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ABSTRACT. We prove a quantitative estimate, with a power saving error term, for the
number of simple closed geodesics of length at most L on a compact surface equipped with
a Riemannian metric of negative curvature. The proof relies on the exponential mixing
rate for the Teichmiiller geodesic flow.

1. INTRODUCTION

Let g > 2, and let S be a compact Riemann surface of genus g. Let 7(S) be the Teichmdiller
space of complete hyperbolic metrics on S, and let

M(S) =T(S)/Mod,
be the corresponding moduli space, where Mod, is the mapping class group of S.

Let M € M(S). Problems related to the asymptotic growth rate of the number of closed
geodesics on M have been long studied. In particular, thanks to works of Delsart, Huber,
and Selberg we have the following: There exists some 6 = §(M) > 0 so that the number of
closed geodesics of length at most L on M equals

(1) Li(el) + O (279,

where Li(z) = [, y I ;lgt ;; see [Bus] and references there.

More generally, the growth rate of the number of closed geodesics on a negatively curved
compact manifold was studied by Margulis, [Mar|. His proof, which is different from the
above mentioned works, is based on the mixing property of the Margulis measure for the
geodesic flow. In the constant negative curvature case, Margulis’ method combined with an
exponential mixing rate for the geodesic flow, also provides an estimate like (1)) — albeit
with a weaker power saving J, see e.g. [MMOQO].

1.1. Simple closed geodesics. The aforementioned fundamental results do not provide
any estimates for the number of simple closed geodesics on M. Indeed, very few closed
geodesics on M are simple, [BS2], and it is hard to discern them in 71 (M), [BSI]. More
explicitly, it was shown in [Ri] that the number of simple closed geodesics of length at most
L on M is bounded above and below by Oy (L%9~%).
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In her PhD thesis, [Mirl] and [Mir2], Mirzakhani proved an asymptotic growth rate for the
number of simple closed geodesics of a given topological type on a hyperbolic surface M —
recall that two simple closed geodesics v and +' on M are of the same topological type if
there exists some g € Mod, so that ' = g~.

Let X be a compact surface equipped with a Riemannian metric of negative curvature. We
emphasize that the curvature is not assumed to be constant; indeed, elements in M(S)
will be denoted by M to minimize the confusion. By a multi-geodesic v on X we mean
v = Z‘ijzl a;7y; where ~;’s are disjoint, essential, simple closed geodesics, and a; > 0 for all
1 < < d. In this case, we define £x () := > ailx(7), where £x denotes the length function
on X. The multi-geodesic v will be called integral (resp. rational) if a; € Z (resp. a; € Q).

Given a rational multi-geodesic 79 on X, define

sx (0, L) :== #{y € Modg 70 : £x(7) < L}.
Mirzakhani, [Mir2, Thm. 1.1], proved the following estimate when M is a hyperbolic surface:
(2) sm (70, L) ~ 1y (M)LY70,

where n., : M(S) — Rt (the Mirzakhani function) is a continuous proper function; geo-
metric informations carried by n., are also studied in [Mir2].

In this paper we obtain a quatitative version of ; moreover, our approach allows us to
prove such a result in the more general setting of variable negative curvature.

Theorem 1.1. There exists some k = k(g) > 0 so that the following holds. Let X be a
compact surface of genus g equipped with a Riemannian metric of negative curvature. Let
Yo be a rational multi-geodesic on X. Then

5x(10, L) = 1oy (X) L5770 + Oy x (E975)

where n, (X) is a positive constant which depends on o and X.

The proof of Theorem is based on the study of a related counting problem in the
space of geodesic measured laminations on S, a la Mirzakhani. The space of measured
laminations on S, which we denote by ML(S), is a piecewise linear integral manifold
homeomorphic to R%~% but it does not have a natural differentiable structure, [Thi].
Train tracks were introduced by Thurston as a powerful technical device for understanding
measured laminations. Roughly speaking, train tracks are induced by squeezing almost
parallel strands of a very long simple closed geodesic to simple arcs on a surface; they
provide linear charts for ML(S).

The mapping class group Mod, of S acts naturally on ML(S). Moreover, there is a natural
Modg-invariant locally finite measure on ML(.S), the Thurston measure py,, given by the
piecewise linear integral structure on ML(S), [Thl]. For any open subset U C ML(S) and
any t > 0, we have

prn(tU) = %9~ upn (U).

On the other hand, any metric of negative curvature X on S induces the length function
A= Lx(N) on ML(S), which satisfies £x (t\) = tlx(\) for all ¢ > 0. It is proved in [Mirll,
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App. A] that ¢); is a convex function on ML(S) when M is a hyperbolic surface. This fact
remains valid in the more general setting of variable negative curvature, see

The source of the polynomially effective error term in Theorem is the exponential mixing
property of the Teichmiiller geodesic flow proved by Avila, Gouézel, and Yoccoz, [AGY][AR]
AG]. We combine this estimate with ideas developed by Margulis in his PhD thesis, [Max],
to prove the following theorem which is of independent interest — see Theorem for a
more general statement.

Let 7 be a train track and let U(7) be the corresponding train track chart. For every
A € U(7) we let ||\l denote the sum of the weights of A in U(7), see

Theorem 1.2. There exists some k1 (g) > 0 so the following holds. Let T be a maximal
train track. Let L > 1 and let vg be a simple close curve on M. There exists a constant
Cyo > 0 s0 that

#{y € U(r) N Mod, 7o : [|7]lr < L} = ¢,yvol, L%95 4+ O, (L0956 Ed)
where vol; = purp{X € U(7) : ||A||l- < 1}.

It is worth noting that in view of Theorem the asymptotic behavior of the number of
points in one Modg-orbit in the cone {A : ||A|; < L} and that of the number of integral
points in this cone agree up to multiplicative constant.

Theorem in the more general form Theorem plays a crucial role in our analysis.
Indeed, using the aforementioned convexity of the length function, we will prove Theorem|1.1

using Theorem in

It is an intriguing problem to investigate the asymptotic behavior of functions similar to
and different from sx (7o, L) or the complexity considered in Theorem For instance,
for a suitable formulation of a combinatorial length — using intersection numbers — the
count is exactly a polynomial, see [FLP]. We also refer the reader to [CMP] where a related
problem is studied for thrice punctured sphere.

1.2. Outline of the paper. In §2] we collect some preliminary results. In §3] we prove an
equidistribution result with an error term, Proposition [3.2] which may be of independent
interest; see, e.g. [KM\, [LMir]. The proof of this proposition is based on the exponential
mixing rate for the Teichmiiller geodesic flow, [AGY], and the so called thickening tech-
nique, see [Marl, EMc]. In §4| we prove Proposition this proposition is one of the main
ingredients in the proof, and could be compared to arguments in [Mar, Chap. 6]. We will
recall some basic facts about ML(S), and study the relation between the linear structures
on ML(S) and the space of quadratic differentials in §5[and The orbital counting in sec-
tors of ML(S) is studied in §7} the main result here is Theorem 7.1 We prove Theorem

in §8
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2. PRELIMINARIES AND NOTATION

Let Q(S) denote the moduli space of quadratic differentials on S, and let Q;(S) be the
moduli space of quadratic differentials with area one on S. For any a = («, . .., ag, <) with
> a; =49 — 4 and ¢ € {£1}, define Q;(a) to be (a connected component) of the stratum
of quadratic differentials consisting of pairs (M, q) where M € M(S) and ¢ is a unit area
quadratic differential on M whose zeros have multiplicities aq,...,a; and ¢ = 1 if ¢ is the
quare of an abelian differential and —1 otherwise. Then

Q1(S) = || Qi(a).

Put Q(a) := {tqg : t € R,q € Qi(v)}. Let ¥ C S be a set of k distinct marked points.
Let Q'T (a) denote the space of quadratic differentials (M, q) equipped with an equivalence
class of homeomorphisms f : S — M that send the marked points to the zeros of q. The
equivalence relation is isotopy rel marked points. Let 7 : Q'T () — Qi(a) be the forgetful
map which forgets the marking f; this is an infinite degree branched covering.

Similarly, let ©(S) denote the moduli space of Abelian differentials on S, and let Q;(S) be
the moduli space of area one Abelian differentials. For any o = (v, ..., ax), we let H(«)
denote the corresponding stratum, and let 71 («) denote the area one abelian differentials.

Note that passing to a branched double cover M of M, we may realize Q1(«) as an affine
invariant submanifold in Hi(&) corresponding to odd cohomology classes on M, see
However, even if ¢ belongs to a compact subset of Q;(5), the complex structure on M
may have very short closed curves in the hyperbolic metric, e.g. a short saddle connection
between two distinct zeros on (M, q) could lift to a short loop in M. Note however that if
(M, w) is the aforementioned double cover of (M, q), then the length of the shortest saddle
connection in w is bounded by the length of the shortest saddle connection in ¢, i.e. compact
subsets of Qj(«) lift to compact subsets of H1(&).

2.1. Period coordinates. Let v = (M,w) € H(«), and let ¥ C M be the set of zeros of
w. Passing to a finite cover, which we continue to denote by H(«), we assume there are no
orbifold points in H(«a). Define the period map

®:H(a) = HY(M,%,C).

Let us recall that ® can be defined as follows. Let #X = k. Fix a triangulation T" of the
surface by saddle connections of x, that is: 2g + k — 1 directed edges d1,...,d241x—1 which
form a basis for Hy(M,3,7Z). Define
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Note that this map depends on the triangulation 7. If 7" is any other triangulation, and
@’ is the corresponding period map, then ® o ®~! is linear. For any = € H(«), there is
a neighborhood B(z) of z so that the restriction of ® to B(x) is a homeomorphism onto
®(B(z)), see We always choose B(z) small enough so that, using the Gauss-Manin
connection, the triangulation at y € B(x) can be identified with the triangulation at x.

We define the period coordinates at = = (M, q) € Q(«a) as follows. If ¢ = 1, then ¢ is a
square of an abelian differential, and we may define period coordinates as above. If ¢ = —1,
we use the orienting double cover H(&) to define the period coordinates: in this case there is
a canonical injection from Q(«) into H(&). Any Riemann surface in the image of this map is
equipped with an involution. This way we get the period map from Q(«) to H, gdd(M ,2,C)
— the anti-invariant subspace of the cohomology for the involution.

Put h:=2g9g+k—2if ¢ =1and h:=2g9+ k — 3 if ¢ = —1; the number h is the topological
entropy of the Teichmiiller geodesic flow on Qp(«).

