MATH 104B Winter 2015

HOMEWORK 4

DUE 4 FEBRUARY 2015

SHOW ALL YOUR WORK.

1. Let d be a nonzero integer (could be negative!).

(a) Prove that
ZIVd] = {a+bVd;a,b € Z}
is a ring and that
QWVd) = {z +yVd;z,y € Q}
is a field.

(b) Show that if d is a perfect square, then Z[v/d] = Z and Q(v/d) = Q.
(¢) Furthermore, if d = dyd3 then Q(v/d) = Q(v/dy).

(d) If d is not a perfect square, show that for each element o € Q(v/d) there exist
unique z,y € Q such that o = z + yV/d.

2. Find
(a) the inverse of 5 + 44/3 in Q(\/g);
7+ 40
b .
®) g @
9+4v5 |
—— in
3-2v5
9+ 4y/-5 i
3—2v-—5

3. Find the prime factorization of the following integers in Z[i].
(a) 23

Q(i);
(c) Q(V5);

(d) QV-5).
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4. Find the prime factorization of the following gaussian integers in Z[i].
(a) 24 12¢

(b) 3+ 4i

(c) 7+ 3i

(d) 10+ 9¢

(e)

e) 10+ 912

5. Can 35 be written as the sum of two squares? How about 457 How about 2457
6. Find an integer that can be written as sum of two squares in 3 different ways.
7. Find an integer that can be written as sum of two squares in 4 different ways.

8. Find an integer that can be written as sum of two squares in 5 different ways.



