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Preface

This manuscript is intended to accompany Chapter 7 of the book FElementary Differential Equations by
Boyce and DiPrima. The elementary differential equations course at our university does not have linear
algebra as a prerequisite, and so it is sometimes felt that the treatment given to first order linear systems in
this text is somewhat too general for our audience.

The purpose of this manuscript is to treat the same topic in the same way, but to restrict our attention
to the much simpler case of 2 x 2 matrices.






Section 1

Introduction

If n is a positive integer, then an n x n first order system is a list of n first order differential equations having
the form:

dx

d7tl = Fl(xl, . ,a:n,t)

dx

7; = Fg(xl, . ,an,t)

dl‘g

E = FS(xlr-- ,I‘n,t)

dx

dtn = Fo(x1,...,2Zn,t).
The differential system is called a linear system provided that Fy, ..., F,, are linear functions of the variables
T1yee-y3Tn-
Note 1.1. The variable t is the independent variable and x4, . . ., z, are dependent variables that are implicitly

defined as functions of ¢.

Example 1.2. The 2 x 2 linear system

dn _

a7

dx

d—; = —kx1 — vz + cos(t)

describes the motion of a 1 kg mass on a spring acted upon by an external force given by F'(t) = cos(t),
where t represents time, x; is the displacement of the mass from equilibrium at time ¢, zo is the velocity
of the mass at time ¢, k is the spring constant, and -y is the damping constant.

h

Proposition 1.3. An n*" order linear differential equation can be transformed into an n x n linear system.

Rather than prove this, we will demonstrate how it can be done with some examples.

Example 1.4. Transform the given differential equation into a first order linear system:

y" +ty' + 3y = sin(t).




Solution. Let 27 = y and let zo = y'. Then 2} = x5 and the second order differential equation can be
written
xh + twg + 31 = sin(t).

Thus,

) =19
xh = —3x1 — twy + sin(t).

Example 1.5. Transform the given differential equation into a first order linear system:
y" —2y" +ty' — by = cos(t).

Solution. Let z1 = y, let x5 = ¢/, and let 23 = y”. Then =] = x4, and ), = x3, and the given third
order differential equation can be written

xly — 2w3 + txe — Hxy = cos(t).
consequently,
] = X9
Th =13

xhy = by — twg + 2x3 + cos(t).

Motivation. While it can be very challenging to find a solution to a high order linear differential equation,
computers may be used to find (with relative ease) solutions to first order linear systems.

We will primarily consider only 2 x 2 linear systems of the form:

{ 2y = pr(t)z + i (t)z2 + g1 (t) (1.1)

x5y = po(t)x1 + g2(t)z2 + ga(t).

Theorem 1.6. If the functions p1,p2,q1,92,91, and ga in (1.1) are continuous on an interval, then the
linear system has a general solution on that interval.

We note that the 2 x 2 linear system in (1.1) can be rewritten as the following matrix equation:

(-G8 36+ )
h p2(t) q2(t)) \@2 92(1)
For this reason, it will be useful to review some properties of matrices. (See Sections 2 and 3.)

In our current context, an initial value problem (IVP)is a 2 x 2 linear system with two initial conditions:

z1(to) =29 and  ao(ty) = 9.

We obtain a solution to the initial value problem by finding functions ¢; and ¢2 so that z1 = ¢1(t) and
29 = ¢2(t) satisfy both the differential equations and the initial conditions.



Example 1.7. Solve the following initial value problem:

Solution. Since we do not yet have any method for solving a 2 x 2 system of differential equations, we
will transform this system of linear first order differential equations into a second order linear differential
equation. Start with the first equation, and differentiate both sides:

] =210 = af =21
However, the second equations says that z, = —2x1, and so
1" /
1 =2z = 2(—2xq1) = —4ay,

which can also be written
x| + 4z, = 0.
This second order linear differential equation has characteristic equation r? 4+ 4 = 0, so that r = 2i or
r = —24, and consequently the general solution for z; is
21 = ¢1 cos(2t) + ¢ sin(2t).

Since 3 = £, it follows that

o = —cq 8in(2t) + ¢ cos(2t).
At this point, we may use the initial conditions to solve for ¢; and cs:
21(0) =¢; =3 and 22(0) =c2 =4.

Therefore
x1 = 3cos(2t) + 4sin(2t)
X9 = —3sin(2t) + 4 cos(2t).

Remark. Note that 2% + 23 = 25, and so the solution to this initial value problem is a circle about the
point (0,0) with radius 5 in the xjzo-plane.

Example 1.8. Solve the following initial value problem:

1
1= —5a1+ 2z x1(0) = -3

1
Th = =211 — %2 x2(0) = 3.

Solution. Once again, we will transform this linear system into a second order linear differential equa-
tion. Rewrite the first equation to solve for x5 in terms of x; and its derivative:

V.
X9 = =T —X1.
2 21 41

Differentiating both sides of this equation gives a formula for 2/ in terms of the first and second deriva-
tives of x1:




Substitute these formulas for x5 and z, into the second differential equation to get

1 1 1/1 1
—z] + -2 =-22] — = (facll + fxl).

2 4 2\2 4
Rewriting this equation, we have
lx” + 13:' + 1—755 =0
271 Tt T gt e

This is a second order linear differential equation with constant coefficients and can be solved in the
usual way. Consequently, we have the following general solution for x:

x1 = cre” /% cos(2t) + cre ™ sin(21).

We have the formula x5 = %x’l + %xl that expresses x5 in terms of x; and its first derivative. Thus,
since

1 1
Ty = [— 3¢ + 202} e !/2 cos(2t) — [261 + 502} e~ "% sin(2t),

it follows that
Ty = coe 2 cos(2t) — cre”t/? sin(2t).

Thus, we have the following general solution to the linear system:
z1 = cre 2 cos(2t) + ce” /2 sin(2t)
Ty = coe t/? cos(2t) — cre”t? sin(2t).
At this point, we may use the initial conditions to solve for ¢; and cs:
21(0) =¢; = =3 and x2(0) =cp =3.
Therefore, the initial value problem has solution
x1 = —3e" 2 cos(2t) + 3¢~/ % sin(2t)
zy = 372 cos(2t) + 3¢~/ % sin(2t).

Remark. It can be seen that z% + 23 = 18¢~!, and so the solution parameterizes a spiral in the
x1z9-plane with (z1,22) — (0,0) as t — oo.




Section 2

Review of Matrices

In the following discussion, we restrict our attention to 2 x 2 matrices. A 2 X 2 matriz is an array of numbers

A= air a2 or A— ai;r a2
21 Qag2 az az |’
Matrices are usually denoted by capital letters.
Notation 2.1. a;; is the entry of the matrix A in the i*" row and the j*" column.

We now consider the various arithmetic operations that can be performed using matrices.

bir  bao

Matriz Addition: If A = <a11 a12) and B = (
b1 bao

, then the matrix sum of A and B is the matrix
a1 @22

AL B— (an +bi1 a2+ 512)

a1 +ba1  agz + bao

Scalar Multiplication: 1If A = <a11 a12) and k is a real numbers, then A may be multiplied by %k using the

az1 a2
following rule:
kA — (k‘au ka12> )

kaz1  kago

This is known as scalar multiplication because real numbers are also known as scalars. (Multiplying by a
real number has the effect of making the “size” larger or smaller; that is, it changes the scale.)

Matrixz Subtraction: We may now define matrix subtraction by means of the following rule:
A—-B=A+(-1)B.

Definition 2.2. The 2 x 2 zero matriz is the 2 x 2 matrix

0-(29)

The 2 x 2 zero matrix is also sometimes denoted Ogyo.

Remark 2.3. If A and B are two matrices, then A = B if and only if a;; = b;; for all ¢ and j.



A 2 x 1 matrix is called a column vector and a 1 x 2 matrix is called a row vector. It is common to omit
the word “column” or “row” and refer to each as a vector. Vectors are usually denoted by lower case letters
either in bold (such as &) or with an arrow drawn above (such as Z). In text, it is more common to use bold
face, so we will write our vectors like this:

Column vector: x = (xl)
x2

Row vector: xr = (xl l’g).

Vector Multiplication: Let A = (Z 2) and let v = (;) Then

_fa b\ [(z\ [ax+by
Av_(c d) (y)_(cx+dy>'

Matriz Multiplication: Let A = (Z Z) and let B = (; 5}) Then the product of A and B is given by

AB— (@ b\ (x z\ (ax+by az+bw
“\e d)\y w) \ecx+dy cz+bw)’

the formula

Remark 2.4. Suppose that v = (;) and u = (5}) That is, suppose that v and u are the columns of the

matrix B. Then
AB = (Av Au) .

In other words, the columns of AB are given by the column vectors Av and Aw.

Example 2.5. Let A = (_21 i) and let B = (; _02) Compute AB and BA.

= (300 D= 2
=3 (D=5 %)

Note 2.6. Observe that AB # BA. Matrix multiplication is noncommutative, and so it is quite common
for AB and BA to be unequal. Therefore, one must be very careful when multiplying matrices to ensure
that the order is correct.

Solution. Computing directly,

and

Definition 2.7. The 2 x 2 identity matriz is the 2 x 2 matrix

-6 9)

The 2 x 2 identity matrix is also sometimes denoted I5xs.
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Proposition 2.8. The 2 x 2 identity matriz I is the unique 2 X 2 matrix for which AI = A and [A = A for
all 2 X 2 matrices A.

The proof of Proposition 2.8 is left to the interested reader.

Definition 2.9. The matrix A is called invertible if there is a matrix A~! such that AA~1 = Tand A=—'A = 1.
If such a matrix A~! exists, then it is called the inverse of A.

Proposition 2.10. If a matriz has an inverse, then it is necessarily unique. (That is, a matriz can have
only one inverse.)

Like the previous proposition, we will leave the proof of Proposition 2.10 to the interested reader.

1 -2

1
Example 2.11. If A = (2 0 ), then show that A~1 = < 0 %)
4

Solution. Computing directly:
G )G )00 o Bdon) -6 1)

(5 D6 )= (St

Therefor A~! is the inverse of A, as required.

and

To understand why we are considering matrices and the idea of a matrix inverse, consider the following
example of a system of linear equations.

Example 2.12. Solve the system
r—2y=3
2x = 5.
Solution. The system can be written as a matrix equation as follows:
1 =2\ [z\ (3
2, 0 y) \H)"
Therefore, using the result of Example 2.11,
2\ (1 =2\ /3 [0 % 3\ [ 5/2
y) \2, 0 5) \-3 1/\5) \-1/4)°

It follows that the solution to the system of linear equations is z = 3 and y = —i.

Example 2.12 is a specific example of a more general phenomenon. If A is a matrix and & and y are
vectors such that Ax = y, then
AN (Ax)=A"1'y or z=A"1y.

This works for any n x n matrix (not just 2 x 2 matrices), provided that A~! exists. (That is, provided that
A is invertible.)

11



Theorem 2.13. If A = ((CI Z), then A=! = adibc < d b).

—c a
This theorem is easy to check and the proof is left to the reader.

Definition 2.14. If A = (CCL b then the determinant of A is the number ad — be. The determinant of

)
b
IR

the matrix A is denoted by det(A) and is written

det(A) =

a
C

_[(a b -1 _ 1 d —b
Remark 2.15. If A = <c d>’ then A= = Tt (A <—c a )

Theorem 2.16. A is invertible if and only if det(A) # 0.
Again, this theorem is easy to check and is left to the reader.