2.2. SL(2,R)-action on #H;(«). Let x € Hi(a), we write ®(z) as a 2xn matrix. The action
b
d

for the action of the mapping class group and think of the dynamics on the fundamental
domain. Then, the SL(2, R)-action becomes

1 ... Tp a b 1 ... Tp
— A(g, x),
<y1 yn> (c d) <y1 yn> (9,)
where A(g,x) € Sp(2g,7Z) x Z*~1 is the Kontsevich-Zorich cocycle. That is: A(g,z) is the
change of basis one needs to perform to return the point gz to the fundamental domain.

It can be interpreted as the monodromy of the Gauss-Manin connection restricted to the
orbit of SL(2,R).

t
In the sequel, we let a; = <% e(_]t>’ Up = <(1) i), and u; = (1 (1]>

We have the following.

of g = <CCL € SL(2,R) in these coordinates is linear. We choose a fundamental domain

Theorem 2.1 (Veech-Masur). The space Hi(«) carries a natural measure f1 in the Lebesgue
measure class such that

(1) Hi(«) has finite measure,
(2) p is SL(2,R)-invariant and ergodic.

More generally, for any affine invariant manifold, M C H1(«), we let u denote the SL(2,R)-
invariant affine measure on M. In particular, all the strata in Q;(S) are equipped with
such invariant measures.

2.3. Mapping class group action. We denote elements in Mod, using bold letters, e.g.,
g denotes an element in Mod,. The action of Mod, on Q'7T («) commutes with the action
of SL(2,R), we will however denote both these actions as left action and write, e.g. g - Z or
simply denoted by gz.
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2.4. The constants. In the sequel we will use ko and N, ® = 1,2,... to denote various
constants. Unless it is explicitly mentioned otherwise, these constants are allowed only to
depend on the genus. The constants ke are meant to indicate small positive numbers while
N, are used for constants which are expected to be > 1.

We will also use the notation A < B. This expression means: there exists a constant ¢ > 0
so that A < ¢B; the implicit constant ¢ is permitted to depend on the genus, but (unless
otherwise noted) not on anything else. We write A < B if A < B < A. If a constant
(implicit or explicit) depends on another parameter others than the genus, we will make
this clear by writing, e.g. <., C(z), etc.

We also adopt the following «-notation. We write B = A** if B = A*¢ where ¢ > 0 depends
only on the genus. Similarly, one defines B < A*, B > A*. Finally, we also write A < B*
if A* <« B < A* (possibly with different exponents).

2.5. Modified Hodge norm. Let M be a Riemann surface. By definition, M has a
complex structure. Let Hp; denote the set of holomorphic 1-forms on M. One can define
the Hodge inner product on Hjys by

i

way =3 [ wnn

We have a natural map r : H*(M,R) — Hj; which sends a cohomology class ¢ € H! (M, R)
to the holomorphic 1-form r(c) € Hps such that the real part of r(c) (which is a harmonic
1-form) represents c. We can thus define the Hodge inner product on H'(M,R) by (c1, c2) =
(r(e1),r(c2)). Then

<61,02>=/ c1 N\ *xCo,
M

where * denotes the Hodge star operator and we choose harmonic representatives of ¢; and
xco to evaluate the integral. We denote the associated norm by || - ||a7. This is the Hodge
norm, see [FK].

If 2 = (M,w) € Hi(a), we will often write || - ||, to denote the Hodge norm || - a7 on
HY(M,R). Since |- ||li . depends only on M, we have ||c||lg ke = ||¢[|nz for all c € HY(M,R)
and all k£ € SO(2).

Let E(x) = span{[Re(w)], Im(w)]} — the space E(x) is often referred to as the standard
space. We let

(3) p: HY(M,S,R) — H'(M,R)
denote the natural projection; p defines an isomorphism between E(x) and p(E(z)) C
H'(M,R).

For our applications in the sequel (and in order to account for the loss of hyperbolicity in
the thin part of the moduli space) we need to consider a modification of the Hodge norm.
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The classes c, and *c,. Let a be a homology class in Hy(M,R). We let xc, € H'(M,R)
be the cohomology class so that
/w :/ w N *Cq
«a M

/ *Cq N xcg = i(a, f3),
M

where i(-, -) denotes the algebraic intersection number. Let % denote the Hodge star opera-
tor, and let

for all w € HY(M,R). Then,

Ca = % L(*Cq).
Then, for any w € H*(M,R) we have

(w,ca):/ w/\*ca:/w,
M o'

where (-, -) is the Hodge inner product. We note that xc, is a purely topological construction
which depends only on «, but ¢, depends also on the complex structure of M.

Fix e, > 0 (the Margulis constant) so that any two geodesics of hyperbolic length less than
€« must be disjoint.

Let o denote the hyperbolic metric in the conformal class of M. For any closed curve a on
M, let £p;() denote the length of the geodesic representative of « in the metric o.

We recall the following.

Theorem 2.2. [ABEM| Thm. 3.1] For any constant L > 1 there exists a constant ¢ > 1,
such that for any simple closed curve o with ¢pr(a) < L, we have

() Sear(e)'7? < flcallnr < elar(0)' 2

Furthermore, if £yr(a) < €, and B is the shortest simple closed curve crossing o, then

1
EKM(Oé)fl/2 < legllar < clar(a) ™2

Short bases. Suppose (M,w) € Hi(«). Fix €1 < €, and let aq,...,ax be the curves with
hyperbolic length less than ¢; on M. For every 1 < i < k, let 8; be the shortest curve
in the flat metric defined by w with i(a;, 8;) = 1. We can pick simple closed curves 7,
1 <r <2g—2kon M so that the hyperbolic length of each ~,. is bounded by a constant L
depending only on the genus, and so that the o, 3; and ; form a symplectic basis S for
Hy(M,R). We will call such a basis short. A short basis is not unique, and in the following
we fix some measurable choice of a short basis at each point of H; ().

We recall the definition of a modified Hodge norm from [EMM]; this is similar (but not
the same) to the one defined in [ABEM]. The modified norm is defined on the tangent
space to the space of pairs (M,w) where M is a Riemann surface and w is a holomorphic
1-form on M. Unlike the Hodge norm, the modified Hodge norm will depend not only on
the complex structure on M but also on the choice of a holomorphic 1-form w on M. Let

SRy AT >
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We can write any 0 € Hl(M R) as

29—2k
(5) =§Z *%l+§jb%1 )2 (kep) + D wilsey,),
i=1 = r=1

We then define

2g—2k
(6) 10117 = 101l + (Zlaz!+2|b\+ Z Iur!>

Note that || - || depends on the choice of a short basis; however, switching to a different
short basis can change || - ||” by at most a fixed multiplicative constant depending only on

the genus.
From @ we have: for 1 <i <k,
(7) | *caillz < 1,
see for the notation <. Similarly, we have
1
8 xcg ||” =< || *ca, = — 0.
0 el < | s < o

In addition, in view of Theorem if v is any other moderate length curve on M, ||*c, ||y <
| *¢y|lu,e = O(1). Thus, if B is a short basis at « = (M, w), then for any v € B,

9) Exty(2)"/2 < [|¥¢y[lia < [xey|”

By Ext,(x) we mean the extremal length of v in M, where z = (M, w).

Remark. From the construction, we see that the modified Hodge norm is greater than
the Hodge norm. Also, if the flat length of shortest curve in the flat metric defined by w
is greater than e;, then for any cohomology class ¢, for some N depending on €1 and the
genus,

(10) lell” < Nllell.q;
i.e., the modified Hodge norm is within a multiplicative constant of the Hodge norm.

Note however that for a fixed absolute cohomology class ¢, ||c||”/ is not a continuous function
of x, as x varies in a Teichmiiller disk; this is due to the dependence on the choice of a
short basis. To remedy this, we pick a positive, continuous, SO(2)-bi-invariant function ¢
on SL(2,R) which is supported on a neighborhood of the identity with fSL(z,R) o(g)dg =1,
and define
Jelle = el + | el 6(9) do.
SL(2,R)

)

It follows from [EMM), Lemma 7.4] that for a fixed ¢, log ||¢||., is uniformly continuous as x
varies in a Teichmiiller disk. In fact, there is a constant mg such that for all z € H;(«a), all
c€ HY(M,R) and all t > 0,

(11) e lelly < llellt < €™ el

Remark 2.3. Even though [|-||’, is uniformly continuous as long as z varies in a Teichmiiller
disk, it may be only measurable in general (because of the choice of short basis).
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2.6. Relative cohomology. For ¢ € H!(M,%,R) and z = (M,w) € Hi(a), let p(c)
denote the harmonic representative of p(c), where p : H'(M,%, R) — H'(M,R) is the
natural map. We view p.(c) as an element of H'(M, X, R). Then, (similarly to [EMM, §7],
see also [ABEM] and [EMR]) we define the modified Hodge norm || ||’ on H*(M,%,R) as
follows.

(¢ = pz(c))

Vz,2!

I

lelle = llp)lle + >

(2,2')eXxX

where v, ./ is any path connecting the zeroes z and z’ of w. Since ¢ — p,(c) represents the
zero class in absolute cohomology, the integral does not depend on the choice of v, ,-. Note
that the || - ||’ norm on H'(M, %, R) is invariant under the action of SO(2).

As above, we pick a positive continuous SO(2)-bi-invariant function ¢ on SL(2, R) supported
on a neighborhood of the identity such that fSL(2 R) #(g)dg = 1, and define

(12) lelle = /S o Iell= 60) 9

5

Then, the || - || norm on H'(M, X, R) is also invariant under the action of SO(2).
By [EMM, Lemma 7.5] there exists some Nj so that
(13) e T lelle < Jl(ascllace < ]

2.7. The AGY-norm. Let || - ||acy . denote the norm defined in [AGY], §2.2.2]. We recall
the definition: let z = (M,w) € H1(c). For any ¢ € H'(M, %, C), define

G
" Iellacve =50 T ) o)

where the supremum is taken over all saddle connections of w. This defines a norm and the

corresponding Finsler metric is complete, see [AGY].

We note that || ||; and || ||agy,» are commensurable to each other on compact subsets of
Hi(a).

For every z = (M, q) € Qi(«), we define the norms || ||, and || ||agy,z using the branched
double cover M.

Lemma 2.4. Let c€ H'(M,%,C), t >0 and s € [0,1]. Then

242t H

(15) e 2 elacy e < [[(ars)cllacy au < € cllacy -

Proof. This is proved in [AGl, Lemma 5.2|, see also [AGY], eq. (2.13)], we recall the argument.
Write ¢ = a/ +ib’ and ®(z) = a+ib. Then the definition (14), implies that for all ¢ > 0 and
|s] <1 we have

t a/ b/ i 7tb/
I(artss)scllay ams = sup SRR

(16)

o |a’ () st (7)+ib' (7))
<e Sgp la(y)+sb(y)+ib(v)] -
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By the triangle inequality, for every |s| < 1 and every z = z1 + izy € C we have
lusz| = |21 + s22 + izo| < |21 + i22| + |22] < 2|2];

since z = u_susz, we also get that |usz| > |z]/2.

