Given a quadruple (a, b,x,ﬁ) € N2 x Ly, let

~ b
A = /\¢+a—2i_ for1<i<n
a+b
)\n+1 = 9
Wi = pi+a+b for1l<i<n
Hn+1 = @

Let: U ((a, b), (\, ﬁ)) = (A, ). It is the case that U defines a function,
U:N2x L, — Ly
Furthermore, U is bijective and wyp4+1 0 ¥ = wy,

Proof: The fact that ¥ is a function is a just a check that the values are in the set
Lyy1. It can be easily checked that the following is also a function, ¥* : L, 1 — Nz X Ly,

Given (A, u) set,

a = Hntl

b = 2My1— pnt1
N = AN—Ddpp1 forl<i<n
i = i —2App1 for1<i<n

v () = ((@,0), )

It is an easy exercise to check that, W o W* =1y ., and, V"o ¥ = Iy, . To

n+1

verify the second part of the theorem observe the following computation,

w0 ¥ ((a,6), (A1) ) = was1 (A p)



n—1
W (p) = ! [H AN U
i=1

n—1 B
_ a [tgn-i-b H téti—l»lfi-‘rl] h[b+z?:1(2/\i*m)}

n+1
i=1
n—1
_ (tz+1 tl;L hb) thn [H t;{i—uiH] B2 =l
i=1

= R w(A )

_ Wn((a,b), (N, 1))

Before proceeding with our computation we will need the following lemma:

Lemma 2

g L +axy
P TV

Proof:

Z gy = Z(Im g 4 g2t y2j+1)

(i,j)ENE 4,720

= ) 2"y (1+ay)

56

R X — 1)+ (@A g1 —pn)]

Q.E.D.

Q.E.D.
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Now we will set up the induction step for our computation starting with Propo-

sition 41 and then applying Theorem 42.

Whi1(bppr), ) = > wap(Ap) (4.1)
(>‘7:“')€L’ﬂ+1

= > w0 W((a,b), (A ) (4.2)

((a,b),(X,A))EN2ZX L,

- > @b (Ai) (4.3)
((avb)v(;Vﬁ))eNg X Lp,
- > b (i) (4.4)

((a,b),(\)) ENZX Ly

2 DA N DTN, (45)

(a,b)EN2 (A A)ELn
1+ thtns1h
= W (ts b 4.
<u—%mu—&mﬂmw<>) (46)

The last line follows from the definition of W, (t(y), h) and Lemma 2. This sets up an

inductive procedure for the computation. The basis case will be provided by,

Proposition 43

Wi = 3 e
A1, p1 €N
221 —p1 20

_ 1+t1h

(=) -h?)
Proof: Use Lemma 2 Q.E.D.

Now we will express Wi, (t(,), h) as a rational function of the variables t1, ...,

and h.

Proposition 44

[T (1 + titisah)
(1—t1h)(1 = h2) [Ty (1 — #2) [T (1 — t202)

Proof: This has been proved above by the induction argument with basis case from

equation (4.7) and induction step supplied by equation (4.6). Q.E.D. This
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completes the inductive approach to the computation. We now push back the recursion

to yield the following statement for n > 2,

[T (1 + titip1h)
(1—t:h) [T, (1 —#2) H?:_zl(l — t7h?)

Rowm) = (4.7)

4.3 Graded multiplicity formulae for the spherical harmon-
ics

Here we give an application of section 4.1 by computing the graded multiplic-
ity formula for the spherical harmonics of the groups, O(n) and SO(n) in the spaces
P(A2(C™)*), and P(S?(C™)*). Here we will assume n > 3. Recall the classical GL(n)

decompositions (see [8], chapter 5),

P(AACY)) = DPUNACY)

d>0

- @ @

d>0 x:i(@2N)°) <n
Al =d

P(SAH(C")) = DPUSHCY))
d>0

-® @ &

d>0 x:i(\) <nlr\=d

Both of the spaces above are graded by degree. We will now apply the results of
section 4.1 to the problem of finding the graded multiplicity of the O(n) representations,

H, in the above spaces.

4.3.1 Graded Multiplicity in P(S?(C"))

It is interesting to point out that if we restrict the sum in equation (4.7) to only
the partitions with even parts the numerator cleans up. This restriction can be done
algebraically by applying the operator £ as follows:

Define the following operator on the ring of formal power series in the variables

t1...t, and h,
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En(p) = on Z pleity, ... entn, h)
ec{l, -1}

2X\(a),;2a1d
Z by " t2%h
aeN™ . d>0

aeN",d>0
1
— 27 Z RO(n) (eltl, . entn, h)
ec{l, -1}

Using the recursion for Rp(,) we obtain,

- i Z 1+ en—lentn—ltnh

2 (- 2)(1-2_,h

)RO(n—l)(eltla coosen_1tn_1,h)
ec{l,—-1}»

1 1
= - Ro(m—1)(eiti, ..., en_1ty_1,h)
-0 -a e 2 foe

1
- En1(Rogu1)(b(a1), 1))
(=) =) e ey
_ 1
[T (1= ) IS (- 202)

The specialization of t; = ¢%/2, for 1 < i < n gives the generating function for

the graded multiplicity of the degree d spherical harmonics in the space S(S?(C")).

> dim Homo ) (Ha, PH(S*(C™)")) ¢F 14 =

k,d>0
()T (s
pale l—qi lfqit2

=1

Recall that as an O(n) representation, S?(C") is reducible, specifically it has a
one dimensional invariant subspace which as an irreducible complement which we call p.

After taking into account this invariant occurring in degree 1 we obtain,

n n—1
. kooox kgd __ 1 1
Z dim Homo ) (Ha, P*(p*)) ¢ t —H (1_qi H 1—qi 2

k,d>0 i=2 i=1
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Recall that as with any representation of the group O(n), p* = p. From the Kostant-
Rallis theorem (see chapter 1) for the pair (GL(n),O(n)), the polynomial functions on p
are a free module of the ring of invariant polynomials. The ring of invariant polynomials
is a polynomial ring by the Chevalley restriction theorem (see [1], or [8]). Viewing the

harmonic polynomials as a quotient by the invariant polynomials one obtains,

n—1
> dim Homo (Ha, H* (p)) 0" t* = [ | <1>

4 1— qi t2
k,d>0 i=1

4.3.2 Graded multiplicity for in P(5%(C")*) for SO(n)

In the same spirit that the above computation is carried out, we can ob-
tain the generating function for the graded multiplicity of the spherical harmonics
(viewed this time as irreducible representations of SO(n)) in the space H(p) for the

pair (SL(n),SO(n)). This is done by first observing that,

Proposition 45 (SO(n) Invariants)

dim (F,\)SO(”) _J 14f X has all even or all odd parts

0 otherwise

Proof: Use theorem 40.
Define,

Rsomy = Y. dimHomgog)(Ha, F**)t R
aceN" d>0

In a sense, theorem 45 states that we have found one half the the induced
representation. We will use a process of induction in stages to find the other half.