Definition 2.17. If A is a matrix and det(A) = 0, then A is called singular. If det(A) # 0 (so that A is
invertible), then A is called nonsingular.

Definition 2.18. The zero vector is the vector 0 = <8)

Theorem 2.19. If Av =0 and v # 0, then det(A) = 0.
Proof. Suppose that A is invertible and Av = 0. If we multiply on the left by the inverse of A, then we have
AN (Av)=A7'0 or (A 'Aw=0.

From this, it follows that v = 0, which is assumed to be false. We have arrived at a contradiction, and so
we conclude that A is not invertible. We therefore conclude that det(A) = 0. O

The matrix A has zero determinant if and only if one row is a multiple of the other. That is det(A) =0

if and only if
[z oy (A Ay
A_<)\x /\y) or A_<a: y)’

for some real number A. (It is worth pointing out that we must consider two possible cases because A could
be zero in either matrix.)

Definition 2.20. Two vectors & and y are called linearly dependent if there is a real number A such that
either x = Ay or y = Ax. If two vectors are not linearly dependent, then they are called linearly independent.

Remark 2.21. We can now restate the fact preceding Definition 2.20 as follows: det(A) = 0 if and only if
the rows (or columns) are linearly dependent.

Remark 2.22. We consider two cases in Definition 2.20 for the same reason we consider two cases in the
preceding fact: it is possible that either  or y is the zero vector. It is possible to rephrase the definitions
of “linearly dependent” so that only one condition is required, which we will now do in the next theorem.

12



Theorem 2.23. Two vectors  and y are linearly dependent if and only if there exist nonzero real numbers
A1 and Ao such that \yx + Aoy = 0.

It is straightforward to check that this theorem provides a condition that is equivalent to the one given in
Definition 2.20. Indeed, Theorem 2.23 gives us a natural way to generalize the notion of linear dependence
to more vectors.

Definition 2.24. The n vectors x1, ..., x, are called linearly dependent if there exist real numbers Ay, ..., Ay,
not all zero, such that \jx; + - -+ A\, 2, = 0. If a collection of vectors are not linearly dependent, they are
said to be linearly independent.

13
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Section 3

Eigenvectors and Eigenvalues

Definition 3.1. Let A be a square matrix. If v is a nonzero vector such that Av = A\v or scalar A, then v
is called an eigenvector for A. The scalar A is called the eigenvalue for v.

Example 3.2. Show that v = (i) is an eigenvector for A = (? Z)

Solution. Computing directly:

(2 90)-0)-+0) =

Therefore, v is an eigenvector for the matrix with eigenvalue \ = 5.

Proposition 3.3. If v is an eigenvector for the matriz A, then so is cv for any nonzero scalar c.

Proof. Suppose v is an eigenvector for A with eigenvalue A, so that Av = Av. Let ¢ be any nonzero scalar.
Then
A(cv) = c(Av) = ¢(Av) = A(cv).

Consequently, cv is also an eigenvector for A having the same eigenvalue . O

Example 3.4. Since cv is an eigenvector for the matrix A whenever v is an eigenvector for A, and with
the same eigenvalue, we can choose ¢ to be any nonzero scalar we wish so that our eigenvector has a
convenient form.

1/3

1 /2> with eigenvalue A, then we may choose ¢ = 6, so that

For example, if A has eigenvector v = (

. . 2 . . .
our eigenvector has the more convenient form cv = <3 . Since this eigenvector has the same eigenvalue

A, nothing has been lost by choosing a more convenient representative for our eigenvector.

This leads to a very natural question.

Question 3.5. How do we find eigenvectors and eigenvalues?

15




In order to find an answer to this question, suppose that A is a square matrix with eigenvector v. (Note
that v # 0, by definition.) There exists some scalar A (the eigenvalue) such that Av = Av. This is equivalent
to

Av— v =0 or (A*)\I)'l):().

(We note here that (AI)v = Av.) Since (A — Al)v = 0, even though v # 0, it follows that A — Al is a
noninvertible matrix, and so det(A — AI) = 0, by Theorem 2.19.

Conclusion: In order to find eigenvectors, start by looking for eigenvalues, and look for eigenvalues by
finding values of A for which det(A — A\I) = 0.

Example 3.6. Find the eigenvalues for the matrix A = <? i)

Solution. We find the eigenvalues by solving the equation det(A — AI) = 0. We first compute the

determinant:
det(A — AT) = det (2 PR A) — (2= N4 =) - 3)1).

Simplifying this, we have
det(A—AI) =X —6A+5=(A—1)(A—5).

Consequently, if det(A — AI) = 0, then either A = 1 or A = 5. These are the two eigenvalues for the
matrix A.

Definition 3.7. If A is a square matrix, then the polynomial det(A — AI) is called the characteristic
polynomial of A.

Note that the eigenvalues of a matrix are the zeros of the characteristic polynomial for that matrix.
Once we know the eigenvalues for a matrix, we can find corresponding eigenvectors by solving the matrix
equation (A — AI)v = 0.

Example 3.8. Find the eigenvectors for the matrix A = (? i)

Solution. We found the eigenvalues of A in Example 3.6 by solving the equation det(A — A\I) = 0.
The solutions to this equation were the eigenvalues A = 1 or A = 5. We therefore have two cases, one

for each eigenvalue, and we find an eigenvector corresponding to each A by solving the matrix equation
(A= X)v=0.

It will help to label the components of the vector v, so we let v = <Z) Then (A — A)v = 0 can be

(3 2)6)-0)

For convenience, we will distinguish the eigenvalues using subscripts, so that Ay = 1 and A = 5.

written:

Case 1: \; = 1. In this case, our matrix equation becomes
2-1 3 z\ (0 or 1 3\ [(x\ [0
1 4—-1)\y) \0O 1 3)\y) \0/)°

16




If we carry out the vector multiplication, this becomes

z+3y\ _ (0 or r+3y=0

zr+ 3y 0 r+3y=0.
This system of two equations is really just one equation: x + 3y = 0. Consequently, if y = r (where r is
any number), then x = —3r. Therefore,

- ()-(3)-()-

This is an eigenvector corresponding to A = 1 for any choice of r, so long as v is not the zero vector. Thus,
we can choose r to be any nonzero number so that the eigenvector v has a convenient representation.
In this case, we can simply pick » = 1 and the result is the eigenvector

0= (13).

Remark 3.9. Notice that if we had instead parameterized our solutions by letting x = s, where s is
any number, then we would have y = —s/3, and our conclusion would have been that v had the form

v=(5)= (o) = (Lia) >

It might seem at first that we have found a different solution, but we have just found a different way
_13> , which is the
same vector we chose above. In fact, if we pick s = —3r, the we get exactly the same representation of
the family we had before.

to represent the same family of eigenvectors. If we pick s = —3, then we have v =

Case 2: \y = 5. In this case, our matrix equation becomes

() 0)=0) = G 0)-0):

If we carry out the vector multiplication, this becomes

(—3x + 3y) (0) -3x+3y=0
= or
-y 0 z—y=0.
This system may appear to be two equations, but once again we really only have one equation: z—y = 0.

(The top equation is —3 times the bottom equation.) We see then that x = y, so if we pick y = r (where
r is any number), then x = r, as well. Therefore,

~()-0)-0)-

Once again, we can choose r to be any nonzero number. As before, we pick » = 1, and so our eigenvector

. 1
corresponding to A = 5 is the vector v = <1>

17




In both cases in Example 3.8, we started with a matrix equation, which we then converted into a system
of two equations and two unknowns, but this system turned out to really only represent one equation. (In
Case 1, both equations were identical and in Case 2, one equation was a scalar multiple of the other.) This is
typical of what happens when solving these types of problems. Our basic assumption is that the eigenvalue
A satisfies the equation det(A — AI) = 0, which means that A — AI is a singular (and so noninvertible) 2 x 2
matrix. When a matrix is singular, the rows are necessarily linearly dependent. In the 2 x 2 case, this means
that one row is a scalar multiple of the other, and so it will always be the case that there is only one equation
to solve, even if at first it appears that there are two equations.

Notation 3.10. In Example 3.8, we found two eigenvectors for the matrix A, one for each eigenvalue:

-3 1
A =1: 'u:(l) and M =5: 'u:(l).

It will become confusing if we continue to call both eigenvectors v, so we will usually distinguish them using
a superscript, as we demonstrate here:

M =1: v(l):<_13> and Ay =5: 'u(2)=(1).

We will use superscripts instead of subscripts, because it is common to use subscripts when writing the
components of the vector, so it is not unusual to see something like

oD e
o = [ 71 and v® =["1 |.
R (2
2 2

Example 3.11. Find the eigenvectors and eigenvalues for A = (11 _le>

Solution. We start by solving the quadratic equation det(A — AI) = 0 for A in order to find the

eigenvalues:

det(A — XI) = det (11 A _;f A) =(-1-X)?+4=0.

Simplifying, this becomes
M 4+20+5=0.
This quadratic equation has two complex solutions:

—2+4-20 -24+/-16 —2+4i
o 2 o 2 )

A =—-1+2.

To avoid ambiguity, let A\ = —1 4+ 2¢ and Ay = —1 — 21.
Next, we find the eigenvectors corresponding to the eigenvalues.

Case 1: \; = —1 + 2. In this case, the matrix equation becomes

(L) ()0
(7 2)0)=6) = ()= 0)

18

which simplifies to




Writing this as a system of equations, we have:

—2ix —4y =0
z —2iy = 0.

Once again, this gives us only one equation (because we can multiply the second equation by —2i to get
the first equation). Thus, we have that x — 2iy = 0, or © = 24y. We suppose that y = r, for some scalar
r, and so in turn x = 2ir. Consequently,

W= ()= () = 1)+ () ]~

Once again, we can choose r to be any nonzero number, and so we pick r = 1. Therefore, the eigenvector
corresponding to \; = —1 + 2i is the vector

=)+

Case 2: Ay = —1 — 2¢. This case is essentially the same as the last, with appropriate sign changes. We
o . . 2\ .
can mimic the previous case to find the eigenvector v(?) = (?) — (O) i.

Notice that in Example 3.11, the eigenvalues satisfy the relationship Ay = A1, and similarly the eigenvec-
tors satisfy the relationship v(®) = v(1). This is typical when there are two complex eigenvalues. Indeed, we
have the following proposition that ensures complex eigenvalues and complex eigenvectors will always occur
in pairs that are related by complex conjugation.

Proposition 3.12. Suppose A is a real matriz. If X is an eigenvalue for A with eigenvector v, then X is an
eigenvalue for A with eigenvector v.

Proof. This proof is actually quite straightforward:
Av = Av = v = .

(Note that it is necessary for A to be a matrix with real entries.) O
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Section 4

Basic Theory of Linear Systems

A 2 x 2 linear system has the form

/

i =pi()z1 + ¢ (t)z2 + g1(t)
ry = pa(t)w1 + q2(t) 22 + ga(t).

In matrix form, this linear system can be rewritten as follows:
o) _ () @) (z1) | (9:(D)
) p2(t)  q2(t)) \@2 92(t)

= () 2ie)- == () a0 (20)

With this notation, the linear system in (4.1) can be written as

Let

' = A(t)x + g(t).

We are interested in finding solutions to this equation. We know from Theorem 1.6 when we can be sure
that the system in (4.1) has a solution on an interval, and so we can rephrase that theorem in terms of our
new notation.