This observation and imply that

2 '(y)+ib’
||(atus)*c‘|AGY,atusx <de tSl}{p w-

The lower bound follows similarly. O

2.8. Non-divergence results. Recall that Q;(«) is realized as an affine invariant sub-
manifold in H;(&), moreover, compact subsets of Q;(«) lift to compact subsets of H1(&).
Let u : Hi(&) — [2,00] be the function constructed in [EMas] and [Ath].

Theorem 2.5. There exists a compact subset K/ C Qi(«) and some Ny > 0 with the
following property. For every ty and every x € Qi(«), there exists

s €1[0,1/2] and tp < t < max{2to[NJlog u(z)}
such that ' = ayusx € K.

Proof. The stratum Qj(«) is an affine invariant submanifold in #;(&). The claim thus
follows from [Athl, Thm. 2.2] and [AG| Lemma 6.3] applied with § = 1/2. O

2.9. Period box. Let ¥ = (M, q) € Q'T (a). For every r > 0 define
Rr(Z) = {®(#)+d +it : d',b/ € H'(M,S,R),||d’ +iV/||acy,s <7}

Let now 7 > 0 be so that ®~! is a homeomorphism on R,.(Z) N ®(Q'T (a)). Put
B, (%) = @‘I(RT(QZ)>.

The open subset B,.(z) will be called a period box of radius r centered at . Thanks to [AG,
Prop. 5.3], B,-(%) is well defined for all 0 < r < 1/2 and all # € QT (). We also have the
following.

Lemma 2.6. There exists some N3 so that for all z € Qy(a) and every 0 < r < u(z)
the following hold. Let ¥ € QYT () be a lift of x. Then

(1) The restriction of the covering map m to B,.(%) is injective.
(2) For all 21,72 € B,(Z), the Teichmiiller distance between T1 and Ty is at most 1.
Proof. The argument is similar to the one used in the proof of [EMM|, Lemma 8.2].

For part (2) we will need the following two facts: d((a;us)*'z, (agus)*12’) < 16€* for all
t > 0 and s € [—1,1] where d7 denotes the Tichmiiller distance. Moreover, there exist a
constant C' > 1 so that

Cldaay(z,7) < dr(z,7') < Cdacy(z,2') forall 2,2/ € K/,

where K C Qj(«a) is the compact set introduced in Theorem [2.5
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We now turn to the proof of the lemma. For every z € K/, there exists 0 < r(x) < 1/2
so that B,(;)(z) is embedded in the sense that the projection from the Teichmiiller space
QM () to the Moduli space Q1 (c) restricted to B,(,)(Z) is injective. Let ro = infyexr 7(x).
By compactness of K/, ro > 0. Decreasing rq if necessary, we assume that for all z € K/,
and all Z1,Z2 € B, (Z), the Teichmiiller distance between Z; and Z2 is at most 1.

Let N > 1 be so that
(17) CENHI6 0 < 1/2.

where [N is as in Theorem

We will show that [Ns|= N satisfies the claims in the lemma. First note that in view of [AG]
Prop. 5.3], B(Z) 1= By,(;)-~(Z) is well defined for all z € Q1(c) and all the lifts 7 € QT ().

Suppose now that there exists © € Q1(«) and %1, %9 € B(Z) such that o = g for some g
in the mapping class group. Write

i =7 +v;, where |villacy.. < u(z)™V

By Theorem there exists s € [0,1/2] and 7 <[ NoJlog u(z) such that 2’ = a,usz € K},.
Let 2 = arusx;, and put &, = a,usZ;; also put ' = a;usz. Then, in view of we have
(18) vill acy,e; < €2 u(@) ™ < 8u(a)TANT2 < gTRENTE <

where for the last estimate we used and the fact that u(z) > 2. However, &, = g/,
thus, both 2} and zf, belong to the projection of B, (Z'); this contradicts the fact that
B, (') is embedded.

This contradiction shows that B, ,y-~ () is embedded, establishing part (1).

We now turn to part (2). We use the above notation. Let Z1,%2 € By ,)-~ (), and define
z, = a;usz; € K/, and 7, = a;us&; as above. Then implies that

dacy (&), &) < 16u(z)Td-N+2
Hence, dr (&), #) < 16Cu(x)2-N+2 Since #; = (a,yus)~'Z, we conclude that
dT(fl,fg) < CU({L')MNJAG <1

where we used and u(z) > 2 in the last inequality. The proof is complete. O

For every x € Q;(a) we put
(19) r(w) = u(r) T,

for every compact subset K C Q;(a), let r(K) = inf{r(x) : x € K}.

For every 0 < r < r(x), we let B.(z) denotes m(B,(Z)) where € Q'T () is an arbitrary
lift of z. We refer to B,(z) as the ball of radius r centered at z.
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2.10. Horospherical foliation. Given a point z = (M,q) € Qi(«), the tangent space
T, Q1(c) decomposes as
T,01(a) = Rv(z) @ E"(z) @ E°(x)
where v(z) with ||v(z)||acy,z = 1 determines the direction of the Teichmiiller geodesic flow,
E%(z) = T, Q1(e) N D®, ' (H'(1,1,R)), and
E*(z) = T,Q1(c) N DO, (iH' (1,1, R)).
where (t,1) = (M, %) if ¢ = 1 and (f,1) = (M, ) if ¢ = —1 — recall that M is the orienting

double cover of M and we use ® to locally identify RQ; () with HY(M,%,C) if ¢ = 1 and
with the H!,,(M,%,C) if ¢ = —1.

If ®(z) = a + ib for some x € Q1(«), then
(20) E'(z) = {d € H'(M,%,R) :i(d’,b) = 0},

and ES(x) = {it/ € iH'(M, 3, R) : i(a,b’) = 0} when ¢ = 1. Similarly, one can define E%*
in the case ¢ = —1.

The subspaces E"5(x) depend smoothly on z, moreover, they are integrable. We denote
the corresponding leaves by W' (x) and WS(x), respectively. Also put

WM x) = {a,W"(x) : t € R}
and W (z) := {a,W5(z) : t € R}.

Let u2 and pf denote the leafwise measures of the natural measure p along W"(z) and
W3 (z), respectively. Then y — p,™ is constant along W"*(z), respectively, and we have

(21) (ae)epiy = e Mpl, and  (ap)epsl = €l 45

see also [AG §4] where these measures are defined using volume forms.

If B,.(z) is a period box centered at x, then :U‘Br(cc) has a product structure as dLeb x du® x
dut, see e.g. [AGl Prop. 4.1].

Given z € Qp(a) and a period box B, (x) with center x and 0 < r < r(z), we let
B)*(x) = the connected component of x in B,(z) N W™*(z).
Define B?(x) for e = cu, cs similarly.

We also denote functions which are supported on the leaves W', W etc. using the same
superscript, e.g., " denotes a function which is supported on a leaf W"(z).

We use the norm || - [aqy,» to induce a metric dyus(y) on By®(x) for 0 < r < r(x). Hence
notions such as diam etc. refer to this metric.

Let W*(&) denote the foliation e in Q"7 (a), and define B®*(Z) accordingly.
Let w™® € E™%(x). Then
(22) l(as)swacy.ae = [w"lacy,e and [[(ar)sw®(|acyaa < [lw*]acy .z,

see [AG, Lemma 5.2]. Moreover, we have the following uniform hyperbolicity estimate.
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Proposition 2.7. Let K C Q1(«) be a compact subset. There exist some rkao(K) and some
to = to(K) with the following property. Let t > to; suppose that x,a;x € K, moreover,
assume that

{r€0,t] : a;z € K}| >t/3.

Then
(ar)«wllacv,ae < e E lwllacye and | (ae)sw]las < e EL ]|,

for all w € E5(x) and all t > to.
Proof. Let || ||aBEM,2 denote the modified Hodge norm defined in [ABEM,, §3]. Let C be a
constant so that

(23) CHvllaemy < vllacy,y < CllvllaBeny
for all y € K.

In view of [ABEM, Thm. 3.15], there exists some k3(K) so that under our assumptions in
this proposition we have

(24) (as)swl|aBEM,are < € E|w|| ABEM,2-

We now compute

| (ar)swllacy,ae < Cll(ar)sw|| ABEM, a2 since a;x € K
< Ce ™ |w|| ABEM 2 by
< C%e B |w||aqy .. since z € K.

The claim thus holds with o] = g)/2 and to = 15 -

Lemma 2.8. Let K/, be as in Theorem . There is a positive constant Ny and for every
0 < 0 < 1 there exists k4(0), and a compact subset K (6) D K, with the following properties.
Let x € Q1(a), 0 < r <r(x), and let B,(z) be a period boxr centered at x. Put

H}(z,0) :== {y € B}'(z) : [{T € [0,1] : ary € K4(0)}| > 6t}.

Then for every t Iog u(x), we have
i (Bl (x) = Hi(2,0)) < e BN (B ().

Proof. See [AG] Prop. 6.1]. O

We apply the above with § = 0.5, and put
(25) K, = K,(0.5), := k4f0.5), and H}(z):=H}(z,0.5)
for the rest of the paper.

We have the following corollary

Corollary 2.9. Let z € Qi(«a), and let t > Nylogu(z). For every y € H}(x) and every
w € E"(z) we have

(a—s)swllacya_ry < e “EdED || xay .
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Proof. Let 79 < 7 be the first and the last time so that a,y € K,. Then in view of
Lemma 71 — 70 > 0.5t > (11 — 70)/3. Therefore, by and Proposition we have
l(a—t)swllacy.a_ry < [[(@—r)swlacy.a_.,y
< e MBI (0wl acva_gy

< e MBI w sqy,

as we claimed. O

2.11. Smooth structure on affine manifolds. As it is done in [AG, §5.2], we use the
affine structure to define a smooth structure on Q'7(«) and Qi(a). Let us recall the
definition of a C*¥-norm from [AG], see also [AGY].

Let W C Q;(«) be an affine submanifold. For a function ¢ on W define

Ck(SD) = Sup ‘ Dk gD(-T,Ul, ceey Uk)|7
where the supremum is taken over z in the domain of ¢ and vy, ...,v; € T,W with AGY-
norm at most 1. Define the C*-norm of ¢ as lellor = Z?:o ci(p).

By a C* function we mean a function whose C*-norm is finite. The space of compactly
supported C* functions on W will be denoted by C¥ (W), similarly, we define C°(W).