Define:

M = Rso(n) — Rom) (4.8)

The problem is reduced to the calculation of M. The essential part of the

calculation is provided below.
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Mty h) = > bt e T e
aeN" d>0
an >0
1
= ?( Z b?cgf)t‘l” et pd
™ aeNm, d>0

3 b?é)a)t‘fl AN R

1
= r(RO(n) (tn), P) — Rowm) (tn), M)]i0)

View the above as a computation of formal power series in ¢, with coefficient

ring C[t1,...,tn, h]. The coefficient of ¢,,° in Ron) is,

TT22(1 + titipa h)
(1=t h) [T1 (1 — 2 R2) [I75 (1 — 1)

Subtracting,

TT2 (1 +titien h) (L4 tyatnh — (1 —t,2))
(1=t )15 = t2 ) TS (1= 2) (1—t,?)

Finally we are lead to,

M (b)) =

H?;12(1 +titiv1h) (th—1h+1ty)
At h TS (- 62 ) [T 69

Combining this result with equation (4.8) proves,

M(tn), h) =

Proposition 46

(LA tn) (X + b)) TTR2 (1 + titia )
(=t [T, (L= ) 172 (1 — £2h2)

Returning now to our application, we seek to find the graded multiplicity of a

Rsom)

spherical harmonic viewed as an SO(n) representation. As before we average over the

group Zy.
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2% Z M(eltl,...,entmh)
ec{l,—1}"

B2 42 A"
—1
[Tie (=) [T (1 - £3h?)

Now we can easily find the graded multiplicity, Take ¢; = ¢"/2 for 1 < i < n and

obtain,

Zkz,dZO dim Homso(n) (Hd, Sk(S2((C”))) qk td
14+t" q@)
H?;f(l - qitz) H?:1(1 - qi)

Removing the Hilbert series for the SO(n)-invariants we are left with,

Corollary 47

Skazo  dim Homgoe) (Ha, HE (p)) ¢* t¢
1+t" q(g)

H;'lz_ll(l - ¢'t?)

4.3.3 Graded Multiplicity in P(A?(C"))

CASE 1: n = 2k. It is enough to extract the coefficient of ¢J 3¢9 .. .tgk_l in
equation (4.7). That is sum over only the monomials with variables indexed by even

numbers. An easy induction argument on k gives that the appropriate coefficient is,

1
k—1 k
[T (=85, [T, (1~ t5;)
CASE 2: n = 2k 4+ 1. This time, it is enough to extract the coefficient of

199249, 41 in equation (4.7). That is sum over only the monomials with variables

indexed by even numbers.

1
10, (1—13h2)(1 - 13,)




Chapter 5

An Identity

5.1 Schur polynomials

As before, by a non-negative integer partition we mean a list of non-negative
integers, A = (A > -+ > X\, > 0). The \; will be called the parts of the partition. The
number of non-zero \; will be called the length of the partition, denoted I(A). The sum
of the A; will be called the size of the partition and will be denoted by |A|.

In [17], the Schur polynomial, sy(z1,...,zy,) indexed by A is defined by,

Arfn—1, Aon—2 An
> wes, sgn(w) %1(1)n %2(2)n  Loy(n)

H1gi<jgn(95i =)

In this chapter we consider the above polynomials from two points of view.

On one hand, the Weyl character formula asserts that the above formulae are in fact
the characters of the irreducible representations of GL(n,C) with highest weight Aje; +
-+« + Ap€, evaluated on the maximal torus parameterized by the diagonal matrix entries
(x1 =11, ..., Tn = Tpp)-

In this sense, we have x; € C*, for each 7. This defines a homogeneous poly-
nomial function on a dense subset of C". Therefore, we can view these ”characters”
as polynomials in the indeterminates x1,...,z,. These polynomials will have degree
Al = A1+ -+ + An. The coefficients of the monomials are weight multiplicities, which
are invariant under the Weyl group, S,,. Hence, these polynomials are in fact symmetric

polynomials.

63
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These indeed form a vector space basis of the ring of symmetric polynomials
in n indeterminates. This is the other role of these polynomials. In [17], the theory of
symmetric polynomials is highly developed. We recall some facts and formalisms here
in order to state and prove theorem 51. Later we will interpret this formal identity in
terms of representation theoretic ideas via the results of chapter 3.

For non-negative integer partitions (with at most n nonzero parts) define the

non-negative integers IV, ﬁ‘,l,
su(x)s() = Y Nj,sa(x)
A

The above numbers are called the Littlewood-Richardson coefficients. Also,

define the skew Schur function, s/, by:
sxu(x) =Y Ny su(x)
v

From the fact that the degree of a product of polynomials is the sum of the degrees of
the factors, we see that if N[L\J, # 0, then [A[ = |u| + [v[. Also, the degree of sy /,(x) is
IA| = |p]. A consequence of this is that the above sum is finite.

Next, we will consider the case where we have two sets of variables:
x = (1, ,Tn)
y =1 Ym)

Proposition 48

2(6,¥) =D sa/u(x)su(y)
Ap

Equivalently,
(3)\; Susu) = (3)\/,u7 Su)

Where (, ) is the Hall scalar product (under which the Schur functions are an orthonormal
basis of the symmetric polynomials, see [17]. In the next section we will give a proof of
Proposition 48.

Two additional facts that we will use in this chapter are:
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Proposition 49

H 1 _11'1’2/]‘ = Z sa(x)sa(y)

1<i<n Al(A)<min(n,m)
1<j<m

This identity follows from the fact that each side is a graded character of the
GL(n,C) representation, P(My ), which is an instance of Howe duality, see [10]. For a

proof from a symmetric function point of view see [17] or [4].