Theorem 4.1 (Theorem 1.6 reformulated). If the component functions of A(t) and g(t) are continuous an
interval, then the matriz differential equation

' = A(t)x + g(t)
has a general solution on that interval.
Definition 4.2. A differential system «’ = A(t)x + g(¢) is homogeneous if and only if g(t) = 0 for every ¢.

Theorem 4.3. If (M) and ) are linearly independent (on an interval) solutions to a homogeneous system,
then the general solution is © = c;x™) + cox® (on that interval).

Remark 4.4. In a homogeneous linear system &’ = A(t)z, the vector x is implicitly a function of ¢, so that
x = x(t). Thus, in Theorem 4.3, it is necessary for the vectors () (t) and () (t) to be linearly independent
for each t in some interval.

21



Definition 4.5. If x = c;x") + cox(? is the general solution of a homogeneous system, then we say that
() and @ form a fundamental set of solutions.

We can check if two solutions form a fundamental set using something called the Wronskien.

Definition 4.6. The Wronskien of the vectors £(1) and (? is the determinant
W(:c(l), $(2)) = det (w(l) :L'(Q)).

To be clear about the meaning of the notation used in Definition 4.6, when we write det (:c(l) 1:(2)), we
mean the determinant of the matrix having (! and (® as the columns. That is, if

o e
@ =71 and z® = ("1
e o
2 2

(1) (2) (1) (2)

W(:c(l) w(2)>:det E IR T ) !
) OB
2 2

1
ibgl) 33;2)

Theorem 4.7. If £V and £ form a fundamental set of solutions on an interval, then W(:c(l), :c(Q)) #0

on that interval.

then

Proof. If V) and z® form a fundamental set of solutions on an interval, then they are linearly independent
(as vectors) at every point in that interval. If () and £ are linearly independent vectors, then one vector
is not a scalar multiple of the other vector, and consequently the matrix they form is invertible, which implies
that it has a nonzero determinant. O

Example 4.8. Consider the linear system

;1
{xl—t$1+$2

/1
.'172—?.'1}2.

Show that the following are a fundamental set of solutions on some interval, and determine the largest
intervals on which they form a fundamental set:

2
W _ (¢ @ _ (1
T _<t> and x _(O>'

. . 2\ . . :
Solution. First, we show that (1) = (t) is a solution. In this case, we have z; = t? and x5 = t.

Then
N 1 _1 _
{xg - it i {fxl = 2(2) 4 (1) =2t
? =

Since these are the same, (1) is a solution to the linear system.

Next, we show that x(?) = <é> is a solution. In this case, x1 =t and x5 = 0. Then

/ — 1
{x/l and {
x5 =0

Again, these are the same, and so 2(® is a solution to the linear system.

T+ T = %(t)—‘r(O):l

BN

22



In order to show that V) and () form a fundamental set of solutions, we compute the Wronskien:

2 2
W(t)=w(zW, @) = det (tt 8) = ‘ =t ’ =2

Because W # 0 on the intervals (—oc,0) and (0, 00), the vectors (!) and «(?) form a fundamental set
of solutions on these intervals.

Notice that W(0) = 0, which means that ") and «(®) do not form a fundamental set of solutions
on any interval that contains ¢ = 0. Since the component functions pi(t) = 1 and g¢2(t) = 1 are not

continuous at ¢ = 0, we do not expect the system to have a solution at that point.

Example 4.9. Suppose the 2 x 2 homogeneous linear system
z) = pri(t)z1 + pra(t)xs
xy = po1(t)x1 + paa(t)zo

has the following two solutions:

2
(1 _ (1 @_ (0
T <t> and ® (1/t>'

(a) On what intervals do these form a fundamental set of solutions?
(b) What conclusions can we draw about the continuity of the coefficient functions p;;?
(c) Is it possible to compute p;; for each ¢ and j in {1,2}7

Solution. (a) Let
X = (2 2®) = 0
= () 2¥) = { i)

2 0
t 1/t

Then

W(t)=w(zW, @) =det(X) = ‘ ‘ =t
The solutions () and 2(?) form a fundamental set of solutions on an interval provided that W (t) # 0 for
any t in that interval. Therefore, (! and &(® form a fundamental set of solutions on any interval that
does not contain zero. In particular, the “largest” intervals over which ") and &(®) form a fundamental
set of solutions are the intervals (0, 00) and (—o0,0).

(b) It must be the case that at least one of the coefficient functions p;; is not continuous at zero.
Otherwise, we would have a fundamental set of solutions valid over the entire interval (—oo,00), by
Theorem 1.6. Without further analysis, however, we cannot determine which (or even how many) are

not continuous at t = 0.
(c) Let

p11(t)  p12(t)
P(t) = .
®) (Pm(t) p22(t)
By assumption, both ") and &(® are solutions to the matrix equation &’ = P(t)x. Therefore,

d d
1 — 1) (2 — (2)
Pt)x t:v and P(t)x tm ,
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0 (5)-(3) = ()= (50

These two equations can be combined into one matrix equation in the following way:

P(t)(2V 2?) = (%wu) %x@))’

P®) (t; 19t> - (21t —1()/152) '

X X'
The domain of X is (—o00,0) U (0,00), and on this set we have already seen that det(X) = ¢. In
particular, on this set det(X) # 0, and so X is an invertible matrix. That means that X ~! exists, and
SO

which in this case is

P(t)X = X’ implies that [P(H)X]X ' =X'X"1
Matrix multiplication is associate, and thus we have
PHIXX N=X'X"1 or P(t)=X'X""1.

We can compute X ~! using the formula given in Theorem 2.13:
-1 _ 1 1/t 0\ _ (1/t* 0
det(X) \ —t ¢* -1 t)°

P(t)=X'X"1= <21t —10/t2> (1—/t12 g) - (22//;2 —?/t> ’

and so the original linear system can be identified as

Therefore,

, 2
] =-C
1 tl
, 2 1
Ty = =T — —Ta.
2T BT T T

Note that p11, pa1, and paes are all discontinuous at t = 0 (but continuous everywhere else). The other
coefficient function p;s is continuous everywhere (because it is the constant function p12(t) = 0).

Special Case

We will focus now on the special case of real homogeneous linear systems with constant coefficients. That
is, we will consider systems of the following type:

) =axi+ by , (a b
or x = x,
xh, = cxy +dxy c d
———
A

where a, b, ¢, and d are real numbers.
Since the coefficients functions ate continuous everywhere (because they are constant functions), Theo-
rem 1.6 (or Theorem 4.1) asserts that the system will have a general solution that is valid for all t € (—o0, 0).
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Goal: Find vectors x such that Ax = x'.

Based on our experience with solving second order linear differential equations, we speculate that the
solution may be some type of exponential function. For this reason, we guess that the solution may be of
the form

x = ve™,
where 7 is a constant scalar and v is a constant vector. We will assume that the solution has this form for
some r and v and determine the appropriate values for these constants later.

If £ = ve™, then the derivative is &’ = rve™. If we substitute these values into the differential equation
Az =z, we have

A(ve”) = rve’t,

which implies that (Av)e™ = (rv)e™ for all values of t. Therefore,

/

Axz ==z — Av=rv.

Conclusion: x = ve™ is a solution to the equation Ax = «’ provided that Av = rv. That is, x = ve™ is

a solution provided that v is an eigenvector of the matrix A with eigenvalue 7.

We recall that r is an eigenvalue of A if and only if it is a solution to the equation det(A — rI) = 0. The
equation det(A —rI) = 0 is quadratic (in terms of the variable r), and so there are two roots to the equation,
say r1 and ro. There are three cases to consider:

1. The eigenvalues are real and distinct (r; # ra).
2. The eigenvalues are complex conjugates of each other (r; = 73).
3. There is exactly one real eigenvalue. (14 = rq).
We will treat each of these three cases separately in the next few sections.
Definition 4.10. If ' = Ax is a homogeneous system with constant matrix A, then det(A — rI) = 0 is

called the characteristic equation of the system.

Why does all of this seem familiar?

If much of this section seems familiar, it is because this is not the first time we have encountered “ho-
mogeneous” equations or solved a “characteristic equation” that could be separated into the three cases
enumerated above. These ideas appeared before when we considered solutions to a second order linear
differential equation with constant coefficients. This is no coincidence.

Consider the second order linear homogeneous differential equation

ay” + by’ +ey =0,

where a, b, and ¢ are real numbers with a # 0. It is possible to transform this second order differential
equation into a 2 x 2 linear system: Let x; = y and x5 = 4’. Then we have the system

xh = a9
azh + bxe + cx1 = 0.

Solving the second equation for x4, this system can be written as



This 2 x 2 linear system can be rewritten as the matrix equation =’ = Ax, where

Let us now find the eigenvalues of the matrix A:

det(A—rI)—‘ . ! :(—T)<—é—r>+§:r2+gr+§.

(8]
Ta a
The eigenvalues of A are the values of r for which det(A — rI) = 0, and so we must compute the solutions

to the equation

b c
4 —r+-=0.
a a

First, multiply my the common denominator a:
ar? +br +¢=0.

Notice that this is the characteristic equation of the second order differential equation that we started with.
Therefore, the eigenvalues of A are the same as the zeros of characteristic equation that defined A. It is
for this reason that we called the equation det(A — rI) = 0 the characteristic equation of the homogeneous
linear system in Definition 4.10.

The next step is to determine the zeros of this equation (which gives the eigenvalues) and then compute
the eigenvectors that correspond to the eigenvalues. However, exactly how we proceed from this point
depends on the type of zeros (i.e., eigenvalues) of this characteristic equation. Are the zeros real or complex?
Are the zeros repeated or distinct? It is precisely these questions that we address in the next few sections.
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Section 5

Case 1: Distinct Real Eigenvalues

Consider a homogeneous 2 x 2 linear system x’ = Az, where A is a 2 x 2 real matrix with constant entries.
In this section we will assume that A has two distinct real eigenvalues.

Theorem 5.1. Suppose A is a 2 X 2 real matriz with constant entries that has two distinct real eigenvalues
r1 and ro. If r1 has eigenvector v and ry has etgenvector 0(2), then

2D — pMWerit gnd 2 = @ rat
form a fundamental set of solutions to the homogeneous linear system x’ = Ax.

Proof. We saw in Section 4 that () and x(?) are solutions to this system. (See the “Conclusion” of the
“Special Case.”) It remains to show that they form a fundamental set of solutions. To see this, compute the

Wronskien:
W (t) = det (:c(l) a:(Q)) = det (v(l)e”t v(2)er2t) = e(mHr2)t et ('U(l) v(z)).

An exponential is never zero. The determinant is also nonzero, because v and v(?) are linearly independent
vectors. (Otherwise, one would be a multiple of the other, and so they would have the same eigenvalue.)
Since the Wronskien is never zero, the two solutions form a fundamental set of solutions over (—oo,00). O

Example 5.2. Find the general solution for the homogeneous differential system x’ = (? Z) x.

Solution. From Example 3.6 we know that this matrix has two distinct real eigenvalues r; = 1 and
ro = 5. From Example 3.6, we know that the eigenvectors are

m_ (3 @ _ (1
v —(1) and v —(1).
-3 1
w:cl<1)et+02<1)e5t.