In the sequel we will only need C''-norm of functions. To avoid confusion between this norm
and other relevant norms which will be used, and also since we often use the letter C to
denote various constants, define
1
C (o) == llellcr
for any C! function (.

In the sequel we will need to replace the characteristic functions of certain sets with their
smooth approximations. The following lemmas will provide such approximations.

Lemma 2.10 (Cf. [AG], Prop. 5.8). There exists N5 so that the following holds. Let
x € Qi(a). Let D C W™ (x) be a compact set, and let ¢ < 0.1r(D), see (19). There exists a
finite collection {p;} of C™° functions on W (z) with the following properties:

(1) 0<¢; <1 foralli.

2) C'(pi) {Naf T

(2)

(3) For every i, @; is supported on B¥(y;) for some y; € D.
(4) The covering {B2(y;)} of D has multiplicity at most [N
(5) D> wi <1, and the equality holds on a neighborhood of D.

Proof. This is proved in [AGlL Prop. 5.8]. It is worth mentioning that [AGl Prop. 5.8] is
stated for balls of size < 1, to get our claim here, one needs to apply the argument there
not to the AGY norm, but to the AGY norm scaled by 1/e. O

Let W be one of the following: Q;(«a), W™*(x), or W%(x), for some = € Qi(«). Let
E C W be a compact subset. For any 0 < € < 0.17(F) define

EKZ{?/EW:r(y) > ¢ and B.(y) N E # 0};
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note that EKV,E is an open subset of W which contains E.

Let r > 0 and L > 1. Let Sw(E,r, L) denote the class of Borel functions 0 < f <1
supported and defined everywhere in E with the following properties: for all ¢ < r/10L
there exist ¢4 ¢, - € C°(EY,) so that

(8'1) P—e < f < P+,e5
(8-2) CHpre) <€ L and

(8-3) o+, = p—ell < 2| fl2-

If W is clear from the context, we denote Sy (E,r, L) and E}’ZE simply by S(E,r, L) and
E. ., respectively.

Lemma 2.11. There exists some L depending only on « so that for all 0 <r < r(z),
IB;}’S(SC) e SWu,s(x)(B;ﬂLS(;U), T, L)

Similarly, 1g, () € S(B;(z),7, L) for all 0 <7 <r(z).

Proof. We will show the claims hold if we choose L > 2Nz see Lemma large enough.
Apply Lemma with € and D = B}'_,,, and denote by {¢; -} the functions obtained

from that lemma. For a second time, apply Lemma with € and D = B}}(z), and denote
by {i +} the functions thus obtained. Put

Pe,— = Z i~ and . = Z P 4

These functions satisfy (S-1) thanks to Lemma [2.10[(1) and (5). Moreover, they satisfy
(8-2) thanks to Lemma [2.10(1)—(4) and the fact that L >

To see (S-3), first note that p(BY(z) — BY_y.) < € where the implied constant depends
only on a. The claim in (S-3) thus holds true in view of Lemma [2.10(5) if we choose L

large enough, depending on c.

The second claim follows from the first claim, using the product structure of B,(z) and of
the measure pu. O

We fix once and for all some L so that Lemma holds true and drop L from the notation.
In particular, S(E, r, L) will be denoted by S(E, ).

Abusing the notation we will write S(z,r) for S(E, r) if the compact subset E is not relevant
except for the fact that it is a compact subset containing the point x.

3. TRANSLATES OF HOROSPHERES

In this section we will use a fundamental result of Avila, Gouézel, and Yoccoz, [AGY], [AG]
together with Margulis’ thickening technique, [Mar, [EMc, [KM]|, to study translations of
pieces of the horospherical foliations along the geodesic flow.
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Theorem 3.1 (Exponential Mixing, [AGY], [AR] [AG]). Let (M, u) be an affine invariant
manifold. There exists a positive constant k = k(M, u) so that the following holds. Let
Uy, Uy € C°(M), then

’/‘I’l(atﬂ«")‘l’z(fﬂ) dp(z) — p(W1)p(Wa)| < CH(1)CH (Wa)e ™
where the implied constant depends on (M, ).

We remark that combining [AGY] [AR] [AG] and [Rn|, the C! norm in Theorem [3.1| may be
replaced by the p-Holder norm for any p > 0. However, if we use the p-Holder norm, the

constant x will, in general, depend on p; in particular, x tends to 0 as p tends to 0, see [Rul,
Thm. 1] and [AGY], Thm. 2.14].

It is also worth mentioning that the C! norm in Theorem may be taken to include
derivatives only in the direction of SO(2) C SL(2,R), see [CHH] and |[Rn, Thm. 1] and
references there. Our choice, C', is more restrictive; this is tailored to our applications
later, e.g., we will use the estimate that ||¢||. < C(¢) for any ¢ € C°(M).

Proposition 3.2. There exists some ks, depending on «, with the following property. Let
x € Q1(a), 0 <r <r(x), and let B,(z) be a period box centered at x. Let " € C° (B} (x)),
then for any ¢ € C°(Q1(a)) we have

u dut o d u g,
Juo, oo [ oan [ vt

We need some notation; we discuss the case ¢ = 1, the case ¢ = —1 is similar. Let
®(z) = a + ib; recall from that

E"(z) ={d' € H'(M,%,R) : i(d’,b) = 0}.
Similarly E*(z) = {it' € iH'(M, %, R) : i(a,b') = 0}.

These spaces can alternatively be described as follows. Recall that subspace E(x) =
span{a, b}, then E¢(z) is SLa(R) equivariant. Let

He(z)* = {c € H'(M,%,C) : p(c) A p(E(z)c) = 0},

similarly define H}(z)*.

< Cl(p)Ct(y")e BT,

The unstable leaf W'(z) is locally identified with ®(z) +sb+w for s € R and w € Hg(z)t.
Similarly the center stable leaf W () is locally identified with ®(x) 4+ 7v(z) + s'ia + iw’
where 7,5’ € R and w' € Hi(x)*.

Let 0 < r < 0.1r(z) and let y € B,(z). Write ®(y) = a, + ib,. We define the stable
projection y" € By (x) as the unique point so that ®(y) = ®(y") + 7v(y) + sa, + w where
7,5 € R with |7, |s| < 2r and w € HE(y)* with ||w||agy. < 2r. Put

FB,(z) = {y € B,(z) : y" € B(z)}.
Then B} (z) C FB,(z).
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For every 0 < § < 0.1r and every y € B,(x), let
D5*(y) = {arz : [7]| < 6,2 € W3(y), ®(2) = (y) + w, |w|acy, < 6}

For every y € Bj(z), let p’ : W(y) N B,(x) — W(x) be the projection along unstable
leaves. Then 0.5 < Jac(p’) < 2, moreover we have

W() N Bo.is(z) C p (DF(y)) € W(x) N Bros(x).

We now begin the proof of the Proposition [3.2]

Proof. The idea is to relate the integral fW“(:):) d(ary)yP™(y) dpl(y) to correlations of the

function a_;¢ with a thickening of " in the direction of W(xz). Then we may use Theo-
rem [3.1] to conclude the proof.

To that end, let 0 < € < 0.01r(x) be a parameter which will be fixed later. In particular, it
will be taken to be of the form e™**. Let 1) be a smooth function supported in D(x) so that
stc(x) ¥ = 1. We can choose such a function so that it moreover satisfies C(¢*) < ¢ No
where and the implied constant depend on «.

Define ¥ on FB,(x) by
(26) D(y) = Ag™ (P () - 0" (y")

where )\;ul = fiyes (o) ¥ (p$h (w)) dpsi (w). Extend ¥ to a smooth function on Qj(a) by
defining ¥(y) = 0 for all y & FB,(z); note that p(¥) = p(¢"), see the computation in (30).

We need the following lemma.
Lemma. There exists kg depending only on « so that

< Cl(p)CH () &D
Qi1(a)

where the implied constant depends only on a.

(21) ‘ [ e ) — [ o)) )

Let us assume the lemma and finish the proof of the proposition. Optimizing the choice
of € to be of size e for some small 0 < x < 1, the proposition follows from and
Theorem 3.1 applied with ¥; = ¢ and Uy = ¥ — recall again that pu(¥) = pl(¢"). O

Proof of the Lemma. Since VU is supported in FB,.(z), we need to estimate

(25) L e i)~ [ oawe) ant)

FB,(z)

Let z € FB;(x). Recall that ®(z) = ®(2") + w where w € Rv(z") + E*(z"), indeed
z € We(2"). In view of we have

H(a‘t)*wHAGYﬂtl' < ||wHAGY,z-
Thus using the definition of C!(¢), we have

|6(a:2) — dlaz")| < FEC ()
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where [kg| and the implied constant depend only on a.

In consequence, we may replace ¢(asz) by ¢(a;2") in (28)), and use the bound |- [|oo < C'(*),
to conclude the following

(29) / Bay) " (y) dul(y) — / B(a2)¥(2) du(z)| < CH(H)CH (W) ED +
w(x) FB(z)

r

/ Bay) " (y) dul(y) — / Has2")W(2) dp2)
B (x)

z€FB,(x)

where the implied constant depends on a.

Recall the definition of ¥ from , in particular recall the normalizing factor Ayu. This
and the product structure of y yield the following

[ s = [ o) (5:) ) du)
z€FB(x)

z€FB(x)

- / $ar=" " (=") / Aot (05 (w)) dpiSh (w) dye (%)
u(x)

Wcs(zu)

r

(30) = [, Sl @)
We now combine the estimates in and , and get the following.

‘ Jo, Sl a0 — [ o) an(z)] < ¢ (o) (1)

Q1 (o)

where the implied constant is absolute. O

Remark 3.3. It is worth mentioning that Proposition [3.2] and its proof hold for any affine
invariant manifold, (M, u). In the sequel, however, we will only need this result for Q;(a);
and even more specifically, in our application to counting problems, we will need this result
for the principal stratum Q;(1,...,1). The main result in [AGY] was generalized to Q(«)
in [AR].

Corollary 3.4. There exist k7, kg, and Ny so that the following holds. Let z,z € Qi(«)
and suppose 0 < r,r’ < 0.0l min{r(z),r(z)}. Let B C B,v(2) be so that 1g € S(z,7") and let
Yt e CX(BY(x)). Then for every e < r'/L, see Lemma we have

1

- € 1 ue 1/,u ]
e < B (g B 4 ¢y

/ e (ary) 6" () du(y) — / o dut
Wu(z)

Proof. This follows from Proposition[3.2]by approximating 1g with ¢+ ¢ and using properties
(S-1)—(8-3). O
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4. A COUNTING FUNCTION

Let z,z € Qi(«). Let ¥" be a function which is supported and defined everywhere in
Bo.1r(2) (%) = Bo.1p(z)(z) N WH(z), and let ¢ be a function which is supported and defined

everywhere in Bgflr(z)(z) = Bo.1r(2)(2) N W(2). For all t > 0, define

(31) Nac(t, 9", ¢%%) =Y " (y) 6™ (ary)

where the sum is taken over all y € Bg,, ) (z) so that a;y € Bfflr(z)(z) — note that the
sum is indeed over all y € supp(y") so that a;y € supp(¢®).