Proposition 50

1
Il - 522 ()

1
1<i<j<n M(N)<n

Again, this proposition can be found in many places such as [17] or [4]. It also
results from the fact that each side is the graded character of the G L(n, C) representation,

P(S?(C™) * n). For a complete account of this point of view see [8].

5.2 A symmetric function identity

We now state the main identity we need for the stability result. I have not seen

this identity in the literature, but have seen variations of it.

Proposition 51

oo
1 1
> sozu()d" =[] (1 — ¢ 11 1—qk‘1x:v>
A I

k=1 1<i<j<n

Remark: Observe that on the left side of the formula in Proposition 51 the coefficient

of ¢¢ is a formal series in z1,. .., z, for all d.

Corollary 52

o0
1 1
A
ZS2A/2H(X)‘1‘ = H (1 e H 1_ quil")
A J

k=1 1<i<js<n
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Proof: Follows from the homogeneity of sy /9,(x) and Proposition 51 by substituting
gza; for z;, Q.E.D.

The proof of Proposition 48 is standard and is included here:
Proof of Proposition 48:
Consider another set of indeterminates, z1, ..., Zp+m. We will expand the fol-

lowing product using Proposition 49 and 48.

1 1
I — U (5.1)

1<i<n 1<i<m
1<j<n+m 1<j<n+4+m

= Z 5u(X)5,,(2)50 (v) s, (2) (5.2)

= ZS* x,y)sx\(z) (5.3)

ZN s7(2)su(x)s0(y) (5-4)

= Z S/ ()5 (y)5-(2) (5-5)

Taking the coefficient of s)(z) in 5.3 and 5.5 gives the result. Q.E.D.

Proposition 53

1
232/\/# Zs,u/2a H m

1<i<j<n

Remark: If N, ﬁ‘,j # 0 then the Young diagrams of p and v must fit inside the Young
diagram of A. This is a consequence of the fact that weights of the tensor product are the
sums of the weights of the tensor factors. We mention it here to observe the consequence
that if N;i\,u # 0 then I(A) < I(n) + I(v). Recall also that if I(v) > n then we take
s5,(x) = 0. Hence, sy/,(x) = 0 if [(\) > () + n. Therefore, for a fixed p,

Zszx/zu(x) = Z 32,\/2M(X)
A

Al(A)<n+m
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Zs,u/QU(x) = Z Su/QU(X)

o:l(o)<m
The proof of Proposition 53 can be found in [17], but we will include it here.

Proof of Proposition 53: Let z; = x; for 1 <i<n and zj4, =y; for 1 <i < m.

11 _1“] = > saxy) (5.6)

1
1<i<j<n+m Ad(N)<n+m

- Y. sap®s) (5.7)

A:lAN) <n+m
v:l(v) <m

For a partition p with at most m parts, the coefficient of s,(y) in (5.7) is,

Z SZA/;L(X)

Al(N)<ntm
Now reconsider the expression,
11 _
1<i<j<nm - 7D
and factor as follows,
1 1 1
1§g§n 1 — iz, 1 SI:[S § 1 — 1§i1;[§m 1 —yy; (5.8)

1<j<m

We will develop the last two products in the above as follows:
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11 _ 11 ! (5.9)

V=il | e L~ Vil

1<i<n
1<j<m
= Z 5a(X)sa(y) Z s26(Y) (5.10)
a:l(a)<min(n,m) o:l(o)<m

- > Sa(X)5a(y)s20(y) (5.11)

a:l(a) < min(n, m)
o:l(lc) <m

= 2. Sa(X) Ng 255+(y) (5.12)

a:l(a) < min(n,m)
oc:l(c) <m
yil(y) <m

= > N3 a5a(x)55(¥) (5.13)

a:l(a) < min(n, m)
o:l(c) <m
Yil(y) <m

= D sype(®)s(y) (5.14)

o:l(lc) <m
yil(y) <m

We see that the coefficient of s,(y) in equation (5.8) is,
1
1_‘[ 1-— Lidj Z S#/QU (X)
1<i<j<n o:l(o)<m

The coefficients of equations (5.7) and (5.8) are the same so we obtain:

Z Sox/u(X) = H 1% Z Spu/20 (X)

€T;T
Al(N)<n+m 1<i<y<n k) o:l(oc)<m
Q.E.D.

5.2.1 Proof of Proposition 51

Define:

Ay (x) = ﬁ L —
a= 1—¢gk 1— ¢ lux,

k=1 1<i<j<n
and,

Aq(X) = ZSQA/Q}L(X)q“L'

At
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By Proposition 53 we have:

Agx) = Y q" (ZSW%(X))
W A
= > " (me(x)) 11 1—2%

g

Iterating the above argument we obtain,

da
2

Aq(q

1l
[Tro [icicjcn(t — dFmizy)

x)

Ay(x) (5.15)

This holds for all d > 0. View Aq(qu) as a formal power series in ¢ with

coefficients from the ring of formal power series in the n indeterminates, x1, ..., xy.

d d
Aylg2x) = 252,\/2H(C]2X)q|“|
A

- ZSZA/QH(X)qd(IAI—\u\)Hu\

A
In the above,
(A =D +lpl = |plif Al = p]
> d otherwise
Hence, up to degree d — 1 the series Aq(q%x) has only terms where |A| = |u|.

For such terms sy) /5,,(x) = 1. This implies that up to degree d — 1, A, (q%x) agrees with

the expansion of,
oo

1
Hl_qk

k=1
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For 0 < N < d, observe that the coefficient of ¢" in,
(I ks
d>k>0 \1<i<j<n v
is the same as the coefficient of ¢"V in,

ad 1
H H 1— quixj

k=0 \1<i<j<n

We have shown that as a series in ¢, up to degree d, A,(x) agrees with flq(x).

In light of the fact that both A,(x) and A,(x) are independent of d we are finished.