Therefore, the general solution is

Example 5.3. Find the general solution for the homogeneous differential system =’ = (:? i) x.
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Solution. Let A be the matrix. To find the eigenvalues of A, we solve the characteristic equation. To
that end, we compute

—2—-r 1

det(A—rI) = 5 4y

=(—2-7r)4—7r)+5=1r>—2r - 3.

This quadratic factors to (r — 3)(r 4+ 1), and so the two eigenvalues are , = 3 and ro = —1, which are
distinct and real.

Case 1: ry = 3.

Let v = (Zj) Then
(=5 1\ (z\ [(—-S5x+y\ (O
o= (1) ()= (5 0) ()
Consequently, we have that —5z 4+ y = 0, or y = 5x. Therefore,

-()-)-0-

Pick « = 1 and let the eigenvector corresponding to 71 = 3 be the vector v = (;))

Case 2: 75 = —1.
Let v = 5) Then
(-1 1\ (z\ ([ —x+y \ (O
o= (5 3) ) - (555) - ()
Consequently, we have that —x +y = 0, or y = x. Therefore,
(0)-()-0)
v = = = xX.

Y T 1

Again, pick z = 1 and let the eigenvector corresponding to 5 = —1 be the vector v(?) = (1)

Conclusion: By Theorem 5.1, the general solution is

T =cC <é) e3t 4 Co (}) et

Geometric Representation

T

Suppose that a 2 x 2 homogeneous linear system of the form @’ = Az has a solution © = The

T2
solution « is a function of ¢, which means that solving the linear system gives x1 and x5 as functions of ¢.
Consequently, the solution to the linear system gives a parameterization x1 = x1(t) and zy = 25(¢). This
parameterization describes a curve in the x;xo-plane. In this context, we call the zixo-plane phase plane
and a collection of graphs of curves parameterized by solutions in the phase plane is called a phase portrait.
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Example 5.4. Graph several solutions to the linear system x’ = (? i) x.

Solution. In Example 5.2, we saw that the general solution to this system is

r1\ =3\ T\ ¢
()= () errea i) e

Different choices for ¢; and ¢ provide different solutions. We wish to plot the graphs for several different
choices for ¢; and cz. (See Figure 5.A for the actual plots.)

()= ()= ()

5t

1. Let ¢y =0 and ¢ = 1. Then

It follows that z; = e and x5 = e°%. Observe that this implies that zo = z; for all values of t,
and so the graph of this solution lies on the line through the origin with slope 1. Since x; > 0 and
x9 > 0 for each value of ¢, the graph of this solution is the portion of the line that appears in the
first quadrant.

2. Let ¢; = 0 and ¢y = —1. This case is exactly like the previous case, except that here x; = —e® < 0
and o = —e® < 0 for each value of ¢, and so the graph of this solution is the portion of the line
r9 = x1 occurring in the third quadrant.

()= ()= (&),

3. Let ¢y =1 and ¢co = 0. Then

It follows that 21 = —3e! and zo = e¢!. Consequently, the graph of this solution lies on the line
1
T, = -39 Or xo= *ngL

This is a line through the origin with slope —1/3. Since z1 < 0 and 25 > 0 for each value of ¢, the
graph of this solution is the portion of the line that is in the second quadrant.

4. Let ¢; = —1 and ¢ = 0. This case is similar to the previous case, except that here z; = 3e! > 0
and xo = —e! < 0 for each value of ¢, and so the graph of this solution is the portion of the line
To = —%an occurring in the fourth quadrant.

5. Let ¢4 =1 and ¢ = 1. Then

T o _3 t 1 5t —3et + €5t
()= ()= ()= ()

It follows that z; = —3e’ + €% and z, = e’ + €®. This graph is more difficult to describe that the
previous curves. It is plotted with the other curves in Figure 5.A. Observe that x5 > 0 for all values
of £, so that the graph of this solution always lies above the z-axis.

6. Let ¢y = —1 and ¢y = —1. This case is like the previous one. We have

1) (=3\ o (1) s [3ef =€
() == ()= ()= (52%).

It follows that x; = 3¢’ — €5 and x5 = —e! — €. As before, this graph is difficult to describe. In
this case, notice that x5 < 0 for all values of ¢, and so the graph of the solution in this case always
lies below the xi-axis. (Again, see Figure 5.A.)
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Figure 5.A: Incomplete phase portrait for Example 5.4.

The graphs in Figure 5.A give an incomplete picture of what is actually happening with the solutions. It
might look as though there are thee solutions represented, but there are in fact six. The three curves that
we see in Figure 5.A are not the solutions themselves, but rather represent the paths that the solutions take
as t — oo in the z1xo-plane. Keep in mind that x; and x5 are functions of ¢, so if we think of ¢ as time,
then the point (x1,x2) moves in the plane as time passes (that is, as ¢ — 00). The curves that we see in
Figure 5.A are the paths made by (z1,z2) as it moves around in the plane as time passes. Exactly which
path (z1,z2) takes in the plane depends on where it starts (at ¢ = 0, for example).

In order to give a more complete phase portrait for Example 5.4, we should indicate the direction of
motion. In this particular example, the point (z1,x2) moves away from the origin as ¢ — co. Consequently,
in order to represent this motion away from the origin, it is customary to draw an arrow indicating the
direction of motion. The phase portrait in Figure 5.B was created using Mathematica and includes the
graphs of several solutions as well as their direction of motion away from the origin.

Note that none of the solutions represented in Figure 5.A or Figure 5.B actually pass through the origin,
although they approach it as t — —oo.

The way to interpret a phase portrait, such as the one in Figure 5.B, is to imagine placing a point-sized
particle into the xjxo-plane and allowing it to move in the direction indicated by the vector at whichever
point the particle is currently located.

In this phase portrait, the particle moves away from the origin as t — oo, regardless of where the particle’s
initial position is on the phase plane (as long as it does not actually start at the origin). In a case like this,
the origin is known as an unstable node. The term unstable is used to mean that motion is in almost all
cases away from the node.

Example 5.5. Find the general solution and sketch a phase portrait for the linear system
o= (1 g
T\l =2/
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Figure 5.B: A more complete phase portrait for Example 5.4.

Solution. Denote the coefficient matrix by A. The eigenvalues of the matrix A are the solutions to the
quadratic equation det(A — rI) = 0. Since

—4 —r 0

det(A—rI) = 1 o,

=(-4-7)(-2-7)-0,

the quadratic equation we must solve is
r? +6r+8=0.

The solutions to this equation are r; = —4 and ro = —2, and so these are our eigenvalues.
To find eigenvectors for the matrix A, we need to solve the matrix equation (A — rI)v = 0 when
r =r; and when r = ro.

Case 1: ry = —4.

Let v = (;) Then

amnne=(18) (5) = (:72) = ()

It follows that = + 2y = 0, and so x = —2y. Therefore, an eigenvector corresponding to the eigenvalue
rp = —4 is any nonzero vector of the form

T —2y —2
v = = = .
()= ()= ()
We may choose any vector such that y # 0. If we pick y = 1, then the eigenvector corresponding to

r=—4is oM = —2

Case 2: 7 = —2.
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Let v = (Zj) Then

o= (2 (- (2)-0)

It follows that = = 0, and so an eigenvector corresponding to the eigenvalue ro = —2 is any nonzero

vector of the form

Again, we may choose any vector such that y # 0. If we pick y = 1, then the eigenvector corresponding
tore = —2is v = (1)

Now that we have the eigenvalues and eigenvectors, we can conclude that the general solution to this

linear system is
-2\ _ 0\ _
w:cl(1>e 4 <1>e 2t

It remains to sketch the phase portrait. In Figure 5.C, we display a phase portrait generated using
Mathematica. The dark lines represent the solutions where either ¢; = 0 or ¢ = 0.

Notice that in this phase portrait, motion is towards the origin as ¢ — oo. In a case like this, the
origin is known as a asymptotically stable node.
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Figure 5.C: Phase portrait for Example 5.5.

Example 5.6. Find the general solution and sketch a phase portrait for the linear system

, (-2 1
r = _54$

Solution. As usual, denote the coefficient matrix by A. The eigenvalues of the matrix A are the
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solutions to the quadratic equation det(A — rI) = 0, and so we start by computing the determinant:

—2-—r 1

det(A—rl) = 5 4y

— (=2—r)(d—7)+5.

Thus, we must solve the quadratic equation
r?—2r—3=0.

The solutions to this quadratic equation are r; = —1 and ro = 3, and so these are our eigenvalues.
To find eigenvectors for the matrix A, we need to solve the matrix equation (A — rI)v = 0 when
r =ry; and when r = ro.

Case 1: ry = —1.

Let v = (x) Then
y

amnne= () ()= (518) = ().

It follows that —x +y = 0, and so z = y. (Notice that both equations give the same relationship
between x and y.) We conclude that an eigenvector corresponding to the eigenvalue r1 = —1 is any

nonzero vector of the form
v= = = .
Y T 1

We pick 2 = 1, and so choose the eigenvector corresponding to r, = —1 to be v(}) = G)

Case 2: r9 = 3.

Once again, let v = (Zj) Then

arne= (2 ) ()= ()= (0)

It follows that y = 5z, and so an eigenvector corresponding to the eigenvalue ro = 3 is any nonzero

vector of the form
v — z\ _ (x) (1
T \y) \bzx) \b -

. . . . 1
Again, we pick z = 1, and so the eigenvector we choose to correspond to ry = 3 is v(?) = 5

Now that we have the eigenvalues and eigenvectors, we can conclude that the general solution to this

linear system is
1\ _ 1\ -
T =cC <1) et + 2 <5) et

In Figure 5.D, we display a phase portrait generated using Mathematica. Again, the dark lines
represent the solutions where either ¢; = 0 or ¢ = 0.

In this phase portrait, the motion is neither predominantly towards nor away from the origin. In this
case, the origin is called a saddle point (and not a node). Saddle points are always unstable, because
the motion tends away from the point as t — oo for almost all paths.
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Figure 5.D: Phase portrait for Example 5.6.

In Figures 5.B, 5.C, and 5.D, we saw three different types of phase portraits. These three types are
typical of linear systems where the corresponding matrix has two eigenvalues that are real and distinct.
Indeed, the qualitative behavior of the phase portrait is determined by the eigenvalues. The origin will be
an unstable node when both eigenvalues are positive, an asymptotically stable node when both eigenvalues

are negative, and a saddle point when the eigenvalues have opposite signs.
At this point it is natural to ask “What happens if one of the eigenvalues is zero?” We encourage the

interested reader to consider this question and try to answer it by constructing an example and finding
solutions. Start by asking yourself what the matrix A would have to look like if it had a zero eigenvalue.

Example 5.7. Solve the initial value problem
, (-2 1 (-3
x —(5 nEs z(0) = 1)
Solution. In Example 5.6, we found that the general solution to the linear system is

T =cC (1) et + co (;) et

ry >0and rp <0

r1 <0andry <0

ry>0and r9 >0

Figure 5.E: Phase portraits if eigenvalues are real, distinct, and nonzero.
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The initial condition tells us that when t = 0,

() ()~ (7).

Consequently, we have the following system of equations with unknowns ¢; and co:
c1+c=-3
c1+5c = 1.
The solution to this system is ¢; = —4 and ¢y = 1. Therefore, the solution to the initial value problem

is
_ 1\ T\ 3¢
T = (1) e "+ (5) e’

In Example 5.7, we found the solution to an initial value problem arising from a linear system we studied
in Example 5.6. A phase portrait corresponding to this linear system appears in Figure 5.D. We can
interpret the solution to the initial value problem geometrically using this phase portrait. Solutions to the
linear system are represented by directed curves in the phase portrait and initial conditions are points in
the x1xo-plane that lie on one of these curves. In our current example (that is, in Example 5.7), the initial
condition corresponds to the point (—3,1). Plotting this point on the phase plane, we see there is precisely
one solution passing through this point. In Figure 5.F, we plot this point and highlight the curve passing
through it. This highlighted curve represents the solution we found in Example 5.7.