Alternatively, the sum is taken over connected components of a;supp(*)Nsupp(¢) (indeed
the subscript nc stands for the number of connected components); this point will be made

more explicit later in this section, see e.g. Lemma below and recall that W*" and W
are complementary foliations.

The function Ny, may be thought of as a bisector counting function where one studies the
asymptotic behavior of the number of translates of a piece of W*" by Mod, which intersect
a cone in the Teichmiiller space.

The following proposition is the main result of this section and provides an asymptotic
behavior for M,.. This proposition plays a prime role in the proof of Theorem in

Proposition 4.1. There exist k9 and Ng with the following property. Let x,z € Qi(a),
and let t ﬂmax{log u(z),logu(z)}. Let " € C?(Bg.h,(m) (x)) with 0 < Y" <1, and let
P € Cg"(Bfflr(z) (2)). Then

Wi (£, 9%, 6%) — e (™) S (6%)] < CH (™) (¢ el Tad?
where h = 3(dimg Q(a) — 2).
The proof of this proposition is based on Lemma[4.5 which in turn relies on Proposition

In particular, the main term is given by Proposition However, we need to control the
contribution of two types of exceptional points as we now describe.

Similar to Lemma [2.8], given a compact subset K O K, define
(32) H}(z, K) := {y € B}(z) : {T €[0,¢] : a;y € K}| > t/2}.

The first (and more difficult to control) type of exceptional points are y € B}}(x) so that a;y €
B,/ (2), however, y ¢ H{(z, K). The contribution coming from these points is controlled

using [EMR] Thm. 1.7], see Theorem below.

We also need to control the contribution of points y € B}(z) which are exponentially close to
the boundary of BP*(z). This set has a controlled geometry, and we use a covering argument
and Proposition to control this contribution. The argument here is standard and will
be presented after we establish an essential estimate in .

Let us begin with some preliminary statements which are essentially consequences of the
fact that W and W are complimentary foliations in the spaces marked surfaces Q7 (a).

Recall that for any Z € Q7T (), B8(#) denotes a ball in W*(&) for ® = u, s, cs, cu.
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Lemma 4.2. Let &,i € Q'T(a) and let 0 < r < 1/2. Assume there are g1, 4o € W(%)
and some t € R so that a;jn and a2 belong to BSS(Z'). Then i1 = 3.

Proof. We present the argument when ¢ = —1, the other case is similar. By the assumption,
we have a;y; € W(z') which implies that

e W(i') for i = 1,2.

Recall now that 71,72 € Wu( ), hence, by (20| . the correspondlng abelian differentials at g
and g differ from each other by some c € H dd(M 32, R). However, since §;, §ia € W(Z'),
they differ from each other by some c € H, Odd(M ,3,iR) @ Rv(#'). Therefore, §; = §o. O

Corollary 4.3. Let g1,82 € Mody be so that g; - WY (j) = W(&) = go - W§). Let iy
and T in W(Z). Assume for some r,b > 0 that
BS(') Ng; - atBy(7;) # 0 fori =1,2 and some t € R.
Then B (2') Ng1 - a/BY(21) = BP(2') N g2 - atB} (Z2). In particular, we have
g1 By(Z1) Nga - By(22) # 0.

Proof. Let ; € BS(#) Ng; - a:By(&;) for i = 1,2. Then g1, o € BS() Na;W"(Z). Hence,
by Lemma [£.2] we have §; = §2 which implies the claim. O

As was discussed above, there are two types of exceptional points. The first type will be
controlled using the following theorem.

Theorem 4.4 (Cf. [EMR], Thm. 1.7). There exist Ng and a compact subset Ko D K, s0
that

#{y € BY 1) (@) — Hi (@, Ka)  ary € BF, ) (2) } < (2 Rl 0-0)

where the implied constant is absolute.

Proof. Let us write r = 0.17"(90) and ' = 0.1r(z). For a compact subset K D K, put
Ei(z, K) :={y € B}, (x) — H}!(z, K) : ary € B} (2)}.

In Q7 («) fix lifts BY, () and B,/ (Z) for the sets BY,(z) and B%(z), respectively. For every
element y € By (z) we fix a lift g € BY, (). Then for every y € E;(x, K) there exists some
gy € Mod, and some z, € B&(Z) so that a;§ = g, 2.

Recall from Lemma [2 . 6 that the diameter of B, (;)(g) in the Teichmiiller metric is at most
1 for all g. Hence, for every y € E;(z, K') we have

(1) g is within Teichmiiller distance 1 from Z and a;y = gyZ, is within Teichmiiller
distance 1 of gz, and

(2) {r €10,t] : m(arg) € K)}| < t/2.

It is shown in [EMR), Thm. 1.7], see also [EMir], that there exists some Ky so that if K D K,
then the number of {gZ} for which such a ¢ exists is

< u(m)*u(z)*e(h_0‘5)t
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where the implied constant is absolute — indeed apply with § = 0.1 and 8 = 0.9 and observe
that the function G in [EMR), Thm. 1.7] is dominated by our function u here.

We now claim that there exists some C' which depends on a and K so that the following
holds: the map y — g,z from Ei(x, K) to {gZ : g € Mod,} is at most C-to-one.

First note that the above discussion together with the claim implies that

(33) H#E (2, K) < ¢ u(z)u(z) eh=09,

as we wanted to show.

To see the claim, let yi,y2 € Ei(x, K). Then there exists g1, g2 € Mod, so that
gi -y € B (2).

Therefore, by Corollary [£.3] applied with #; = & and b = 2r, we have

e cither g; - W' (&) # g2 - W"(Z) which in particular implies that g; # go,
e or g; - BY.(Z) N g - BY.(Z) # 0 which implies g; ‘g belongs to a fixed finite subset
of Mod,.

The claim thus follows and the proof is complete. O

The following lemma will play a crucial role in the proof of Proposition

Lemma 4.5. There exists k19 and Nyig with the following property. Let x,z € Qi(«a), and
let t >[Niolmax{log u(z),logu(z)}. Let

o "€ CF(Bg 4,y () with 0 <™ <1, and
o ¢" € C(By 1r(z)( z)) and ¢* € CSO(BSSM(Z)( z)).
Put 6(y) = 6% (65 (1)) 6" (y"), see ag Define
(34) NI’IC Z’l/}u /’Laty
where the sum is taken over all y € B“(a:) so that ayy € Bfﬁ(z). Then

Nie(t. ", ) — e () u(@)] < CHRM)CH (@)e el
where h = %(dimR Qa) —2).

Proof. We will compute
/ ( )qﬁ(aty)w“(y) dp(y)

in terms of V.. The claim will then follow from Proposition
Let us write = 0.1r(x) and »' = 0.1r(z). First note that
(35) r' < diam(W"(2) N By (2)) < 1’

where the diameter, diam, is measured with respect to || ||/ aqy for all 2’ € B,/(2), see [AG,
Prop. 5.3].
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Let K, be given by Theorem and put H¥(z) := H}(x, K,), see for the notation.
Since K, C K, it follows from Lemma that

(36) pi (B () — Hy(x)) < e B (B (x))

for every t > tg where tg depends only on K,.

It is more convenient for the proof to treat points in H}(z) which are too close to the
boundary of B!(x) separately. Define

tint = {9 € Hi (2) : Byge - () C By (2)}

where k11 = kof Ka)/2, see Proposition for the definition of The precise radius
which is used in the definition of H};  is motivated by estimates for uniform hyperbolicity

of the Teichmiiller geodesic flow, see Claim [4.6] below.
Using and the definition of H}; ., we have

(37) w (B (2) = Hitin) < e B (B} ()
for some k19 depending on K,. The estimate in implies the following:

(38) / sy )" ) dii(y) = O (BR())C () (9)+

[ slewe o) duw).

t,int
We now compute the term fH?im d(ay)*(y) dpd(y) appearing in (38)).

For every y € H}';,, so that a;y € B,(2), there is an open neighborhood C, of y such that
a+C, is a connected component of a;B}!(z) N B,/(2) containing a;y. We note that C = {C,}
is a disjoint collection of open subsets in B}(z). Further, in view of we have

(39) Hay (@) = €y (a—ed) = €"p (a—g);
recall that a_;¢(y') = ¢(ary’).

Claim 4.6. Let y € Hi(z), then C, C B} g (y). If we further assume that y € Hi;,,
then C, C Bl (v) C B} ().

Proof of the claim. Let y' € Cy. It follows from the definition of C, that a;y’ € W"(azy) N
B, (2). Let us write a;y/ = ®~1(®(asy) + w). Then, by we have

||wHAGY,aty < T,.
This, in view of Corollary implies that
lwllacy,y < e T wlacy oy < e B

where the implied constant depends only on «. The claim follows from this estimate if we
assume t is large enough so that the above estimate implies

lwllacy,y < e B,

recall that 2. The final claim follows from the definition of H}fl,int’ OJ
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Claim in particular implies that
(40) [ (y) — vt (y)] < e BICHYY)  forally €Cy

where the implied constant depends only on «.

Returning to , we get from and that
@) [ blame ) dui) = O EC WNC ) + e S Ut )i (0)

t,int CyeC

Combining (38)), ([41)), and Proposition [3.2] we get the following
(42) > e ()l (0) — B ()| < CHw)C (p)e D!
C

for some k13 depending on «. Thus, in order to get the conclusion, we need to control the
difference between N/ (¢, 9", ¢) and the summation appearing on the left side of . That
is: the contribution of points y ¢ Hp; ;.

Contribution from points in H}(z) which are not in H}; . Let y € H{(z) — H};
be so that a;y € B,.(z). We note that C, is not necessarily contained in B}(x); however, in
view Claim we have C, is contained in B, = (v).

The following is a consequence of the definition.

U Bloemm® C B o) (@) — Bl o (@) =: G(2)
yeH} (z)— Htu,int

where the implicit multiplicative constant depends only on a.

Let 0 < & be a small constant which will be optimized later, and let ¢t > .
We can cover G(x) with period balls {B(y;) : 1 < i < I} centered at y; and of radius e~
with multiplicity bounded by < N&ft, see [Hor, Lemma 1.4.9] and also §2.11] We have

(43) I < eNRt
for some N depending only on «.