5.3 A stable range of the multiplicities in the space of Har-

monic polynomials

Consider the symmetric pair (GL(n,C),O(n,C)). When the adjoint represen-
tation, g = gl(n,C) of GL(n,C) is restricted to O(n,C) we have the decomposition,

gl(n,C) = S*(C") & A*(C")

Note that S?(C") contains a unique invariant vector (up to scalar multiple)
whose complement, denoted p,,, is irreducible. A%(C") is irreducible for all n > 2. We

have a natural grading by degree on the polynomial functions on S?(C")*,
P(S*(C")*) = P PUS*(C™)")
d

Let Z(p,) be the ideal generated by the O(n,C) invariant polynomials on p,

which vanish at the origin. Set:

Id(pn) = Pd(pn) mz(pn)

Let H%(p,) be the O(n) invariant complement of Z%(p,,) in the representation
Pp,). Set:

H(pn) = @ Hd(pn)
d
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The Kostant-Rallis theorem asserts that as a representation of O(n,C),

P(S*(C")") = P(S*(C™)") PO @ H(py)

Each irreducible representation of O(n) occurs with finite multiplicity in the
space H(pn). The question arises: what is the distribution of a given irreducible O(n, C)
representation in the graded components of H(p,). We can address this question at the

character level by introducing an indeterminate g to keep track of the grading on H(p,,).

chary P(S*(C")*) = char, (73(52(@")*)0("’@)> chary (H(pn))

From the Chevalley restriction theorem (see [8], [1]), we can write out the ¢

character for the invariants.

n

* n 1
chary P(S*(C")*)°O = ] =
k=1

Because we have a finite multiplicity space, we define the polynomials p,(q) to
be the graded multiplicity of an irreducible representation, E” indexed by v as in chapter

3 of this work or as in chapter 10 of [8]. Let the character of E be denoted by x,.

charg H(pn) = > pu(a)xo

Zpl, q)X» = charP(S*(C™)* ﬁ 1—¢" (5.16)

As a representation of the larger group GL(n,C) we have,
char,P(S*(C™)*) = Z sox ¢
Xl(A)<n
In chapter 3 we have that if we address the restriction of representations of GL(n,C) to
O(n,C). At the character level, restrict sy to the group O(n,C) and expand in terms of
the irreducible O(n) characters,

Y. B

vil(v)<n
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Recall the definition, b} = dim Homg ) (EY, F?). From equation 5.16 we obtain,

Y o= Y B xd [0

vil(v)<n vil(v)<n k=1
Hence, for each v we have,

n

pla) = | D oM | T —d"

A:A<n k=1

n
= > > w[Ja-d
120 AN <n k=1
I\ =i

Let: » = |§]. From the Littlewood restriction formula proven in chapter 3, if

I(A) < r then we have that,

by = Z Ng\u,v
pl(p)<r

Observe that if |A| < then I(\) <4, so up to degree r,

ple) = D>, >, > N JJa-dY (5.17)
k=1

0<i<r x:10) <n wl(p)<r
A =i

n
+ Y Y e JJa-dH (5.18)
I>T AN <n k=1
Al =i
We will define the formal power series p,(q) by,
ha 1
ZPV(Q)SV(X) = H H 1— ¢Fziz;
v k=11<i<j<n J
Or, by expanding the individual factors indexed by k into Schur functions we

obtain,

Zﬁl/(Q)SV(X) = H (Z SQA(X>qk|A|>
v k=1 A

Theorem 54 Up to degree v = |5 | in q, p,(q) agrees with the pu(q).
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Proof: From corollary 52 we have,

~ s .(x _ Hkl
Shant) = gy H |

k; 11<z<]<n

- 28%/2# HHl_q
= Z 2# vS )q|>\\ H(l - qk)
k=1

7/~L7

Up to degree r in ¢, p,(q) is the same as,

ZN g™ ﬂ(l —q") (5.19)
k=1
= > ¥ > N qu—q) (5.20)

0<i<r x:in) <n pel(p)<r
Al =i

DD Z savd [J(1—d" (5.21)
k=1

I>T AN <n
X =1

Comparing 5.20 with equation 5.17 we obtain the result. Q.E.D.

Corollary 55 Forn >2d, and v = (vy,... ,I/L%J),

the multiplicity of the irreducible O(n) representation, EV in H%(p,,) is the coefficient of

q® in the formal series p,(q).

Proof: Immediate from the definition of p,(q).



Chapter 6

Low rank examples.

6.1 Background

In the general situation, G will denote a semi-simple linear algebraic group
with Lie algebra g. © will denote a regular involution with differential at the identity
0 :g— g. Let K be the set of fix points of © in G while the Lie algebra of K will be
denoted by €. It is implied that £ is the fixed point set of . We take p to be the -1
eigenspace of 6, ie:

p—{X €g:0(X) = —X}

The example which will be addressed in this chapter is G = SL(n,C) with ©(g) =
(XH". So, K = SO(n,C).

t={X e M,(C)|X"+X =0}

p =sl,(C)N SM,
Where: SM,, = {X € M,(C)|XT = X}.
For any vector space V, let P(V') denote the complex valued polynomial func-
tions on V. This ring is graded by degree, so let P?(V) denote the subspace of homoge-
neous polynomials of degree d. And we have,

P(V)=EPPUV)

d>0

74
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As usual, denote the subring of K-invariant polynomial functions on p by P(p)*. For
the case that we are interested in K = SO, (C) and p = si,,(C) N SM,,. The Chevalley

restriction theorem (see [1]) implies that P(p)K is a polynomial ring and in particular,
P(p)S =ClTr X2, Tr X3,...,Tr X"

We set 7 = P(p)P(p)+K and Z¢ = ZNP%(p). So T is the ideal of P(p) generated by the
K-invariant functions which vanish at the origin and this ideal is graded by degree. Z¢
is stable under the action of K so it has a unique K-invariant complement in P4(p) as K
is a reductive group. Let H(p)? denote this complement and set H(p) = Do H(p)?. In
analogy with the theory of spherical harmonics we will call H(p) the harmonics. From a

general theorem proven by Kostant and Rallis we have,
Theorem 56 (Kostant-Rallis)
P(p) = P(p)" ©H(p)

and furthermore as a representation of K, H(p) = Ind% 1.
Where: M is the centralizer in K of an Abelian subalgebra a of g mazximal with respect

to the condition of being contained in p and consisting of only semi-simple elements.
Proof (See [8] or [13])

In the case where K = SO,,(C). one can show that a = pN D,, and M = K N D,, where
D,, denotes the set of diagonal n X n matrices.

The fact that H(p) is an induced representation and Frobenius reciprocity allows
us to determine the multiplicity of an irreducible representation of K in the space of
harmonics. Indeed,

dim Homg (V, H(p)) = dim V*M)

where (p, V) is an irreducible regular representation of K. The question which we will
answer concerns the distribution of the above multiplicity in the graded components of
the harmonics. In particular, if V? is an irreducible representation of K with highest
weight A then we will find dim Hom g (V*, H(p)) in terms of A. Again, for this chapter
we will only consider the case when K = SO4(C). Before proceeding, we will describe

an isomorphism between the Lie algebra so4(C) and sly(C) @ slo(C).
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6.2 Parameterization of SO,(C) representations

Proposition 57 The groups SLa(C) xSLy(C) and SO4(C) are locally isomorphic linear

algebraic groups.