Figure 5.F: Phase portrait for Example 5.7.
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Section 6

Case 2: Complex Eigenvalues

Consider a homogeneous 2 x 2 linear system x’ = Az, where A is a 2 x 2 real matrix with constant entries.
In this section we will assume that A has two complex (non-real) eigenvalues. (To be completely precise, we
assume that each eigenvector has a nonzero imaginary part.)

If A has two complex eigenvalues, then it is necessarily the case that they are complex conjugates, by
Proposition 3.12, which says that if r is an eigenvalue with eigenvector v, then 7 is an eigenvalue with
eigenvector v.

We know from Section 4 that if r is an eigenvalue for A with eigenvector v, then & = ve™ is a solution
to the linear system ' = Ax. Consequently, if A is a matrix with real entries, and if r is an eigenvalue for
A with eigenvector v, then two solutions to the linear system are

t t

y =we™ and y® =we.

Furthermore, since r is not a real number, it follows that r and 7 are distinct. Also, since v is an
eigenvector, both it and ¥ are (by definition) nonzero vectors. It follows from the same proof used in
Theorem 5.1 that y*) and y® form a fundamental set of solutions.

If we were just looking for any fundamental set of solutions, we could stop here. And we have never said
that we were looking for any specific fundamental set of solutions, so why would we need anything other
than what we have? In some sense, we could just say that y(!) and y® form a fundamental set of solutions
and be done with this case. However, there is one drawback with these solutions, albeit not exactly of a
mathematical nature. The original problem was to find solutions to the real linear system x’ = Ax. We have
found two solutions, but both of them are complex. Since we started with a real system, we would prefer to
have real solutions.

Recall that if g and y® form a fundamental set of solutions, then the general solution is given by
a1y + coy@ . In particular, this is a solution for any choice of scalars ¢; and cp. Thus, any linear
combination of solutions is also a solution. (This is known as the Law of Superposition.) It will suffice,
therefore, to find two real-valued linearly independent linear combinations of y) and y®. This might
sound difficult at first, but it is actually quite easy.

Theorem 6.1. Suppose A is a 2 X 2 real matriz with constant entries that has complex eigenvalues r and
corresponding eigenvector v, then

zl) = Rwe™) and x? = S(ve™)

form a fundamental set of solutions to the linear system =’ = Az, where R(ve™) and I(ve™) denote the
real and imaginary parts of ve™, respectively.

Proof. This basically follows from the fact that

. ve' +wvert  we™ +ve™ 1 1
R(ve™) = 9 = 2 = 5?/(1) + 5?/(2)
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and

Swert)y = et vt Tt 1 gy Loe)
2i 2i 21 2i
We still need to show that (! and z(® form a fundamental set of solutions, but that can be shown by
computing the Wronskien. O

Example 6.2. Solve the linear system o’ = <_11 :le) x.

Solution. We leave it to the reader to show that the matrix A defining this homogeneous linear system
has the eigenvalue » = —1 + 2i. In order to find a corresponding eigenvector, let v = gyc and solve the

matrix equation (A —rI)v =0, or

0y (-1-r —4 x\ (-2 —4 T
0/ 1 —1-r/\y)  \ 1 -=2i)\y/)"
Consequently (using the bottom equation),

r—2iy=0 or z=2y.

2= ()= ()= Q)= [0) @)l

As usual, we can pick y to be any scalar (real or complex), so long as it is nonzero. If we pick y = 1,
then our eigenvector is
(0 i 2
v=1| o)
Observe that
e _ | (0 (2 (1420t _ —t | (0 (2 [ .. }
ve't = Kl +ilg)le =e 1) Tl cos(2t) + isin(2t)
=e! {(?) cos(2t) — <g> sin(2t)] + et [(?) sin(2t) + (g) cos(2t)} .

Since (M is the real part of this expression, and «(?) is the imaginary part, we conclude that

2 — ot K?) cos(2t) — (g) sin(?t)}
z? =t K(lj) sin(2t) + ((2)> cos(2t)] .

By Theorem 6.1, these form a fundamental set of solutions for this linear system.

Thus,

and

It is also possible to sketch a phase portrait for the system in Example 6.2. Observe that for any real
scalars ¢; and ¢y, we have the solution

v (xl) ot (—201 sin(2t) + 2¢o cos(2t)> .

) 1 cos(2t) 4 co sin(2t)
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Then
2 2
2?2 f gl = [( — 2¢1 8in(2t) + 2¢q cos(2t)) + 4(01 cos(2t) + co sin(2t)) ]

=2 [40% sin?(2t) — 4cyco sin(2t) cos(2t) + 4c3 cos(2t)?
+ 4c? cos?(2t) + 4cyco sin(2t) cos(2t) + 4¢3 sin2(2t)}

=de (2 + 2).

Therefore,
2 2 2, 2
Ti w3 gt

22 12 e2t
For fixed constants ¢; and ¢, and if ¢ is constant, then this is the equation of an ellipse. Notably, however,
t is not fixed, and as t increases to oo, the right side of this equation diminishes to zero. Consequently,
the path traced out in the phase plane by these solutions are elliptical spirals with trajectories towards the
origin. A phase portrait for Example 6.2 can be found in Figure 6.A.

Figure 6.A: Phase portrait for Example 6.2.

When a phase portrait contains curves that spiral in towards the origin, like the one in Figure 6.A, the
origin is an asymptotically stable spiral point. The decaying behavior, that leads to the spiraling motion
towards the origin (and hence the asymptotically stable nature of the point), is a result of the term e~
appearing in the general solution. In particular, it is a result of the real part of the eigenvalue being
negative.

When a real 2 x 2 linear system has eigenvalues with positive real part, the trajectories are reversed, and
so the motion is spiraling away from the origin. In this case, the origin will be an unstable spiral point.

Example 6.3. Solve the linear system x’ = <_02 f) .

Solution. Direct computation shows that the matrix defining this homogeneous linear system has an

eigenvalue r = % + @z In order to find the corresponding eigenvector, let v = ;j) and solve the

@ - (ZZ 137“) (Z) - <_ —_fi ;+2;z-> (5)
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Consequently,

2 2

(—1—\/§i)w+2y20.

If 2 and y are chosen so that this equation is true (so long as x and y are not both zero), then v is an
eigenvector. Thus, in order to ease computation, choose = 4. Then y = 1+ /3i. Therefore, our choice

of eigenvector is
() a)- () ()

) (B Fr,

We begin by computing
rt

4
ve _(1+\/§z‘

Our fundamental set of solutions will be given by the real and imaginary parts of this expression. In
order to identify the real and imaginary parts, we use Euler’s Formula:

vert = o | (1) i J5) | eos (450) + 5n (450

Expanding this, we find that
4 0
T 2 :
ve't = et/ {(1) cos (@t) — <\/§> sin (‘égt)]
+ jet/? 4 sin (§t> + 0 cos <§t>
1 2 V3 2 :
Therefore, since 1) is the real part of this expression, and 2(® is the imaginary part, we conclude that

o =2 () cos (350) = (g5 sin ()
o = etz () sin (50) + (g5 cos (1)

These form a fundamental set of solutions for the linear system, by Theorem 6.1.

and

The linear system in Example 6.3 is defined by a real 2 x 2 matrix that has complex eigenvalues. In this
example (as opposed to Example 6.2), the real part of the eigenvalue is positive. Consequently, the motion
of the solution is an elliptical spiral away from the origin. Because the motion is away from the origin, the
origin is called an unstable spiral point. A phase portrait for Example 6.3 is given in Figure 6.B.

Examples 6.2 and 6.3 discuss solutions to 2 x 2 real linear systems when the eigenvalues have negative
or positive (respectively) real part. It is also possible for a 2 x 2 real linear system to have purely imaginary
eigenvalues. (That is, it is possible for the eigenvalues to have real part equal to zero.)

Example 6.4. Solve the linear system x’ = <_02 (2)> .

Solution. In this case, the matrix A defining the homogeneous linear system has eigenvalues r = 2i
and 7 = —2i. We will identify an eigenvector v corresponding to r = 2i. (The eigenvector corresponding
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Figure 6.B: Phase portrait for Example 6.3.

to 7 will be ©.) Let v = <z) and solve the matrix equation (A — rI)v = 0, or

0y (-r 2 r\ _ [(—2i 2 T\ _ [(—2ix+2y
0) \-2 —r)J\y) \ -2 =2i)\y) \—-2z-2iy)"
This provides the following scalar equations:

—2itx +2y=20
—2z — 21y = 0.

It may appear at first that these are two different equations, but multiplying the first equation by —i
will produce the second equation. Solving the second equation for x in terms of y, we see that z = —iy,
and so v will be an eigenvector for A if

o= ()= ()= ()= () =+ ()

provided that y # 0. We will, as usual, choose y = 1.
In order to determine the fundamental set of solutions, we proceed as before, making use of Euler’s

Theorem:
ve't = (;’) et = [(2) +i (_olﬂ [cos(Qt) + z’sin(?t)].

Our fundamental set of solutions will be given by the real and imaginary parts of this expression, and

so we expand:
ve't = [(g) cos(2t) — <_01> sin(2t)] +1i [(g) sin(2t) + <_01> cos(2t)] :

Therefore, since (1) is the real part of this expression, and &(?) is the imaginary part, we conclude

that
zV) = (?) cos(2t) — (‘01) sin(2t)
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and

2 — (?) sin(2t) + (_01> cos(2t).

These form a fundamental set of solutions for the linear system, by Theorem 6.1.

To understand what happens to the phase portrait when the eigenvalues are purely imaginary (that is,
when the eigenvalues have no real part), let us consider the general solution to the linear system given in

Example 6.4:
e (T1) _ (@ sin(2t) — ¢y cos(2t)
- \x2)  \c1cos(2t) 4+ cosin(2t) )
Then

2 2
22 + 22 = (ersin(2t) — ¢ cos(2t)) + (cl cos(2t) + co sin(2t))

= 2 sin?(2t) — 2¢;¢o sin(2t) cos(2t) + 3 cos(2t)? + 2 cos?(2t) 4 2c1¢9 5in(2t) cos(2t) + 3 sin?(2t)
2
1

Therefore, the graph of this solution lies on the curve z? + 3 = ¢ + ¢3. In other words, a solution’s path
lies on a circle and the radius of that circle is determined by the values of ¢; and ¢y (which in turn are
determined by the problem’s initial conditions). A phase portrait for Example 6.4 is given in Figure 6.C.
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Figure 6.C: Phase portrait for Example 6.4.

Solutions to the linear system in Example 6.4 appear as orbits around the origin. In this case, the origin
is called a center. Because the motion around a center does not tend away from the point, a center is always
stable.

In general, when the eigenvalues are purely imaginary, the origin will be a center with elliptical orbits.
The orbits in Example 6.4 are circular, but a circle is a special type of ellipse.

