MATH 20E — Midterm 2 Study Guide

Alina Bucur

First, let me warn you that this is by no means a complete list of problems, or topics. Just highlights.
The first thing you should do when preparing for the exam is to go through your notes, the online notes,
the relevant sections of the book and the homework problems. If you still have trouble with some of the
topics encountered so far, take the book (or another calculus book) and solve more problems related to that
topic until you really understand how and why things work. The second midterm will focus on the material
covered after the first midterm, but it builds on the material from the beginning of the term.

Topics

functions of several variables, partial derivatives, chain rule, approximation formula, tangent planes; deriva-
tive matrix;

integration in several variables, change of variables

surface area, tangent planes to surfaces

vector fields, line integrals, work, flux

Green’s theorem

gradient and conservative vector fields

curl and div, Green’s theorem (scalar form, vector form, divergence theorem in the plane)

Concept review
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Chain rule (all its forms).

What is the gradient of a function?

Compute the gradient of f(x,y,z) = ze V7,

Write down the equation of the tangent plane to the surface z = f(z,y) at the point P = (2, yo).
Make sure you can set up double integrals in polar coordinates; recall that dA = rdrd#.

Make sure you can set up triple integrals in cylindrical coordinates; recall that dV = rdzdrd6.
Make sure you can set up triple integrals in spherical coordinates; recall that dV = p? sin ¢pdpd@df.
Make sure you can compute the Jacobian of a general change of variables.

Make sure you understand how to set up an integral after a change of variables (bounds and integrand).
What is a vector field in R™?

Make sure you can give a couple of examples from the real world.

Make sure you can sketch a vector field in the plane.

What is a flow line?



14. 1s &(t) = (t,sint) a flow line for F = —yi + 237

15. What is a gradient field? What is its potential?

16. When is a vector field conservative?

17. How do you test to see if a vector field is a gradient field?

18. How do you find the potential of a gradient field?

19. Find the potential of the vector field F = (2z + )i+ (z 4 2y)j.

20. What is the work done by a vector field along a trajectory?

21. Make sure you can parametrize curves (both in the plane and the space) and surfaces.

22. Make sure you can set up line and surface integrals, both for scalar functions and vector fields.

23. Make sure you can compute the tangent plane to a surface in the case of graphs, parametric surfaces,
implicit surfaces.

24. Make sure you can find a normal vector to a surface in the case of graphs, parametric surfaces, implicit
surfaces.

25. Make sure you can compute the surface area for graphs, parametric surfaces, implicit surfaces and
surfaces of revolution.

Practice problems

This is a collection of extra problems to help you prepare for the midterm. Once again, the list is not
complete and these problems do not imply anything about the content of the exam.

1. Go over HW.
2. Sketch the following vector fields:
(2) F(z,y) = (z,—y)
(b) Fz,y) = (y,5%)
3. In which of the following cases is &(t) a flow line for the vector field F'?
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(b) ﬁ(m,y) = (—y,z) c(t) = (cost,sint).

)
() Fla,y) = (~y,z) t)
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(a) ﬁ(ml,xg,xg,m) = (322, ) at) = (t3,V't, —t, —logt) for t > 0.
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(sint, cost).

(t,sint).
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(d) F(z,y) = (-y,2) et

4. Determine a, b such that &(t) = (te®, t,e2t) is a flow line for the vector field F = (z + 2yz)i + bj + 2zk.

5. Find the potential for the following vector fields or show that the potential does not exist.
(a) (.’I}, y) = (Z‘, _y)
(b) F(z,y) = (y,9%)
(c) Flz,y) = (2zy,a* +¢?)
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6. Let F = (az2y + y® + 1)i + (223 + bay? + 2)j be a vector field, where a and b are constants.

(a) Find the values of a and b for which F is a gradient field.
(b) For these values of a and b, find f(z,y) such that F = Vf.

(¢) Still using the values of a and b frompart(a), compute fcﬁ - dr’ along the curve C' such that
z =elcost,y =elsint,0 <t < 7.

7. (a) Show that F = (322 — 6y2)i+ (—12zy + 4y)j is conservative.
(b) Find a potential function for F.
(c) Let C be the curve 2 =1+ 33(1 —y)3,0 <y < 1. Calculate [, F-dr.

8. For F = yx>1+ y2j find the work done by the F on the portion of the curve y = 22 from (0,0) to (1, 1).

9. (a) Express the work done by the force field F = (5z + 3y)i + (1 + cosy)j on a particle moving

b
counterclockwise once around the unit circle centered at the origin in the form / f(t)dt.(Do not
a

evaluate the integral; dont even simplify f(¢).)

(b) Evaluate the line integral using Green’s theorem.
10. Find the surface area of

(a) the surface obtained by rotating the curve y = 21/2,0 < z < 1 about the y-axis.
(b) the tetrahedron with vertices (0, 0,0), (1,0,0),(0,1,0) and (0,0, 1).

(¢) S is the surface described by 2 = v — v,y = u+ v,z = wv as u,v are in the disk of radius 2
centered at the origin in the uv-plane.

11. Exercise 9, page 472.

12. Find the tangent plane to the surface S at the point P in the following cases.
(a) S:a?+ydcos(ry) — 2% = —648, P = (9,0, 3).
(b) S is the graph of f(z,y) = €2’y 4 sin(z +vy), P = (1,1, f(—1,1)).
(c) S is the cylinder of radius 5 centered around the y-axis and P = (3,19,4).

13. Find the area of the following plane regions.

(a) x2/5+y2/5 < 4,

(b) one loop of the four-leafed rose r = 3sin6.

14. Consider the rectangle R with vertices (0,0), (1,0), (1,4) and (0,4). The boundary of R is the curve
C, consisting of C7, the segment from (0,0) to (1,0); Co, the segment from (1,0) to (1,4); C5 the
segment from (1,4) to (0,4); and Cy the segment from (0,4) to (0,0). Consider the vector field F =
(zy + sinx cosy)i — (cos xsiny)j.

(a) For each of C; find a normal unit f; vector pointing out of the rectangle.

4
(b) Find the flux of Z / F - fi;ds out of R through C. Show your reasoning.
i=17Ci

3
(c) Is the total flux Z/ F. n;ds out of R through C7,C5 and C3, more than, less than or equal
i=17Ci

to the flux out of R through C? Show your reasoning.



15.

16.

17.

18.

The equations
z=12,2° +y* <25

describe a disk S of radius 5 lying in the plane z = 12. Compute the flux of F=ai+ yi+ zk across S.

Suppose a temperature function is given in space by T(z,y,2) = 22 + % + 22 and let S be the unit
sphere z2 + y? + 22 = 1 with the outward normal. Find the heat flux across the surface S.

Compute the scalar curl and the divergence of the following plane vector fields.

(a) F = 3zyi — cos(z — y)j
(b) F = e"t2vi + arctan(zy)j

Compute the vector curl V x F and the divergence of the following vector fields.

(a) F = zi+e™k
(b) F = e*"2vi + arctan(zy)j

(¢) F =1+ x2j — 2zyzi + tan zk