Proof First, let K = SLy x SLy. Let V = M(C) and consider the map K x V —
V defined by (g,h), X +— gXh~! for all (g,h) € K,X € V. This defines a regular
representation of K which we will denote by « : K — GL(V). The image of this map is
contained in a subgroup of GL(V') isomorphic to SO4(C). This can be seen by observing
that the determinant is a quadratic, irreducible polynomial on the two by two matrices
and Det(a(g,h)(X)) = Det(X), hence a(K) C O(V,Det). « is continuous and K is
connected so the image is connected and we have a(K) C SO(V, Det). Because « is a
morphism of algebraic groups, the image is closed. After observing that K and S 04(C)

are six dimensional, we see, that « is surjective. A direct computation will show that

ker a = {£1}. Q.E.D.

Corollary 58
sly ((C) D SlQ((C) = 804((:)

Proof The differential of « (from the proof of the last proposition) at the identity is an
explicit isomorphism between the Lie algebras sla(C) @ sl2(C) and so4(C). Q.E.D.
Using the fact that these two algebras are isomorphic will allow us to parame-

terize the irreducible regular representations of SO4(C).

Proposition 59 In general, if G1 and Gy are reductive groups and {V*} and {WH}
are distinct representations of equivalence classes of irreducible reqular representations
of G1 and Gy respectively, then {V* @ W} are the irreducible regular representations
of G1 x Go. Furthermore, the same statement is true if we replace the reductive groups
with reductive Lie algebras and the representations of the groups with representations of

Lie algebras.

Proof: See [8].
We will apply this fact when G; = G2 = SLy(C) and then obtain a concrete

parameterization of the irreducible representations of SO4(C).



7

Proposition 60 Let V = C? be the standard representation of SLo(C) and set F? =
PUV). Define: nq(g)(f)(v) = f(g~ ) for f € F% g € SLy(C),v € V. Then,

1. (mq, %) is an irreducible regular representation of SLz(C).

2. If (p, W) is an irreducible regular representation of SLy(C) then W = F?, for some
d=0,1,2,....

3. For s € C* let x%(s) denote the character of the representation (p, W) evaluated
0

S
at the matrizc . Then,
0 st

Proof: see [8]
SO(4,C) representations.
So the irreducible representations of SO4(C) will be taken to be

Fhl=FF @ F!

for all k,1 = 0,1,2,.... Observe that, F¥ has highest weight kw; + lws where w; and
wo are the two fundamental weights of SO4(C). Also note that dim F*! = (k+1)(1 +1)

and in fact we have,

s 0 t 0
char F™! RE . = x"(s)X'(t)
0 s 0 t
($k+1 _ ka71>(tl+l _ tflfl)
(s —s )t —t1)

6.3 Application of the Kostant-Rallis theorem

Any character of a regular representation of SO4(C) can be written as a non-
negative integer linear combination of the above formulae. We will now return to the
theorem of Kostant and Rallis where k = slo@®sly = F20@F02 and p = SM,,Nsly = F22

as an SO, representations. From the Kostant-Rallis theorem we have,
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P(F*?) 2 Clur, uz, us] @ H(p)

Where: u; = Tr(X™1) for i = 1,2,3. {u1,us,u3} are algebraically independent poly-
nomials generating the invariants. Also, we have the additional structure that H(p) is
an induced representation, which allows us to compute the multiplicity of irreducible

representations. Define m(k, 1) by:

'H(p) — @ Fk,l P @Fk’yl
k>0 e

m(k,l) copies

and as stated before we see from Frobenius reciprocity and the Kostant-Rallis result that
my, = dim(F kDM - The goal of this section is to prove a formula for the computation

of mg(k,1) which are defined by,

HEY = @ P ort
k>0 e

mg(k, 1) copies

In order to apply the Kostant-Rallis theorem to compute the non-graded multiplicity of
F¥Uin H(p) we must find M such that,

Qo SL2 X SL2 — SO4((C)

M consists of 16 pairs of SLo matrices. We then arrive at,

@E+1)@CHD)=3 ] odd
m(2k,2l) = 4 ’

@ESN@UDTS g eyen,

while, m(k,l) = 0 if either k or [ are odd.
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6.4 Graded Multiplicity

Let V = @izo V¢ be a graded K-representation such that dimV? < oo and

each V' is K-invariant. Define:

chary V = Z q¢' char V'
>0

Let K be a complete index set of distinct irreducible regular representations of K. Define:

chary V= Z pa(q) char V
AeK

So the multiplicity of V* in V¥ is py(q)|,« and furthermore the nongraded multiplicity

lg
of V* in V is py(1). From the Kostant-Rallis theorem we have,

50(4,C)

chary P(F*?) = char, P(F*?) chary H(p)

_ charq H(p)
(1-¢*)(1—¢*)(1—¢q")

In order to compute char, P(F??) we need only observe that,

s+ P 4+ s+
XAst)= 2 o+ 1+ s+
272 4+ 72 4 s

Which leads to the formal expression for the character of the polynomial functions on

F2’2
1

Hi,j:fQ,O,Q (1 —gs'th)

Hence, finding the graded multiplicity is equivalent to finding the polynomials pg;(q)

char, P(F*?) =

such that,

1-¢*)(1-¢*)(1 g 22
t 6.1
ILij= 202 (1 = as't) kgop =0 oy

Before proceeding we should point out that one can prove the following facts directly, yet
they will come out automatically from the formula for the graded multiplicity to follow

this section.

L. pri(q) = pix(q) for all k,1 >0
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2. degree pi(q) < 2k + 1 for all k,1 > 0 with k >
3. The order of zero in pg;(q) > max(k,l)

The initial values of pr;(¢) can be easily be computed by expansion of the above into

power series. Below are some initial data.