For every 1, let Ig(yz) denote the the period ball with the same center y; and with radius
0.04e~*. Note that since & 2 we have

2R > e 7R 10 ED
Therefore, U;B(y;) covers a set G'(x) D G(x) so that p2(G/(x)) < e ",

Let 0 < ¢Aui < 1 be a smooth function which is supported in Igu(yz) which equals 1 on
By, —«:(¥i) so that

(44) @y < EFand NP < g,

where [Ng] X N3| is chosen to account for the multiplicative constant in Lemma [2.10]
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Let Z; be the contribution coming from B(y;) to Nye(t, ¥", ¢). Then arguing as above and
using Proposition the choice of wu implies that

() T [ olanii) i) < uio) [ 6 i+ )t B

Summing over all 1 <14 < I and using , , and flﬁu dpl < e MRt we get
ZZ < eht u ( )) _i_eN/%tCl((z))e(h)t

— e(h k)t + Cl(gf))e(h(N’%)t.
Therefore, we can choose k so that the above upper bound yields

(46) ZZ < clg)ct (y")elhudt

for some k14 depending only on a.

Contribution from points in B! (x)—H}(z). Let J denote the contribution to N/ (¢, 1", ¢)

coming from points y € B}!(z) — H{(z). Then there is a unique z, € B!, . (x) — H}(x, K,)
such that a;z, € BS(2). In consequence, by Theorem we have

T < @B g oo 9" o™ < u(m)%z)mcl<¢>cl<w“>e<h-0~5>t.
Assuming t > max{log u(x),logu(z)}, the above implies

(47) T < ()t (e OO,
The proposition now follows from in view of and . O

Proof of Proposition[{.1 Let o = e™** and let ¢ = o, for two constants x, N > 0 which
will be optimized later. Put ¢ = 1Bg(z)¢cs. Then

(48) (@) = 0" g (6)

In view of Lemma [2.11] properties (S-1), (S-2), and (S-2) hold with € and f = gy, (2)-
Let ¢} = ¢4 ¢ for these choices. Put ¢1 = ¢1¢; there exists some k15 so that

(49) fu(d1) — p(¢) < EHUS(6).
By Lemma we have
Noelt, ", 61) = e () (1) + O(CH (*)C" (fr)e 20
B = M (0 l(9) + O(EIM s (4) + CH()C (6)e e Eaadt)
(50) D gy () () + O(ETM (1) + € (w)C (6%)e e T,

Let now ¢§ = ¢4 for € and f = lgu(z). Put ¢p = ¢3¢®. Then similar to the above
estimate, using Lemma we get that

(51) Mi(t, 0", ) = ehf@huz<w“>u25<¢“> + O(ETht 1 (1) - CL (") CL (%) e e TEad?y,
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Since ¢1 < ¢ < o, we have
(52) Nnc(t7¢u7¢1) SNI’IC(t7 ¢u=¢) SNHC(t7wu7¢2)‘
Moreover, using the definitions of M, and N. we have
Nr/m u Z 1/}11 Maty

=Y " ()6 aty)uz(B“ = 0" > " ()o™ (ay)

= QhNnC( 7¢u7 ¢CS)'
This and imply that

Qih/\/‘nc(ta wua ¢1) S NHC(ta wua (;SCS) S QihNHC(ta T/fu7 ¢1)
Hence, using and ( ., we get that
Nnc(t, wu7 ¢cs> _ ehtug(¢u)MES(¢CS) + O(Q—hemeht u<¢u) + C1(¢u) (quS)e—*e(ht).

We choose N large enough so that —h W/ 2 then choose x small enough so that
e *elh gt — o(h 2)t The proof is complete. O
We end this section with the following corollary.
Corollary 4.7. There exist k16, k17, and N11 with the following property. Let x,z € Q1(a).

Let " € O (B 17"(:0)( x)) with 0 < Y < 1 and let ¢*° € Syyes(2)(2,0.17(2)). Then for all

§ < r(2)/10L and all t X Nglmax{log u(z),logu(z)} we have
e (1,0, 6%) — e i) (6)] < C* ()0 et 4 LT ()
where h = 3(dimg Q(a) — 2).

In particular, there exists kg, dependmg only on «, so that the following holds. Assume
further that t > 2|logr(z)| = 2Ngllog u(z), see (19)), then

(53) [N (6,0, 6°°) — My (s (6) | < € (e B,
Proof. The corollary follows from Proposition by approximating ¢ with smooth func-

tions. Let § < 0.1r(z)/L and let ¢F ; be smooth functions satisfying (S-1), (S5-2), and (S-2)
with 6 and ¢“. Hence, we have

(54) PP < S <¢Ts and  Cl(prs) <%
furthermore, property (S-3) implies that
(55) 1S (9F ) — 17 (0Z5)] < 07
With this notation and in view of the first estimate in ( , we have
(56) Nac (8, 9", 65 5) < Nae(t, 0", %) < Nnc(t P65 5)-
In addition we may apply Proposition [4.1| with " and ¢ 15 and get that
Nac(t, 8", ¢§; ) = M () S (6F) + O(CH ()C (9 5)e D!,
This together with , , and the second estimate in implies the first claim.
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The second claim follows from the first claim by optimizing the choice § = e™*¢. O

5. THE SPACE OF MEASURED LAMINATIONS

In this section we recall some basic facts about the space of geodesic measured laminations
and train track charts. The basic references for these results are [Thl] and [HP].

The space of geodesic measured laminations on S is denoted by ML(S); it is a piecewise lin-
ear manifold homeomorphic to R% =6, but it does not have a natural differentiable structure
[Thl]. Train tracks were introduced by Thurston as a powerful technical device for under-
standing measured laminations. Roughly speaking train tracks are induced by squeezing
almost parallel strands of a very long simple closed geodesic to simple arcs on a hyperbolic
surface. A train track 7 on a surface S is a finite closed 1 complex 7 C S with vertices
(switches) which is

embedded on S,

- away from its switches, it is C?!,

it has tangent vectors at every point, and

for each component R of S — 7 , the double of R along the interiors of the edges of
O(R) has negative Euler characteristic.

The vertices (or switches), V, of a train track are the points where 3 or more smooth arcs
come together. Each edge of 7 is a smooth path with a well defined tangent vector. That
is: all edges at a given vertex are tangent. The inward pointing tangent of an edge divides
the branches that are incident to a vertex into incoming and outgoing branches.

A train track 7 is called maximal (or generic) if at each vertex there are two incoming edges
and one outgoing edge.

5.1. Train track charts. A lamination A on S is carried by a train track 7 if there is a
differentiable map f : S — S so that

- f is homotopic to the identity,
- the restriction of df to a tangent line of A is nonsingular, and
- f maps A onto 7.

Every geodesic lamination is carried by some train track. Let A be a measured lamination
with invariant measure p. If X is carried by the train track 7, then the carrying map defines
a counting measure u(b) to each branch line b: p(b) is just the transverse measure of the
leaves of A\ collapsed to a point on b. At a switch, the sum of the entering numbers equals
the sum of the exiting numbers.

The piecewise linear integral structure on ML(S) is induced by train tracks as follows. Let
V(1) be the set of measures on a train track 7; more precisely, u € V(1) is an assignment
of positive real numbers to the edges of the train track satisfying the switch condition:

Yoooule)= Y ule).

incoming e; outgoing e;
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Also, let W(7) be the vector space of all real weight systems on edges of 7 satisfying the
switch condition, i.e., u(e;) need not be positive for v € W(r). Then V(1) is a cone on a
finite-sided polyhedron where the faces are of the form V(o) C V(7) where o is a sub train
track of 7.

If 7 is bi-recurrent, then the natural map ¢, : V(1) — ML(S) is continuous and injective,
see [HP] §1.7]. Let

(57) U(r) =1:(V(1)) € ML(S).
Moreover, we have the following.

Lemma 5.1. Let Uy C V(71) and Uy C V(1) be such that v (Ur) = tr,(Uz). Then the map

L;21 oLy UL = Uy is a piecewise linear map and hence it is bilipschitz.

For the proof see [HP) §2 and Thm. 3.1.4].

5.2. Thurston symplectic form on ML(S). We can identify W(7) with the tangent
space of ML(S) at a point u € V(7), see [HP]

For any train track 7, the integral points in V(7) are in one to one correspondence with the
set of integral multicurves in U(7) C ML(S). The natural volume form on V(7) defines a
mapping class group invariant volume form gy, in the Lebesgue measure class on ML(.5).

In fact, the volume form on ML(S) is induced by a mapping class group invariant 2-form
w as follows. Suppose 7 is maximal, for uj,us € W(7) the symplectic pairing is defined as
follows.

(58) w(ur, ug) = %(Z ui(er) uz(e2) — ua(ez) u2(€1)>»

the sum is over all vertices v of the train track where e; and ey are the two incoming
branches at v such that ey is on the right side of the common tangent vector.

This form defines an antisymmetric bilinear form on W(7).

Lemma 5.2. Let 7 be maximal. The Thurston form w, defined in , is non-degenerate.
Therefore it gives rise to a symplectic form on the piecewise linear manifold ML(S).

See [HP), §3] for a proof and also the relationship between the intersection pairing of H'(S, R)
and Thurston intersection pairing.

5.3. Combinatorial type of measured laminations and train tracks. Each compo-
nent of S — A is a region bounded by closed geodesics and infinite geodesics; further, any
such region can be doubled along its boundary to give a complete hyperbolic surface which
has finite area.

We say a filling measured lamination \ is of type a = (ay, ....ax) if and only if S—\ consists of
ideal polygons with a1, ..., a; sides. By extending the measured lamination A to a foliation
with isolated singularities on the complement, we see that Zle a; = 4g — 4+ 2k, see [Thi]
and [Le].
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Similarly, each component of the complement of a filling train track 7 is a non-punctured or
once-punctured cusped polygon of negative Euler index. We say a train track 7 is of type

a = (ay,...,ax), if and only if S — 7 consists of k polygons with ai,...,a; sides. Every
measured lamination of type a = (a1, ..., ax) can be carried by a train track of type a.
Lemma 5.3. For any filling train track T of type a = (a1, ..., ax) we have

dim(V (7)) =29+ k—1 if 7 is orientable;
dim(V(7)) =29+ k —2 if 7 is not orientable.

More generally, a measured lamination X is said to be of type a if there exists a quadratic
differential ¢ € Q(a; —2,...,ar — 2) such that A = %(qg). It is easy to check that if A is
filling, the above can happen only if S — A\ consists of ideal polygons with aq, ..., aj sides.

In general, see [HP, §3], we have:
Proposition 5.4. Given a measured lamination A of type a, there exists a birecurrent train

track of type a such that X\ is an interior point of U(T).