In order to understand why the nature of the phase portraits is determined by the real part of the
eigenvalue, suppose that ' = Az is a 2 x 2 linear system with A a real matrix, and suppose A has eigenvalue
r = A+ i with corresponding eigenvector v. Then a fundamental set of solutions is given by the real and
imaginary parts of

’U(irt — ,ve()\Jri;L)t _ veAtei;Lt _ 6)\t ['Ueiﬂt} )
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A>0

Figure 6.D: Phase portraits if eigenvalues are complex (and nonzero).
Eigenvalue: » = XA+ i

Therefore, a fundamental set of solutions is given by
M = MR (ve™) and z® = MG (ve'),

where we note that e** is a real number (which is why we can factor it out). It follows that the general
solution has the form ‘ .
ez + oz = M [cﬁR (ve”‘t) + 2 (ve“”)} .

The numbers ¢; and ¢ are constants (and depend on the initial conditions for the problem). The vector
v is also constant. Thus, as t changes, these constants do not change. The only terms that change with
t are the exponential terms e and e’*. While the term e** does depend on t, Euler’s Formula tells us
that |e?!| = 1 for all . This means that the term e’** does not contribute much (if anything) to the size
of the solution as t tends to oo, but e?#! is a periodic function (again referring to Euler’s Formula). This is
what gives the paths the elliptical (or rotational) motion. The size of the solution, and hence the long-term
behavior of the solution, is determined by the term e*. If A > 0, then e* — oo as t — oo, and so the paths
spiral away from the origin. If A < 0, then e* — 0 as t — 0o, and so the paths decay towards the origin. If
A =0, then e* = 1 for all ¢, and so the path of the solution is effected only by the rotational movement of
the e* term, which is why this case leads to elliptical (or circular) orbits.

The different types of phase portraits for the complex eigenvalue case are demonstrated in Figure 6.D.
The type of phase portrait is determined by the real part of the eigenvalue. In the figure, we assume the
eigenvalue is r = A + ip, so that the qualitative behavior of the solutions is determined by the nature of
A—whether it is zero, positive, or negative.

What has not been discussed here is how to determine if the rotational motion we see in the phase portraits
is clockwise or counterclockwise. We encourage the reader to experiment with various linear systems (using
some form of technology) and draw some conclusions.

Example 6.5. Solve the initial value problem

v = (—12 —51> z  2(0)= <Z§>

Solution. Let A be the matrix that defines the homogeneous linear system. The characteristic polyno-
mial for this matrix is

1—1r 5

o 1, =(1—-7r)(-1-7r)+10=7*+09.

det(A—rl) = ‘
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Thus, the characteristic equation is 72 +9 = 0, and so the eigenvalues for this matrix are r = 3i and
T = —3i.

It is sufficient to identify an eigenvector v corresponding to r = 3i (because the eigenvector cor-
responding to 7 = —3i will be ©). We wish solve the matrix equation (A — rI)v = 0. Thus, we

compute
1—r 5 T 1-3: 5 T
o= ( ) ()02 L0 6)

where v = (5)7 as usual. Consequently, we wish to find 2 and y (not both zero) so that
(1-3i)z+ by (0
—2x+(-1-3i)y)  \0/°

(1-3)z+5y=0
“20 4 (~1— 3i)y = 0.

This leads to the scalar equations

Once again, it may appear at first that these are two different equations; however, observe that

(1 :231') {7 % + (~1 — 3¢)y] — (1-3i)z + 5y,

and so the two equations have the same solutions.

Solving the second equation for x in terms of y, we see that x = (Hgi

=)= (- )

provided that y # 0. For ease of computation we will choose y = —2. Then

- ()-()+6)

In order to determine the fundamental set of solutions, we proceed as before, making use of Euler’s

Theorem: et — (1 j;)i) J3it _ [(_12) +i (g)} [cos(?)t) + z‘sin(3t)]

Our fundamental set of solutions will be given by the real and imaginary parts of this expression, and
so we expand, as before, to get:

vert = [(_12) cos(3t) — <g) sin(St)] +i [(_12) sin(3t) + (3) cos(St)] .

We will let (1) be the real part of this expression and (2 be the imaginary part, and so

20 = (_12) cos(3t) — <g) sin(3t)
z? = (_12> sin(3t) + (g) cos(3t).

)y, and so v will be an
eigenvector for A if

and
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These form a fundamental set of solutions for the linear system, by Theorem 6.1, and so the general
solution to this system is

" (2) _ [ c1cos(3t) — 3¢y sin(3t) + ¢z sin(3t) + 3cz cos(3t)
cix'’ 4+ cox' = ( —2¢7 cos(3t) — 2¢q sin(3t) .

To solve the initial value problem, we must find values for the constants ¢; and ¢, so that the solution
x = ;M) + cox® satisfies the given initial condition:

0-(12)-()

Therefore, c; = 5 and ¢o = —1, and so the solution to the initial value problem is

~( 2cos(3t) — 16sin(3t)
x(t) = (—10 cos(3t) + QSin(3t)) .

This solution parameterizes an ellipse in the x1xs-plane.

A phase portrait for this linear system appears in Figure 6.E. The ellipse graphed here is the curve
belonging to one of the solutions represented in Figure 6.E.

Figure 6.E: Phase portrait for Example 6.5.
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Section 7

Fundamental Matrices

Suppose that P(t) is a 2 X 2 matrix having entries that are real valued functions of t. Suppose also that the
linear system

has a fundamental set of solutions

The fundamental matriz of the differential system is the matrix having columns ") and x(?):

(1) (2)
_ _ (= (O (@)
X = (;1:(1) ;1;(2)) = (xgl)(t) 1-;2)@)) .

The matrix X is nonsingular for all values of ¢ for which (") and z(® form a fundamental set of solutions,
because (1) and x(? are linearly independent on any interval for which they form a fundamental set of
solutions.

Remark 7.1. The results in this section of the textbook are intended to be used when solving a general
n X n linear differential system, where n is any natural number such that n > 2. We are only considering
the case n = 2, however, which is a much simpler context, and so the results of this section are not needed
in our work.
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Section 8

Case 3: Repeated Eigenvalues

Once again, we consider a homogeneous 2 x 2 linear system &’ = Az, where A is a 2 x 2 real matrix with
constant entries. In this section we will assume that A has one real eigenvalue. That is to say, we assume
that the characteristic polynomial of A has the form det(A — rI) = (r — r)?, so that r = rq is a root of the
characteristic equation having multiplicity 2.

When a 2 x 2 real matrix has one real eigenvalue (or, in other words, a repeated eigenvalue), it is possible
for there to be two linearly independent eigenvectors, both corresponding to the one eigenvalue. This can
be seen in Example 8.1, below.

Example 8.1. Show that the matrix A = (g (2)> has one eigenvalue and two linearly independent
eigenvectors.
Solution. Observe that
. 2—r 0 o _ 2
det(A—rI)—‘ 0 92_r =(2-1r)".

The only zero of this polynomial is » = 2, and so A has only one eigenvalue.
To find eigenvectors corresponding to the eigenvalue r = 2, we solve the matrix equation (A—rl)v =

0. Let v = (;), as usual. Then
0 0\ [z 0
a=me= (3 0) (5) = ()

This matrix equation is satisfied by all choices of x and y, which means that v is an eigenvector for any
x and y, provided they are not both zero. Let

1 0
1) — (2) —
v\ = <0> and 'Y = (1) .

Then vV is the eigenvector obtained from choosing = 1 and y = 0, and v(? is the eigenvector obtained
from choosing © = 0 and y = 1. These two eigenvectors are linearly independent.

In Example 8.1, we found that an eigenvector was any nonzero vector having the form

= ()-+0) ()
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It can be said that this is the “general form” for an eigenvector. The fact that there are two completely free
parameters (“free” in the sense that there is no equation relating one to the other), one in each component
of the vector, indicates that there can be found two linearly independent eigenvectors.

We already know that whenever r is an eigenvalue of A with eigenvector v, the vector & = wve™ is
a solution to the linear system @’ = Ax. Consequently, if r is an eigenvalue with linearly independent
eigenvectors v(!) and v(?, then both v(Me™ and v(Pe’ are solutions to the linear system. Furthermore,
since v(Y) and v are linearly independent vectors, the Wronskien of v(Ye” and v(?e’ is always nonzero.
This leads to the next theorem.

Theorem 8.2. Suppose A is a 2 X 2 real matriz with constant entries that has exactly one real eigenvalue
r. If r has two linearly independent eigenvectors v and v(?, then

2 = pWert gnd 23 = pDert
form a fundamental set of solutions to the homogeneous linear system x’ = Azx.

Proof. This follows from the comments before the statement of the theorem, and so a full proof does not
need to be given here. O

Example 8.3. Find the general solution to the system ' = Az, where

A_((Q) g)

Solution. From Example 8.1, we know that A has the one eigenvalue r = 2 that corresponds to the
two linearly independent eigenvectors

1 0
(1) — (2 —
v <O> and v (1) .

Therefore, by Theorem 8.2, the general solution to this system is

r=0c (é) e + ¢y ((1)) et

A phase portrait for this example can be found in Figure 8.A.

Example 8.1 contained a 2 x 2 matrix A with one eigenvalue that had two linearly independent eigen-
vectors. In this case, it was easy to find a fundamental set of solutions to the associated differential system
x' = Ax.

It is possible, however, to find a 2 x 2 matrix with one real eigenvalue for which their does not exist two
linearly independent eigenvectors.

9 _
1 0
linearly independent eigenvectors corresponding to this eigenvalue.

Example 8.4. Show that the matrix A = has one eigenvalue, and that there are not two

Solution. Observe that

2—r -1

1 . =Q2-r)(-r)+1=r>=2r+1.

det(A—rI) = ‘
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Figure 8.A: Phase portrait for Example 8.3.

The only zero of this polynomial is » = 1, and so A has only one eigenvalue.
To find eigenvectors corresponding to the eigenvalue r = 1, we solve the equation (A — rI)v = 0.

Let v = (5), as usual. Then

amre= (i 2) () -(23) - ()

This matrix equation is satisfied if x = y, and so the vector v = <;U) is an eigenvector for any choice

of x, provided that it is nonzero. We pick x = 1, and consequently choose v = as our eigenvector

1
1
corresponding to the eigenvalue r = 1. Since all eigenvectors are scalar multiples of v, no two eigenvectors
are linearly independent.

In Example 8.4, we found a matrix having one eigenvalue and no two linearly independent eigenvectors.

We see that the matrix A has eigenvalue r = 1 with eigenvector v = G) Consequently, we know that the

) = pet = (}) el

However, in order to have a fundamental set of solutions, which is needed to find the general solution to
the differential system, it is necessary to find a second solution to this system (and one that is not a scalar
multiple of the solution we already have). We are left with the natural question: “How do we find a second
solution?”

When solving a second order differential equation of the form

differential system ' = Ax has solution

oy + By +yy =0,

where a and 8 and +y are real numbers such that o # 0, the first step is to solve the characteristic equation
ar? + Br+ v = 0. As we saw in Section 4, a 2 x 2 linear differential system with real constant coefficients
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can be reinterpreted as a second order linear differential equation with real constant coefficients (and wvice
versa).

When the characteristic equation for a second order linear differential equation with constant real coef-
ficients had only one (repeated) real root r, we found that the general solution had the form

cre™ + cote™™.

In other words, we multiplied the first solution by t to get the second solution. Perhaps the same strategy
will work in our current context.