0 1 2 3
01 0 a® +q* 48
110 @ +q®+q @ +qt+ ¢ q" +q%+2¢° + ¢ + 3
2 | d*+d® | P+t + 2¢° +d° +2¢" + ® +¢® | ¢® +2¢" +2¢% +24° +4*
3| ¢8 @+ a5 +2¢° +¢* + ¢ | ¢®+2¢7 +2¢5+2¢° +¢* | 2¢° +2¢° +3¢7 +2¢° +2¢° +¢* +4°

Several properties of py;(q) were found and these are now proven by a compu-

tation later in this chapter, some of the most important are:

Proposition 61 For all, 7 >0

o A=) =T + M1 - ) (1 ¢

Proposition 62 For all, 7 >0

P21 =g (1= ¢)
Pj+15\q) =
J+ J( ) (1_(])2

But most importantly,

Proposition 63 (Shift formula) For all, k,l > 0 with k > 1,

2 sk-ia (1= ¢
Pr+21(q) — ¢ pri(q) = ¢ <1—q>

The above three statements provide a formula for pg;(¢). In the next section we will
prove a stronger form of the shift formula which gives a more interesting algorithm for
computing the values of py;(¢). For now we will describe how the above facts give us
the graded multiplicity. The following theorem is a statement about formal power series

and is intentionally stated without reference to any representation theory.

Proposition 64 For all integers k,l > 0 let pxi(q) be a formal power series in q which
satisfies propositions 1, 2 and 3. Then, for each k,l > 0 py;(q) is a polynomials in q. In
particular, for all k > 1,k — 1 € 27,

per(a) = qk(l Tpe q4) _ qk-i-l(q NP~ S q4) + q%(ql""?’ _ q—l+2) 4 gh+2s
(1-9q)(1-4¢?)

(6.2)
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Forallk >, k—1€2Z+1,

2k+1 + qk+2l)(q3 _ q4) + q2kfl(q3 _ q2) + qk(q _ q4) + qk+l(q5 _ q)
(1—¢*)(1—gq)?

Proof The proof is an easy induction argument on k£ — [ in which the base case is stated

(¢

pri(q) = (6.3)

in propositions 1 and 2 and the induction step is propositions 3.

Theorem 65 If py;(q) are given by (6.2) and ( 6.3) then,

(1-¢*)(1—¢*)(1—q" 2R
29 (s,1)
[T j=—202 (1~ as't) kzl;(]

Proof: This was done by formal methods using the computer package MAPLE. Because
of the parity condition on pg;(q) we will define E,;(q) and O, ;(q) by re-indexing the

parameters,
E1(q) = pryari
and
O0r1(q) = prrart11

It is enough to show,

Z (ETl(q)X2(1+2r) 21(87 t) + Orl<q)x2(l+2r+l) 2l(87 t)) (6.4)

r, >0

2 (E 2 (5,0) 4 Ora(g) >0 (5,1) (6.5)
>0

= Eq(g)x*?(s,1) (6.6)
>0

_ - - -4
a Hi,j:_Q,OQ (1 — gsitd) (6.7)

Here ( 6.4) is the part of the sum where £ > [ and ( 6.5) is where k& < [ and then we

subtract ( 6.6) because it was counted twice. By substituting the conjectured formulae
of pr1(q) into ( 6.4),( 6.5), and ( 6.6), and evaluating all summations which will result in
a rational expression in ¢, s, and ¢t. This expression can be checked against ( 6.7) with

MAPLE. Let ¢, (s,t) = s"T1#™+! and observe that,

(s — s_l)(t — t_l)xn"“” = Chum(s,t) — cnm(s_l,t) — cnm(s,t_l) + cnm(s_l,t_l)
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Define:
A(s,t) = Z Eri(q@)cirar2(s,t) + Ori(@)catori1) 2(s, 1)
>0

+ > Er@)earaqran (s:t) + Ori(@)earagaori) (s, t)
>0

— Y Ea@)cau(s,t)

1>0

To be shown that,
Als,t) — A(s7Ht) — A(s,t™ ) + A(s™H ) =

(1-AHA - -g"Ys—s -t
[ j= 202 (1 —gsth)

Evaluating the geometric series which appear in A(s,t) and then obtaining a simplified

rational expression in ¢, s and ¢ the left side of this equation can be found using MAPLE.

Again with MAPLE we verify that this symbolic expression is equal to,

(1-)1 =) —g"Y(s—sHt -t
[Lij=—202(1—qs'th)

It is the case that the decomposition of a representation is unique up to equivalence so

the above gives us,

Corollary 66 The graded multiplicity of F?*2 in H(p) is given by the equations ( 6.2)
and ( 6.3).

6.5 S0O4(C) invariants

The last result is the key to solving the problem of computing the Hilbert series
of P(My(C))?+(©) . This is done by observing that as an SO4(C)-representation we have:

M,(C)=paptaCI

Recall that ¢ is the Lie algebra so4(C). If we have a graded decomposition of the
polynomial functions on each of these irreducible components of My(C), then a graded
decomposition of P(M4(C)) can in principle be calculated for the graded multiplicity

of all representations that arise from tensoring irreducibles occurring in the space of
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polynomial functions on each of the components of M4(C). The Hilbert series for the
invariants will then be the graded multiplicity of the trivial representation which can be
computed with the aid of MAPLE. Before pushing this through we observe the following

decomposition,

Proposition 67 As a K-representation,

Zk,lzo qk+l X2k:,2l(5’ t)
N (1-¢%)?
Proof As an SLy(C) x SLy(C)-representation, ¢ = F20 @ F%2 and as an SLo(C)-

charq P(¥)

representation,

k. 2k
s
chary P(F?) = Zk>10q X2 (5)

—q

This follows from the fact that locally SLs(C) is isomorphic to SO3(C). and the above

decomposition follows from spherical harmonics. The result can be verified by evaluating

the sum to a rational expression which is equal to,
1
(1—gs*)(1—gs°)(1 —gs72)
Using this fact and that P(F20 @ F02) = P(F20) @ P(F02)

k. 2k,0 1,021
2,0 0,2 Zkzoq X Ezzoqx ’
chary P(F>" @ F*) = )

Next observe that as SO4(C)-representations,
Fn,[) ® FO,m o~ fpnm
Q.E.D.
Theorem 68

charg P(M,(C))304C) =
¢+ ¢ + ¢ +3¢7 +2¢° +2¢7 +3¢° + ¢° +¢* + 1
(1-¢%) (1 —¢*)*(1—¢*)?*(1 —¢*)*(1 —q)
Proof. The result is only a computation using the Clebsh-Gordan formula for SLs(C)

representations. The computation reduces to,

Zk,zzo " 'pri(q)
(1-q)(1—¢*)?*)(1—q*)
Which, using MAPLE can be summed to a rational expression in ¢ that is the above

char, P(M4((C))SO4(C) =

result.
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6.6 A proof of the shift.

