
Analytic Number Theory 18.785

HOMEWORK 4

DUE 7 OCTOBER 2008

This Pset works through the proof that the weight 2 Eisenstein series is a quasi-modular
form.

Define G2 : H → C by

G2(τ) = 2ζ(2) + 2(2πi)2
∞∑

n=1

σ1(n)qn,

where q = e2πiτ . Note that the series is absolutely convergent for |q| < 1, i.e. for =(τ) > 0.
Hence G2 is analytic on H.

1. Show that G2(τ + 1) = G2(τ) (this is the transformation under T ).

2. To see how G2 transforms under the action of the other generator, S, start by showing
that

G2(τ) = 2ζ(2) +
∑

n∈Z\{0}

∑
m∈Z

1
(m + nτ)2

3. Now prove that

1
τ2

G2

(
−1

τ

)
= 2ζ(2) +

∑
m∈Z

∑
n∈Z\{0}

1
(m + nτ)2

.

Be careful with the order of summation!

4. Show that ∑
n∈Z\{0}

1
(m + nτ)2

= −8π2

∫ ∞

0
cos(2πmt)gτ (t)dt,

where gτ (t) = t

∞∑
n=1

e2πintτ for t > 0

and gτ (0) = lim
t→0+

gτ (t) = − 1
2πiτ

.

5. Now use the previous point to prove that∑
m∈Z

∑
n∈Z\{0}

1
(m + nτ)2

=
∑

n∈Z\{0}

∑
m∈Z

1
(m + nτ)2

− 2πi

τ
.

Note: In particular this shows that the double sum is not absolutely convergent.
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6. Prove that G2 transforms under the action of S =
(

0 −1
1 0

)
as follows:

G2

(
−1

τ

)
= τ2G2(τ)− 2πiτ.

7. Quasi-modularity: Prove that for any matrix
(

a b
c d

)
∈ SL(2, Z) and any τ ∈ H

we have

G2

(
aτ + b

cτ + d

)
= (cτ + d)2G2(τ)− 2πic(cτ + d).

Note: You have to show that c(cτ + d) and (cτ + d)2 behave well w.r.t. matrix multi-
plication.

8. Set G̃2(τ) = − 1
8π2

G2(τ). Show that

(a) G̃2(τ) =
1
2
ζ(−1) +

∞∑
n=1

σ1(n)qn

(b) G̃2

(
aτ + b

cτ + d

)
= (cτ+d)2G̃2(τ)− 1

4πi
c(cτ+d), for all

(
a b
c d

)
∈SL(2, Z) and τ ∈ H.