For every a = (aq, ..., ax) so that Zle a; = 49—4+2k, we can fix a collection 7a 1, ..., Tac,
of train tracks with the following property. Every A which can be carried by a train track
of type a can be carried by at least one 75, for some i.

5.4. The Hubbard-Masur map. Let MF(S) denote the space of measured foliations on
S. Define

P:QT(S) = MF(S) x MF(S) — A
by P(q) = (R(¢"/?),3(¢"/?)) where
A ={(n,\) : there exists o so that i(o, ) + i(c,n) = 0}.
Theorem 5.5 (Hubbard-Masur, Gardiner). The map P is a Mod, equivariant homeomor-

phism.

This gives rise to an equivariant homeomorphism from Q7 (S) onto ML(S) x ML(S) — A
which we continue to denote by P, see [Thl] and [Le].

Recall that PML(S) denotes the space of projective measured lamination. The map P also
gives rise to an equivariant homeomorphism

P Q1T(S) = PML(S) x ML(S) — A

where Py1(q) = ([R(¢"/?)],3(¢"/?)) and A = {([5],\) : 3 o so that i(c,n) + (o, \) = 0}.
Recall that 7 is the natural projection from Q17 (S) to Q1(S), then we have the map

(59) To Pyt i PML(S) x ML(S) — A — Q1(S).
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5.5. Convexity of the hyperbolic length function. Let A\, A\ € U(7) = ¢ (V(7)), see
for the definition of ¢,. The sum

A Br Ao = tr (67 (M) 7 (A2))

could depend on 7. However, it is proved in [Mirll App. A] that given a closed curve 7,
i(7,.) : U(T) = Ry defines a convex function from which convexity of the hyperbolic length
function is drawn in [Mirll Thm. A.1]. The following is an extension of [Mirll Thm. A.1] to
the case of variable negative curvature. We are grateful to K. Rafi for providing the proof
of this theorem.

Theorem 5.1. Let X be a compact surface equipped with a Riemannian metric of negative
curvature, and let T be a train track. Let {x : U(t) — RT denote the length function. For
every pair of measured laminations A\, \o € ML(S) carried by T if p = A1 & Ao, then

Cx(p) < lx(M) +€x(A2).

In particular, x is conver.

The following lemma is well known

Lemma 5.6. Let 7 a train-track, and let A1 and Ao be multi-curves carried by 7. Then,
there exists a multi-curve u carried by T such that u = A1 + Ao in coordinates given by T.
Furthermore, u can be obtained from A1 and Ao by a sequence of surgeries.

We now turn to the proof of the Theorem [5.1

Proof of Theorem[5.1]. Let C be the space of geodesic currents on X, that is the space of
m1(X)-invariant Radon measures on the space of geodesics in X. Recall that the space of
measured laminations can be topologically embedded into the space of geodesic currents,
therefore, we can think of any A € ML(S) as a geodesic current, namely, an element of C.
Also recall from [Bonl] that there is a continuous intersection pairing

1:CxC—R.
Furthermore, there is a geodesic current Lx € C such that for every
i(Lx,\) =Llx(\), forall \ e ML(S),

see [Ot]. The set of simple closed curves with rational weights are dense in ML(S). There-
fore, in view of the continuity of intersection pairing ¢, it is sufficient to check the statement
of the theorem for rationally weighted simple closed curves only. Since, length is homoge-
neous, we can in fact assume the weights are integers or A1, As, and p are multi-curves with
the possibility of some curve appearing more than once.

Claim 5.7. Assume A1 and My are two simple closed curves with i(A1,\2) > 0. Let 3 be
a curve obtained from A1 and Ay by a surgery at an intersection point. Then, {x(5) <
Ox (A1) + €x(N2).

Proof of the claim. Note that A\; and A9 have unique geodesic representatives in M. Let p
be an intersection point of A; and A9 where the surgery takes place. Then the free homotopy
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class of B can be represented by a traversing A; first (starting from p) then 2. Which means
B has a representative whose length is £x (A1) + £x(A2). This proves the claim. O

Further, we note that, u = A; @, Ao can be obtained from A; and Ay by a sequence of
surgery maps, see Lemma [5.6 This proves the theorem. O

Let C' C R™ be a cone and f : C' — R be a convex function. Let K be a closed and bounded
set contained in the relative interior of the domain of f. Then f is Lipschitz continuous on
K. That is: there exists a constant L = L(K) such that for all x,y € K we have

[f(z) = f(y)l < Llz —yl.
Therefore, we have the following.

Corollary 5.2. Let X be a compact surface equipped with a Riemannian metric of negative
curvature. Then

Ox : ML(S) — R*

is locally Lipschitz. In other words, and in view of the fact that €x(t-) = tlx(-) for all
t > 0, we can cover ML(S) with finitely many cones such that {x is Lipschitz in each cone.

The Lipschitz constant depends on X. See also [LS].

6. LINEAR STRUCTURE OF ML(S) AND QT (5)

Our arguments are based on relating the counting problems in ML(S) to dynamical results
in Qi(1,...,1). To that end, we need to compare the linear structure on Q;(1,...,1), arising
from period coordinates, with the piecewise linear structure on ML(S), which arises from
train track charts. This section establishes required results in this direction.

From this point to the end of the paper, we will be concerned with the principal stratum,
ie, Qi(1,...,1). Also a=(3,...,3) for the rest of the discussion.

Fix once and for all a collection 71, ..., 7c of train tracks so that every A\ can be carried by
at least one 7; for some i, see

Given a point x = (M,q) € Qi(1,...,1) we sometimes use ¢ to denote x. We fix a
fundamental domain for Q;(1,...,1), and unless explicitly stated otherwise, by a lift ¢ of
g € Qi(1,...,1) we mean a representative in this fundamental domain.

Let x = (M,q) € Qi(1,...,1). We denote by :(q'/?) (resp. 3(¢'/?)) the real (resp. imagi-
nary) foliation induced by ¢; abusing the notation we will often simply denote these foliations
by P(q) and J(gq). Note that W™*(z), which we sometimes also denote by W™5(q), may
alternatively be defined as follows.

W(q) = {¢' € Q(1,....1): 3(¢) = 3(a)},
and W5(q) :={¢ € Q1(1,...,1) : R(¢') = R(q)}.

Similarly, we will write B,(¢) and B?(g) for B,(z) and B} (z), respectively.
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Let 7 be a maximal train track, i.e., a train track of type (3,...,3), and let U(7) be a train
track chart, i.e., the set of weights on 7 satisfying the switch conditions. Recall from §5.]1]
that U(7) has a linear structure, indeed U(7) is a cone on a finite-sided polyhedron. We use
the L'-norm on W(7) to define a norm on U(7). That is: for every measured lamination
X € U(7), we define ||A||; to be the sum of the weights of A. Let us define

(60) P(r):={\eU(7) : || = 1}.

For every A € U(7), define

N o= m)\ € P(7);
if 7 is fixed and clear from the context, we sometimes drop the subscript and the superscript
7 and simply write ||A|| and A for ||| and X, respectively.

By a polyhedron U C U(7), we mean a polyhedron of dimension dimU(7) — 1 where the
angles are bounded below and the number of facets are bounded, both by constants de-
pending only on the genus. We will mainly be concerned with dim U(7) — 1 dimensional
cubes in the sequel.

Lemma 6.1 (Cf. [LMir], Thm. 6.4). Let n € ML(S) be mazimal. There is a compact
subset K C Q1(1,...,1), depending on T and 1, so that = o P; ([n], P(7)) C K, see
for the definition of wo 731_1.

Proof. Recall that we fixed a collection 71, ..., 7c of train tracks so that every lamination A
is carried by some 7;. In view of Lemma there exists some L = L(7) so that

P(r) c |J{r € UG : 1/L < Al < L:
i=1
where [| [[; = || [l
For every 1 < i < ¢, put U; := {A € U(r;) : 1/L < ||All; < L}. Since 7 is a maximal
measured lamination, for any A € U(7;) we have m o Py '([n], \) € Q1(1,...,1). Define

(61) K ;:Uwoﬁfl({[n]} x Uy).

Then K C Q1(1,...,1) is a compact subset with the desired property. O

Lemma 6.2. There is some N1 so that the following holds, see for the definition
of. Let g € Q1(1,...,1). There exists a 1-complex T C S with the following properties.

(1) Every edge of T is a saddle connection of q.

(2) 13(e)| > 0.144(e) for any e e T.

(3) S —T is a union of triangles.

(4) For every edge e € T, we have u(q) 2 < ly(e) < u(q) 2,

(5) We have u(q) ™2 < r(q), moreover, the parallel translate of T to ¢’ € Bu(g)m=(a)
satisfies (1), (2), and (3) above,

Similar statement holds if we replace J(e) in (3) above by MR(e).
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Proof. We will find such a T' with |J(e)| > 0.1¢,4(e), the proof of the fact that such a T" exists
with [9R(e)| > 0.14,4(e) is similar, by replacing a;us with a_;us in the following argument.
Let K be the compact set given by Theorem let ro = inf{r(z) : z € K}, see . For
every ¢’ € K, there is a graph T" C S of saddle connections of ¢’ so that

e the ¢’ length of each of these saddle connections is bounded by Ly = Lo(K), and
e S — T’ is a union of triangles.

We will always assume that Ly > 2. Increasing Ly, if necessary, we will also assume that Lg
bounds the lengths of saddle connections obtained by parallel transporting 7" to ¢” € By, (¢)
for all ¢ € K.

Set R, := {saddle connections vy of ¢ with |J(v)| < 0.14,4()}. Note that for all v € R, and
all 0 < s <1, we have |R(usy)| > £4(7)/2. Define the function

F(q) = max{1, max{1/6,(y) : 7 € Ry}}.
Apply Theorem with tg = Lolog f(q). There exists some

(62) to < t < max{2to[NoJlogu(q)}

and some s € [0,1] so that ¢ = ayusq € K.

Let now T" be a graph of saddle connections for ¢’ defined as above. We claim that for
every e € T', we have e & a;usR,. To see the claim, first note that for every v € R, we have

Cy (arusy) > e R(usy)
> etly(v)/2 [R(usy)| = lo(7)/2
> elof(q)t,(7)/2 > Lo t>Lolog f(q) & f(a)le(v) = 1.

Hence a;us7y is not contained in 7”. In consequence, T' = u_sa_,;T" satisfies (1), (2), (3),
and (4). Note that for every e € T, we have u(q) ™ < {4(e) < u(q)* where the implied
constants depend only on the genus.

We now turn to the proof of part (5). First note that there is N so that u(q)N" > f(q)*Lo;

put N := max{2N’ ANo|| Nsf}. Let > N be so that

(63) 2 NNl < /9.