In this section we give a full decomposition for the space H, as an SO(4, C)-

representation. We will accomplish this by proving the following:

Theorem 69 (The Shift Formula) For k >1> 0,

, oy (1= @+
Pri(q) — 4" pr—2,1(q) = ¢“~ (1—(])

Proposition 70 For all k,1 > 0,

Pr1(q) = pik(q)

Lemma 3
poo(q) =1 (6.8)
p1o(q) =0 (6.9)
pri(e) =q+q+¢° (6.10)

First we recall some basic facts which follow from the Clebsh-Gordan formula for tensor-
ing a sla(C) @ sla(C) representation with itself and then projecting onto the symmetric

and skew-symmetric tensors.

Lemma 4 For k > 0,

52 (Fkk> ~ @ F2r2s

2k >r,s >0
r+s € 27Z

Lemma 5 For k >0,

A2 (Fkk> ~ @ F2r2s

2k >r,s >0
r+s€2Z+1

As before we denote the standard representation of SO4(C) by V and we recall that as
an K = SLy x SLy representation V = F1:!. In the following is a full decomposition of

the polynomial functions on S?(V) as a graded K representation.
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Theorem 71 Define:

sk o= S*(5MV)
gk = AYSkY)

and set,
S = s
k>0
£ = Pe
k>0
Then,

charqP(SQV) = charqP(/\2V) (charyS — chary€)

Proof: From lemma 4 we have S?V = F00 @ F22 The weights occurring in this

representation are:
{(0,0)} U{(2i,25) : 4,5 =-1, 0 or 1}

From this fact we obtain that,

1
(1-9) Hz’,j:—l,[),l(l — quv?)

char,P(S*V) =

1
a (Hi:—l,o,l(l — qu?0) Hj=—1,0,1(1 — qu0v2j)>

1
(Hm':—l,l(l - ‘-’“%“2j)>

1
[lim101(1 = qu? o) [[j- 1 01 (1 — quov?)

The set of weights W of SV is,

From Lemma 5 we obtain,

charP(N*V) =

ai(1,1) +ao(1,—1)+ ai,az,as,aq > 0
woJ a0y rec e e

as(—1,1) + a4(—1,-1) a1 +ast+ag+ags =k
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The set of weights in A?(S¥V') consists of all two element subsets of W, while the set of
weights in S%(S*V) consists of all two element multi-subsets of W. Hence, we obtain:

charyS — char,€ = qu (char S%(S*V) — char A (SkV)>
k>0

((ulvl)al)Q((ulvfl)ag)Q

((U_lvl)a3)2((U_1’L)_1)a4)2

D>

k>0 ai,a2,a3,a4 >0
a1 +az2 +az +ag =k

- Hz‘,j:—l,l(l — qu*v?)

Q.E.D.

Theorem 72 (Spherical Harmonics for n = 3) Let SO(3,C) act on C? via the stan-

dard representation. Then, as an SO(3,C)-representation we have,

k. 2k
charqP((CQ) — Zkfiqq;(

Next we observe that as a K-representation, the Lie algebra £ is isomorphic to A%V,

Furthermore, we have,

Corollary 73

) 20 GiiN2%
(1—4¢%)?

Theorem 74 (Spherical Harmonics for n=4) Let SO(4,C) act on C* via the stan-

charyP(t) =

dard representation. Then, as an SO(4,C)-representation we have,

ko Kk
charyP(C*) = Z(klziqq;)z

Lemma 6

Zkzo (char S2(Fkk) — char N? (Fkk))

char,S — char,E =
! ! (1-¢?)

Proof: Define:

charyS — char & = Z Did*
k>0
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For k>0

Diyo — Dy = char S?(S*2V) — char A% (S¥F2V) — char S?(S*V)

+char A% (S*V)

- char S (SkV ® Fk“’k*?) — char S2(S*V)
—char A? (SkV ) Fk+2’k+2> + char A% (S*V)

= char S%(S*V) + char S?(FFT2++2)
+charS*T2V @ FRPERF2 _ char S2(SEV)
—char N* (SFV) — char A? (FFT2R2)
—charS*T2V @ FF2R2 1 char A2 (SPV)

= char S2(FF2E+2) _ char A2 (FRT2442)
Observe that,
Dy =1 = char S*(F°%) — char A? (F™0)
and since V = FL1,

Dy = char §*(V) — char A* (V) = char S*(FY') — char A% (F1'1)

We obtain,
(1 — ¢°) (char,S — chary€) = Z(l — ¢®)Dyq*
k>0
- D ot
k>0 k>0
= Do+ Dig+ Y (Dx — Di—2)q"
k>2
= Z (Char S2(FRKY — char A? (Fkk))
k>0

Q.E.D.



88

Theorem 75
charyP(S*V) =
_ 1\kH it+j+maz(kl) | 2n,2m
(1 _ q 1 _ q 3 Z Z ( 1) q X
n,m>0 i, k,1>0
[t —kl<n<i+k
=l <m<j+1

Proof: From Lemma 4 and Lemma 5 we obtain,

charyS — char,€ = . q2 Z q (charSz(Fd 4y — char A? (F¢ d))
d>0
— Zq Z (71)k+lx2k,2l
e
d>0 d>k,1>0
1
— - q2 Z (_1)k+lq'r+maz(k,l)x2k,2[
rk,0>0
d =r+ max(k,1)
— 1 ( 1)k+lqmax(k,l)x2k,2l
I
1 4 k,[>0
1
— 1)k+lqmax(k l)X2k,2l
oo &

And from Corollary 73 we have an expression for char,P(A%(V)). Next, recall from the
Clebsh-Gordan formula that for 4,7, k,1 > 0

P22 g k2l o @ F2r2s
li—k|<r<i+k
li—U<s<j+l

Q.E.D.
If we multiply the formula in theorem 75 by (1 — ¢)(1 — ¢®)(1 — ¢®)(1 — ¢*) then we
will have obtained the following expression for the graded multiplicity of the irreducible

representation F"™™ in H,.