Statement of Problem: Suppose ' = Az is a linear differential system where A is a 2 X 2 matrix with
real (and constant) entires. Suppose also that A has one real eigenvalue r with eigenvector v and that there
is no eigenvector which is not a scalar multiple of v.

First Guess: Suppose the system has solutions () = ve” and x(?) = vte".

We already know that (1) is a solution. We need to determine if 2(?) is also a solution. If it is, then
it must be true that %m@) = Az, Let’s compute both sides of this equation and see if they are indeed
equal:

d @ _ 4

am o [Ute”] = ve" + vrte™,
and

Az = A(vte™) = (Av)te™ = (rv)te’ = vrte™.

Thus, in order for these two quantities to be the same (for all values of ¢), it must be true that

ve™ + vrte” = vrte™ or we' = 0.

The exponential e™

assumption).

We see, then, that our first guess was not quite correct. However, we can perhaps learn something from
our mistake. If we set « equal to a term that looks like a vector times te™, then that terms appears on both
sides of the equation &’ = Az. The problem is that on one side we also get a term that looks like a vector
times e, so perhaps we should include an €™ term in our guess.

is never zero, and v # 0 because it is an eigenvector, and eigenvectors are nonzero (by

Second Guess: Suppose the solutions are (1) = ve™ and z(®) = vte™ + we™.

In this guess, we suppose there is some vector w so that (2 = vte™ + we’, but at this point, we do
not make any assumptions on what w looks like. The vector w is undetermined at this point. We assume
that there is some w so that this choice of (®) is a solution and then determine what w must look like in
order for that assumption to be true.

Once again, we compute both sides of the equation %a:@) = Axz® but this time we have some flexability,
because we can choose w to be whatever is needed to make the both sides equal. First, we compute both
sides:

d o_ 2

7 == [vte™ + we™| = ve'" + vrte™ + wre',

and
Az® = A(vte™ + we™) = (Av)te™ + (Aw)e™ = vrte™ + (Aw)e'.

Thus, in order for these two quantities to be the same (for all values of ¢), it must be true that
ve' +vrte™ + wre™ = vrte™ + (Aw)e"™,

which simplifies to
(v +rw)e™ = (Aw)e™.
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"t is never zero, and so we conclude that

As before, the exponential term e
v4+rw=Aw or Aw—rw=w.
Therefore, in order for this choice of (?) to be a solution, we must find a vector w so that

(A—rHw = v.

Definition 8.5. Suppose A is a square matrix and r is an eigenvalue of A with corresponding eigenvector
v. A nonzero vector w satisfying the equation (A — rI)w = v is called a generalized eigenvector.

Remark 8.6. If A is a square matrix having eigenvalue r with eigenvector v, then
(A—rlv=0.
A generalized eigenvector is a vector w that satisfies the equation
(A=rDHw =w.
Consequently, if we multiply w by the matrix (A — rI) twice, we have
(A—rI)*w=(A—rl)v=0.

Our generalized eigenvector w is, in a sense, one “step” removed from an eigenvector. We have to multiply
it by (A —rI) twice to get O instead of just once.

Based on our work so far, we can conclude that our “Second Guess” provides a fundamental set of
solutions, provided that the undetermined vector w is a generalized eigenvector. We can, therefore, state
the following theorem, which answers the question we asked after Example 8.4.

Theorem 8.7. Suppose A is a 2 X 2 real matriz with constant entries that has exactly one real eigenvalue
r. If r does not have two linearly independent eigenvectors, then

M =ve™  and x? = vte" + we

form a fundamental set of solutions to the homogeneous linear system x' = Az, where v is an eigenvector
and w 1s a generalized eigenvector.

Proof. This follows from the comments before the statement of the theorem, and so a full proof does not
need to be given here. O

Example 8.8. Find the general solution to the system ' = Ax, where

2 -1
A= (1 . ) |
Solution. From Example 8.4, we know that A has only one eigenvalue, and that eigenvalue is r = 1.
We also found that an eigenvector for the eigenvalue r =1 is

o ()
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wq
w2

2—r —1 wi) (1 -1 wr) (1
1 —rJ\wy) \1 —-1)\wy) \1)°
This matrix equation reduces to the scalar equation w; —ws = 1, or equivalently w; = 1+ws. Therefore,
_fwr) 14w\ (1 1
o= ()= () = () ()

We may choose any value we wish for wy so long as w is not the zero vector. There is, in fact, no value
of wy for which w = 0, and so we may choose w; to be any convenient value. Therefore, we choose

we = 0, and so
1
w— (0)

In conclusion, by Theorem 8.7, the general solution to this system is

el el ()]

A phase portrait for this example can be found in Figure 8.B.

It remains to find a generalized eigenvector w. Let w = < ) and solve the equation (A4 — r)w = v:

Figure 8.B: Phase portrait for Example 8.8.

Remark 8.9. In Example 8.8, we found that a generalized eigenvector had the form
1 1
»=(0)++(2)
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. . 1 . . . .
where k is any scalar. Note that the eigenvector v = ( ) appears in this expression, so that in fact

1

w = ((1)) + kwv.

Thus, by Theorem 8.7, the general solution to this system is
x = cive' + co(vte' + we') = crvel + ¢y (vtet 4+ [(é) 4 kv} et>
t t LY ¢
= (c1 + keg)ve' + co {vte + (0> e } .

The constants ¢; and co and k appearing in the above general solution are all completely arbitrary. Therefore,
we can rename c; + kco as ¢q, and we are left with

x = cqvet + o {vtet 4 (é) et} )

which is the form of the general solution we obtained in Example 8.8.

In Example 8.8, we made the choice Kk = 0. We are allowed to choose k = 0 because we are looking for a
set of linearly independent vectors {v,w}. The vector kv is a scalar multiple of v, and so that part of w is
redundant. That is, we already have a vector that takes care of that, and so we don’t need k to be nonzero.

Example 8.10. Find the solution to the initial value problem

= (3 2) z,  @(0)= @)

Solution. Let A be the matrix defining the linear differential system. We first find the eigenvalues of
A by determining the zeros of the characteristic polynomial:

2—r 3

0 2—r =(2—r)2.

det(A —rl) = ’

This polynomial has a double root of r = 2, and thus there is only one real eigenvalue, which is r = 2.
The next step is to compute all eigenvectors corresponding to the eigenvalue r = 2 by solving the

equation (A —2l)v =0. Let v = ; , as usual, and compute:

(0 3\ (z\ _(3y
a0 3 ()- ()
This vector is the zero vector when x is any real number and y = 0. Thus, all eigenvectors have the
form
o= [T = (%)= 1 .
~\y) \oJ \o/7

where x £ 0. We choose z =1 and let v = (é)
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There are not two linearly independent eigenvectors corresponding to the eigenvalue r = 2, and so we

must compute a generalized eigenvector by finding a vector w such that (A —2I)w = v. Let w = <w1>

w2
aesm= (3 ()~ (3):

We require that this vector be equal to v, and so we want to choose w; and ws so that

(%)-0

Consequently, we must choose wy = % We may choose wi to be any real number, and thus we pick

wy = 0. Therefore,
_ (! nd (.0
v= 1, a w = 1/3)

and hence the general solution to this linear differential system is

-l ()4

It remains to determine which constants ¢; and ¢y are needed for this solution to satisfy the initial

condition. Observe that
z(0) =c ! +c 0= (2.)=(?
\o 2\1/3 c2/3 2)"

Consequently, we must have ¢; = 2 and ¢ = 6, and so the solution to the initial value problem is

() ea [ (1))
v <2et 2+t6tet) _

A phase portrait for this example can be found in Figure 8.C. The solution to the initial value
problem is indicated by the dark curve.

and compute:

which we may simplify as

Remark 8.11. If v is an eigenvector for the matrix A corresponding to the eigenvalue r, then so is any
nonzero scalar multiple kv. For this reason, we may choose k to be any convenient nonzero value. When
finding a generalized eigenvector w, however, we have less choice. Given the eigenvector v, we must choose
w so that is satisfies the equation (A — rI)w = v. In other words, the choice of w is determined by the
choice of v. This is why in Example 8.10, there is a 1/3 in the generalized eigenvector w. If we want our w
to have integer entries, then it is necessary to make a different choice for v.
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Figure 8.C: Phase portrait for Example 8.10.

The computation of ¢; and ¢y in Example 8.10 was made much easier by the fact that the initial conditions
were given at ¢ = 0. It is possible, however, for a different value of ¢ to be used when specifying initial
conditions.

Example 8.12. Find the solution to the initial value problem

o - ()

Solution. Again, let A be the matrix defining the linear differential system. This is the same linear
differential system from Example 8.10, and thus the general solution is

-l ()4

The difference between this example and Example 8.10 is that we now have a different initial condi-
tion. We wish to determine that constants ¢; and co that are needed for the general solution to satisfy
the given initial condition. Observe that

0= o) el (0)20 0 ()] = (") = (5)

Consequently, we must have ¢; = 4e~2 and ¢; = —3e~2, and so the solution to the initial value problem

is
PPN S RN i B 0\
x = 4e <0>e 3e [(0)t6+<1/3>6:|,

v <4 :13t) 2

which we may simplify as
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Section 9

Nonhomogeneous Linear Systems

In this final section, we consider a 2 X 2 linear differential system of the form
z' = Az +g(t),

where A is a constant matrix with real entries (not all zero) and g(t) is a real vector for each t such that g(¢)
is not always the zero vector. This type of linear differential system is known as a monhomogeneous linear
system.

We will consider two methods for solving nonhomogeneous linear systems, each mimicking the methods
employed when solving nonhomogeneous second order differential equations.

Method 1: Integrating Factors

We will consider two different cases, one where the matrix A has two linearly independent eigenvectors and
one where A does not have two linearly independent eigenvectors.

Case 1: A has two linearly independent eigenvectors v(!) and v(?).

Let T = (v® v®) be the matrix formed by using the two eigenvectors as columns.

Proposition 9.1. If r, and ro are the eigenvalues corresponding to the eigenvectors vV and v®, respec-

tively, then
7= (" 0
0 T2 ’

Proof. We know that T is invertible, because the columns are assumed to be linearly independent. Further-
more, since Av(M) = r;o® and Av@ = rv? | it follows that

AT = (“ 0) T,
O T2
r=iar =71 ("0 O po (O
0 T2 0 T2

Define a vector y by setting y = T~ 'x, so that & = T'y. Then the linear system ' = Az + g(t) can be
rewritten as

(We allow the possibility that 1 = ry.)

and so

O

Ty = ATy + g(1).
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If we multiply both sides of this equation by T~! on the left, we have

or

T-YTy') =T "(AT)y +T 'g(t),

ry 0 -
y = (01 . )y+T ‘g(t).
2 N——
Bt

For computational purposes, let h(t) = T~ 1g(t), and let

v= ) e o= i)

With these notations, we can write our linear system as follows:

Yy

()= (o 0) ()= (i) - Gt

This gives rise to two first-order differential equations:

Y1 =iy + ha(t),
Yo = Tay2 + ha(t).

These two differential equations can be solved using integrating factors. This allows us to solve for y = <y1> ,
2

and then we can determine x using the relationship x = T'y.

Example 9.2. Solve the nonhomogeneous linear system

, (-4 2 %

Solution. Let A be the matrix that defines this linear system. The eigenvalues for A are r; = 0 and

ro = —5. We choose corresponding eigenvectors

1 _ (1 @ _ (2
v —<2) and w —<1),

for 1 and 7o, respectively. Then, the complementary solution (that is, the general solution to the

1 -2
. = C1 (2> +co < 1 )6_5t.