(1-¢*(1—-¢" »
nm( ) = OY) Z (_1)k+lql+]+maz(k,l)
(1-¢%) B
i, 4, k, 1 >0
li—k|<n<i+k
=l <m<j+1
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This expression is not a finite sum, however we shall see that poo(q) = 1, p1o(q) = 0,
p11(q) = ¢+ ¢ + &, Pam(q) = Pmnlq) for n,m > 0 and the following result. These

facts will set up our inductive procedure for computing py, m(q).

Theorem 76 Forn>m andn > 2 and m >0

Prn(@) — CPn—2m(@) = "1+ g+ +- +¢™)

Proof: Let R(q) = A=a0-0" e will write Pn,m(q) in the following way,

Pnm(q) = R(q) > (—1)'¢’Pna(q)

5,120
i—l<m<5+1

Where: For n,l > 0,

Pna(q) = > (—hkgtmaerd

i,k >0
li—kl<n<i+k

Claim: For n > 2 and [ > 0,

l—n

Pni(@) = @Pn—21(0) = (1 = *)(=1)"¢" Y (—q)"
r=0

We will establish this claim by a straightforward computation. Recall that if | —n < 0
then by convention the empty sum is taken to be zero. In order to see the idea of the

computation we have drawn the sets we will be summing over for n=>5.

7 X[ X |x|x|x]|X
6 X|x|x|x|x|x|x
DX |x|x|X|x|x|X|X
4 X|xX|xX|x|x|x|x
3 X[ x|x|x|x|X
2 X | X |x|x|X
1 X | x| x
0 X
0112134 ]5]|6|7

Below is the set we would sum over for n=3.



7 X | x|x|x

6 X | X |x|x|X

) X[ x|x|x|Xx|X

4 XX |xX|x|x|x|x

J|x|x|x|x|x|x|X

2 X[ X|xX|x|x

1 X | x| x

0 X
011234567

Upon substituting n — 2 for n we obtain,

ﬁn—?,l (Q) =

i

>

k>0

i—kl<n—2<i+k

(_1)k i+mazx

q

(k1)

Next is the last picture with the i,k-axis shifted to the left by two.

7 X | x
6 X | x| x
) X | x| x|x
4 X | x| x|x|X
3 X [ X|[xX|xX|x]|xX
2 X | X|xX|xX|Xx
1 X|x|x
0 X
012 |3[4|5|6]|T7

Next, we will multiply by ¢ and shift the i index by 2.

*Pr—21(q)

Because the second is a subset of the first we will display the difference of the sets.

2.

ik >0

[t —kl<n—-—2<i+k

2

(i—2),k>0

(=1

k_i+2+maz(k,l)

q

(i—2)—kl<n-2<(G—-2)+k

(1)

kqi+maac(k,l)

90
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X | xX|x|x
X | X [ xX|Xx

X|X|x|x
X | X

ORI N WO

0112 (3|4|5|6]|7

In the above expression for p,_2;(q) the sum is over a set of indices which
contains the summation indices in the shifted expression for q2§n7l(q). As a consequence
of this, there is a significant amount of cancellation in the difference of the sums. The
difference in the sets of indices is to be thought of as four diagonal lines parameterized

below with » > 0.

The computation of the p-shift follows,

1)ntr r+max(n+r l)_|_

1 n+r r+1+mam(n+'r l)+

[ (-
ﬁn,l(Q)—QQ@z—z,z = Z E
| (=

)
)

1)7“ 1+r 7‘+1+mam(n—1+r,l)+
)

1)r—1+4r r+2+max(n71+r,l)

—1)ntr 7"+maz(n+r,l)+
- Sasa|
(_1)n+1+r r+1+maz(n—1+r,l)

>0 q
= (_1)71(1 + q) Z(_l)rqr[qmazz’(n+r,l) o ql"rmaﬂc(n—l—i-r,l)}
r>0
Observe that,
-
max(n+r,l) I+mazx(n—1+nl) _ (1 - q)q fl>n—-1+r

q —4q

0 otherwise
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Substituting this into our p-shift formula we obtain the claim,

Pri(@) = PPn2i(e) =1 =AD" ¢ > (=g

Next, we return to the p-shift and substitute our result for the p-shift.

Pni(q) = ¢*Pn—21(q)
= R(q) > (—=1)'¢’ (Pna(@) = ¢*Pni(9))

5,120
7=l <m<j5+1

l—n
=R@ Y, (D |0-D Y ()
3 1>0 r20

F—ll<m<j+1
l>n

To proceed further we note the set equality resulting from the fact that n > m,

(G Z0:j—l|<m<j+l1>n}=

{(j,0)) >0:1>n,l—-m<j<Il+m}

To simplify the notation we will introduce the following notation for integers a and b
with a < b:

[a,b]q _ qa +qa+1 _|_qa+2m _|_qb
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We will now write the p-shift as,

Pni(q) — ¢*Pn—2.(q)

l—n
=R(q)) [ > (- ((1 qg)(l)"qu(q)rﬂ

I>n | l-m<j<l+m

l—n
=R(g)(1— ) (-1)"> {(qul (Z(—Q)T) ( qj)]
>n r=0 l-m<j<l+m
l—n
= R(q)(1 = ¢*)(=1)"[~-m,m], (Z(l)lqm ( (Q)r))

l
= R(q)(1 — ¢*)(=1)"[=m,m]y(~1)"¢*" (Z(l)lqzl (Z(W))

=R@A—-¢) | > D] [mmmlg™

r 1 >0
1>r>0

Observe that we have the identity of formal power series,

Z (_1)l+rqr+2l — Z (_1)2r+sq3r+2s

r,l >0 r,s >0
1>r>0 l=r+s

() (50)

This identity allows us to cancel the R(q) in the p-shift formula.

P (@) — @Pr—2,m(q)

1 n
= R(Q)(l - q2) (1 — qg)(l + qg) [_m’m]qu
_(1-¢)(1 -4 1 n
T azer T Dasaaral ke
= [m, g™

— q2n—m[0’ 2m]q

:q2nfm(1+q+q2+'__+q2m)

Q.E.D.
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The text of this chapter, is in part a reprint of material as it appears in the
paper On Some g-Analogs of a Theorem of Kostant-Rallis, in the Canadian Journal of
Mathematics, Vol. 52(2), 2000, pp. 438-448; Canadian Mathematical Society, Ottawa
Ontario, Canada; co-authored with Nolan R. Wallach. I was the secondary author of

this paper and made substantial contributions to the research as did my co-author.
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