We let T' be the matrix having the eigenvectors as columns. That is, let

r= (o) = (3 )
)(:44)=(

homogeneous system ¢’ = Ax) is

Next, let y = T~z and let

o=
ol 4

oo
N~

1
5

(t) =7 900 = (

)
SIS
<IN

+ i

o
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In order to solve the system @’ = Az + g(t), we first solve the system y’ = (T~*AT)y + h(t). That

is, we solve the system
w _ (00 0 (m) 1+§)_
Ys 0 =5) \»2 3
———

7‘1:0,7“2:75

This can be written as the following system of equations:

yvi=1+%,
Yy = —5y2 + 3.
The first of these equations can be solved through simple antidifferentiation:

8
y1 = In(t) + gt +C

where (' is an arbitrary constant. The second equation can be solved by rewriting the equation as

4
y§+5y2=5

and using an integrating factor of e°:

4
€5tyé + 5e5ty2 — ge5t.

This equation is equivalent to

£l -3

We may therefore simply compute an antiderivative to see that

4
€5ty2 — %BSt + 027

where Cs is an arbitrary constant. Thus, solving for ¢, we have that
4 _
Yo = 275 + 026 5t.

We need only one solution to the nonhomogeneous equations, and so we may choose C7; = 0 and

C5 = 0. Therefore,
8
()5
Y2 55

(1 =2\ (In(t)+ &\ _ ( In(t)+ Bt — 5
“’_Ty_<2 1)( 4 e + L)

This choice of x is a solution to the nonhomogeneous system. We call it a particular solution and label

it x,. Observe that
1 8 (1 4 (-2
x, = <2)ln(t)+5t<2) +25<1).

Therefore, the general solution to the nonhomogeneous linear differential system is

x=c (;) + co <_12> et 4 G) In(t) + gt G) + 24—5 <_12> .

T, Tp

Consequently,
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Remark 9.3. In the solution for Example 9.6, we wrote the antiderivative of % as In(t), without making use
of absolute value signs in the argument of the natural logarithm function. In the statement of the problem,
it was assumed that ¢ > 0, so In(|¢|) = In(¢). Note that it was necessary to restrict ¢ to either the interval
(0,00) or (—o0,0), because the components of g would not be continuous on any interval containing ¢t = 0
and the solution would not be valid there.

Case 2: A has only one eigenvector v.

When we say A has only one eigenvector, we mean that there are not two linearly independent eigenvectors
(since if v is an eigenvector, then so too is kv for all nonzero scalars k). This situation can only occur if the
matrix A has one real eigenvalue. Let r be this eigenvalue. Let v be an eigenvector for r and let w be a
generalized eigenvector for r.

Proposition 9.4. If r is an eigenvalue with corresponding eigenvector v and generalized eigenvector w,
then
1
TAT = (T ) 7
0 r

where T = ('u w) is the matriz formed by using the eigenvector and generalized eigenvector as columns.

Example 9.5. Verify Proposition 9.4 for the matrix
-3 -2
(3

-3-r -2
2 —7—r

Solution. First, we find the eigenvalues:
det(A — 1) ‘ 'r2+107’+25.

This polynomial has one real root, which is r = —5, and so the matrix A has r = —5 as its only
eigenvalue. To find the corresponding eigenvectors, we solve the equation (A — 51)v = 0:

£ -0
(-0

1
To find a generalized eigenvector, we solve (A — 51w = v for w:

G 2)(m)-(0)

It follows that 2w; — 2wy = 1, and so w; = % + wy. Thus,
1
_fwi) _ (3 +w2) 1/2 1
o= (i) = (o) = (6) + (1)

62

It follows that vo = v1, and so

We pick v; = 1, and so our chosen eigenvector is v =




1/2
L
Now that we have v and w, we can construct the matrix 7" and compute its inverse:

(1 1)2 -1 _ (0 1
T_<1 0) and T —<2 _2>.

It remains only to show that 7' AT has the form promised by Proposition 9.4. We compute directly:
14 (0 1\ (-3 =2\ /1 1/2\ (-5 1
TAT_<2—2 2 —-7J\1 0) \0 =5/
2 =7
—10 10

This is the desired matrix, and so Proposition 9.4 has been verified in this case.

We pick we = 0, and so our generalized eigenvector is w =

We wish to solve the nonhomogeneous system @’ = Ax + g(t). The method is similar to that used in
Case 1, above. Once again, let y = T~ 'z and let h(t) = T-1g(t). Then the linear system =’ = Az + g(t)

can be rewritten as
;T 1
Yy = (O T>y+h(t).

Y hi(t)
= and h(t) = ,
v=(1) =ity
then we can write our linear system as two first-order differential equations:

Y1 =1y1 +y2 + ha(t),
yh = ry2 + ha(t).

If we let

We can solve the bottom equation for y» and then substitute this solution into the top equation and solve
the resulting equation for y;. Then we compute « using the relationship « = T'y.

Example 9.6. Find a particular solution for the nonhomogeneous linear system

= (5 Do)

Solution. Let A be the matrix that defines this linear system. From Example 9.5, we know that r = —5
is the only eigenvalue of A and that it corresponds to an eigenvector v and a generalized eigenvector w,

where /
1 1/2
vz(l) and w:<0>.
(1 1)2 1 (0 1
T = (1 0 > and T = <2 _2>.

We will solve the linear system

Then




where y = T~ 'x and

h(t) =T 'g(h) = (g _12> (é) - (QtE 12> '

We rewrite our linear system as two first-order differential equations:

Yy = —5y1+ w2 +6,
Y — by + 2t — 12.

Both of these first order linear differential equations can be solved using an integrating factor of e®t.
First, we solve the bottom equation for y» to get

1 2
= (2t —12) — — + Cye %,
Y2 5( ) o T C2e

We choose the constant Cs = 0 and substitute into the top equation to get the differential equation

[ = Byt 2t
1= 7o gt ose

Again we can use an integrating factor of e® to solve this differential equation:

We pick C; = 0 and conclude that

Therefore,
1 1/2\ [Zt+ 5 Zt— 5
=Ty = = )
1 0 2 &2 Zt+ 3%
and so

1 (7 1 (69
$_25<2>t+125<86>'

This is a solution to the nonhomogeneous system, and so this can be the particular solution we were
asked to find.

Method 2: Undetermined Coefficients

We can use the method of undetermined coefficients provided the entries of g(t) are polynomial, exponential,

sinusoidal, or sums or products of these types. The method is the same as the one used to solve linear

differential equations, but now the coefficients of terms in the particular solution x, are undetermined

vectors instead of scalars.

Exception: If the nonhomogeneous term has the form ue™, where r is an eigenvalue of the matrix A, then

the guess should be if the form

T, = ate™ + be.
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Example 9.7. Solve the nonhomogeneous linear system

,_2—1+1t
T =[5 o) 1)

Solution. As usual, we let A be the matrix defining this linear differential system. The eigenvalues for
this matrix are 11 = 1 and ro = —1 and the corresponding eigenvectors are (respectively)

1 1
1) — (2) —
v\ = (1> and v'Y = <3) .

Consequently, the complementary solution (which is the general solution to the homogeneous system

x' = Ax) is
o (Yoo (V)
L. = C1 1 e C2 3 e .

We now make a “guess” for our particular solution x,. Because

our first guess might be along the lines of &, = ae’. However, one of our eigenvalues is 7 = 1, and so
this guess is not satisfactory. Instead, we let

x, = ate' + be',

where a and b are undetermined vectors.
We need to determine the vectors a and b so that x, satisfies the relationship x;, = Az, + g(t). To
that end, we compute x;, and Az, + g(t):

I

z, ae! + ate' + bet,
and
Az, +g(t) = 3 _9 (ate’ + be') + )¢
Let
a= <a1> and b= <b1) .
a9 b2
Then
$/ _ al +a1t+b1 et
P as + agt + b2
and

. 20,1 — az t 2b1 — b2 1 t
Azy +g(t) = <3a1 - 2a2> te + <3b1 —any )t 1)
_ 2&1t*d2t+2b1*b2+1 t
= \Bayt — 2a9t +3b; — 265 —1) ¢~

Since it must be true that x;, = Az, + g(t), we have the following system of two equations:

a1+a1t+b1 :2a1t—a2t+2b1—b2+17
ag + ast 4+ by = 3a1t — 2ast + 3by — 2by — 1.
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We next rewrite this, grouping together “like” terms:

(—(11 —|—a2)t+ (a1 — by + by — 1) =0,
(—3@1 + 3@2)t + (ag — 3b; + 3by + 1) =0.

Solving this system, we find that
ar =2, ax=2, bi=142x, b=z,

where z is a free parameter. We may choose x to be any real number, so we pick £ = 0. This results in

b1 =1 and by =0, and so
2 1
a= (2> and b= <0> .

We conclude that our particular solution is

x, = (;) te! + (é) et
xT=0c G) el + ¢y (;) e 42 G) te! + <(1)> et.

T x,

and consequently,

Remark 9.8. In Example 9.7, we solved a system of equations to determine the possible entries for our
undetermined vectors @ and b. We found that

a1:2, (Z2:2, b1:1+$, bgifE,

where z is a free parameter. We are allowed to choose x to be any real number, and so we chose z = 0.
However, in order to understand better why we are able to chose x = 0, let us leave x as a free parameter.

o= () -2 () -
= ()= )+ ()e=(0) =

Thus, the particular solution has the form

and

Tp = 2tetv + ((1)> et + zoMet.
Therefore, the general solution has the form

xTr = clv(l)et aF 62’0(2)671& T 2tet'v(1) aF <é) et aF xv(l)et .

Lc
L)

Note that . and @, both contain a term of the form

(constant) x vMet,
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If we combine these terms, then we have general solution

x = (c; + z) vWel + covPet + 2etv® + (1> el.
—— 0

é1

Since ¢; is an arbitrary constant, so too is ¢; = ¢; + x. If we relabel ¢; as ¢;, then we have the same general
solution as we found in Example 9.7.

The basic idea behind what we see happen here is that the part of the particular solution that looks like
zvMe? does not contribute anything new to the general solution to the nonhomogeneous system. In fact,
the vector function zvMe? is a solution to the homogeneous system, and so it is already included as part of
the complementary solution ..

If the components of g(t) are sums of functions, then g(t) can be rewritten as the sum of vectors. This
allows us to write a guess for x, that is a sum of guesses for each vector.

Example 9.9. Determine an appropriate “guess” for x,, if

Solution. Write

Then, we choose x,, to be the following
x, = [atet + bet} + [ct + d},

where the vectors a, b, c, and d are undetermined.
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determinant, 12
zero matrix, 9

eigenvalue, 15 zero vector, 12
eigenvector, 15

first order system, 5
fundamental matrix, 47
fundamental set of solutions, 22

generalized eigenvector, 53
homogeneous system, 21

identity matrix, 10
initial value problem, 6
inverse matrix, 11
invertible, 11

Law of Superposition, 37
linear system, 5

linearly dependent, 12, 13
linearly independent, 12, 13

matrix, 9

matrix addition, 9
matrix multiplication, 10
matrix subtraction, 9

nonhomogeneous linear system, 59
nonsingular, 12

phase plane, 28
phase portrait, 28

row vector, 10

saddle point, 33
scalar multiplication, 9
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