Let us write 0 < r = u(g) ™2 then 0 < r < r(q), recall that For every
z € B,(q), we have z = ®~1(®(¢') + v) where ||v||acy,q < u(q) :

Let ¢t < max{2Lof(q)[Nologu(q)} and 0 < s < 1 be so that ¢ = ayusq € K; see the
preceding discussion. Note that in view the choice of t and N, we have

(64) e < u(q)V.
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Now for all v so that ®~1(®(¢) +v) € B,.(¢) we have

Ivllacy.arug < € [vllacy.q by
<e® ul@Vvlacy, by
<e?. u(q)N_IEEJ lvllacy,q < u(q)‘mEl by the choice of r

e? . N1l < ro/2 since u(q) > 2 and using (63)).

IA

Hence a;usB,(q) C By, (¢") which gives the claim in view of the definitions of T" and T”.
Increasing if necessary part (4) also holds for this exponent. ([l

Lemma 6.3 (Cf. [Mir3], Lemma 4.3). Let g € Q1(1,...,1), and let G be a lift of q in our
fixed fundamental domain. Let r = 0.0lu(q)*m, there is a mazximal train track o with the
following properties

1) B;(q) projects homeomorphically onto B.(q) C Qi(1,...,1).

2) The restriction of Py to B.(qG) is a homeomorphism.

3) {J(p) : p € B.(q)} is contained in one train track chart U(o).

4) The linear structure on Us(q) := {3(p) : p € B,(q),R(p) = R(q)} as a subset of
U(o) agrees with the linear structure on Us(q) which is induced by the restriction of

P1 to {p € Br(q) : R(P) = R(Q)} € WH(Q).

Moreover, the radius r of B.(q) can be taken to be uniform on compact subsets of Q1(1,...,1).

(
(
(
(

Proof. Let T be a triangulation of ¢ given by Lemma In particular,

(i) every edge of T is a saddle connection,

(ii) |3(e)| > 0.14,4(e) for any e € T,

(iii) S — T is a union of triangles, and

(iv) Ag < lq(e) < A;! for every edge e € T where A, = u(q) Bl

Our construction of the train track o will depend on T'.

Recall that r = 0.01A47. Then the balls B,(§) and B,(q) satisfy (1) and (2) in the lemma
by Lemma [6.2)(5).
Let ¢’ be the null-gon dual graph to T, in particular, there is one triangle of ¢’ in each

component of S —T. Let o be the train track obtained from ¢’ as follows. If A is a triangle
in T with edges e2, €5, e§‘, then there is a permutation {i1, 42,73} of {1,2,3} so that

A ~( LA ~( A
(65) [3(ei)| = 13(ei)] + 13(ez)l;
put o := o’ — [J{the edge corresponding to eﬁ in o'}

We claim the lemma holds with . To see the claim, first note that ¢ is a maximal train track.
Assign the weight |J(ep)| to each branch b € o where e, € T is the edge which intersects b.
In view of and the fact that |J(y)| = i(y,2R(§)) for every saddle connection v, we get
that A = J(q) is carried by o.
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By Lemma for any p € B,(q) we identify T with its image (under parallel transport)
on p. Let p € B(G) and write p = G+ w for some w with [|w|acy,q < 0.01A2. Then

|I(hols(ep))| = [I(holg(ep)) + T(w(ep))-

Further, we have |w(ey)| < 0.014204(ey) < 0.014, < 0.1|F(holg(ep))|; we used (i) and (iv)
in the last inequality. Hence, |J(hols(ep))| > 0 and J(p) is carried by the train track o.

Taking w € iH; (M, X, R), the above discussion also implies that o satisfies (3) and (4). O

7. COUNTING INTEGRAL POINTS IN ML(S)

Let the notation be as in . In particular, 7 is a maximal train track. Also recall that P(7)
denotes the finite-sided polyhedron in U(7) corresponding to laminations with ||\, = 1.

The smallest ¢ so that a lamination A € U(7) lies in
[0,']P(7) ={N € U(7) : [ N]|- < '}

can be thought of as a measure of complexity (or length) for the lamination A. In this
section we obtain an effective counting result with respect to this complexity. In §§ we will
use the convexity of the hyperbolic length function in U(7) to relate the counting problem
in Theorem to this counting problem.

Let U C P(7) be a cube. For every t > 0, define
(66) O-(10,€",U) := {v € Modg .70 N [0, ')A }.

The following strengthening of Theorem [1.2]is the main result of this section.

Theorem 7.1. There exist k19 and koo so that the following holds. Let t > 1, and let
U C P(7) be a cube of size > e 1. Then

#Ox(0,¢',U) = v(30) e ([0, )™ + Or (e E2DY)
where v(7p) is defined as in and h = 6g — 6.

The basic tool in the proof of Theorem is Proposition We relate the counting
problem in Theorem to a counting problem for translations of W"(gp) in Lemma
Proposition studies a more local version of this latter counting problem. That is: one
works with translations of a small region in W"(qp). Using Corollary we will reduce to
this local analysis. The main step in the proof of Theorem is Lemma, below.

Let us begin with some preparation. Recall that ML(S) does not have a natural dif-
ferentiable structure, in particular, P; is only a homeomorphism. The situation however
drastically improves so long as we restrict to one train track chart and fix a transversal
lamination. Therefore, we fix a maximal lamination n which is carried by 7 for the rest of
the discussion.

Let 6 > 0, and let & C P(7) be a cube of size > ¢ centered at . Let ¢ < J. We always
assume P; ! is a homeomorphism on {[n]} x {e"U : |r| < §}. Put W = P, ({[n]} xU) and

(67) Wit =Pr ({lnl} x {e'U : —e <7 < 0}).
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Let 79 € U(7) be a rational multicurve. For all ¢ > 0 and 0 < € < 1, define

(68) O-(v0,t,U,€) :== {y € U(T)NMody .70 : € < |l7[ls < €' and " € U} .

Put o := Py 1 ([n],75). Without loss of generality we assume o and 7 are so that Gy belongs
to our fixed fundamental domain.

Lemma 7.2. Let 6 > 0, and let U C P(7) be a cube of size > §. Let \ denote the center of
U. For all e < § and all large enough t > 0 we have:

g7 € O-(v0,t,U,€) if and only if W&SE Nng-aW" () # 0.

Proof. Since 7 is fixed throughout, we drop it from the subscript and superscript for the
norm and the normalization.

Suppose v = gy € O-(7,t,U, €) for some g € Modg; such g is not unique, however, for
any other g’ € Mod, with gvo = g'70 we have g- W"(q) = g - W"(go). Put ¢ = g - qo.
Then gy = J(G), moreover,

g aW" (Go) = a W' (q).

Recall that 7 € U and put 7 := Py }([n],7). Then, i € W; moreover, it follows from the

definition that J(p') = 7. Hence, ' € a;, W"(¢) where t; = log |||
Put s = t; —t; since v € Or(y0,t,U, €) we have —e < s < 0. We get from the above and the
definition of Wi, that asp’ € a;W*(q) N Wy, In particular,

Wige N (@) = Wi N g - a W (do) # 0.
Conversely, suppose that for some g € Mod, we have WLC,SE ng- atWU((jO) £ (. Put v = gvo;

we claim that v € O (y0,t,U,€).

Set § = g - Go. Then J(§) = 7, and as above we have g - a;W"(Go) = atW“(cj). Let now
A €U and —e < s <0 be so that

Pt (], e°A) € Wi N a ().
Let us write P ! ([n], ¢*A) = a;¢’ where ¢ € W"(§). Then, we have
ety =T(ad) = e\ € eU.

This gives 7 = A, hence, ¥ € U and ||| = e!™%; we get v € O, (70,1, U, €) as we claimed. [

7.1. Strebel differentials. Problems related to the existence and uniqueness of Jenkins-
Strebel differentials have been extensively studied.

Theorem 7.3 (Cf. [Str], Thm. 20.3). Let v = Ul ,v; be a rational multi-geodesic on M,
and let ri,...,rq be positive real numbers. Then there exists a unique holomorphic quadratic
differential ¢ on M (Jenkins-Strebel differential) with the following properties.
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(1) IfT is the critical gmp}ﬂ of q, then M —T" = U‘ijzlﬁi, where §); is either empty or a
cylinder whose core curve is ;.
(2) If Q; is not empty, it is swept out by trajectories whose q length is r;.

The following lemma will be used in the sequel.

Lemma 7.4. Let v € U(7) be rational, and let ¢ = Py ([n],7) € Q' T () be a quadratic
differential so that 3(q) = v; put q :== 7(q). Then

(1) W*(q) € Q1(1,...,1) is a properly immersed, affine submanifold which carries a
natural finite Borel measure v.

(2) There exists some ey = eo(T, 1, ||7]|+) > 0 so that the following holds. Let 0 < € < €
and let

K(é) ={q: all saddle connections on q are > €}.

Put D(€) = Deusp(€) := W' (q) N K(&)Y. There are constants kg1 and Nis, and a
smooth function 0 < ¥ <1 supported on W"(q) so that

(a) CHyp) < e

(b) [[¥¢ |2, < &=L,

(¢) Yilpe) =1, and |[1pe) — ¥ |l2,, < &

In particular, we have v(D(¢€)) < &2 for all small enough é.

Proof. We first show that W"(q) is a properly immersed submanifold of Q;(1,...,1). This
is equivalent to showing the following two statements.

(i) g1 - W™(g) Nga- W™(G) # 0 if and only if g; - W*(g) = g2 - W"(9).
(i) Ugentoa, 8 W™(a) C Q' () is closed.

Recall that W) = {#' : 3(7') = 3(p)} and that g- W"(p) = W¥(g-p) for all p € Q' T ().
These imply (i). To see (ii), note further that the set
U g W@
gcMod,

is the set of quadratic differentials p € Q'7(1,...,1) so that J(p) € Mod, .. Since v is
rational, Mod, .7 is a discrete Modg-invariant set; (ii) follows.

Let v be as in the statement. Write v = ). a;7; where each +; is a simple closed curve and
a; € Q. By Theorem [7.3| we have: the locus W"(q) N Qi(1,...,1) is identified with a linear
subspace W = {(z;;) : Zj xij = ri,xi; > 0} in the period coordinates, where rq,...,rq are
positive real numbers. Moreover, the measure v is the pull back of the Lebesgue measure
from W to W"(q). This finishes the proof of (1).

To see part (2), let €y be so that 7o P ([n],7) € K(e), recall from Lemma that €
depends only on 7, 1, and ||v||;. For any 0 < é < ¢ put

W(€) = {(zi5) € W:0 < x5 < € for some (i, j)}.

IRecall that the critical graph of a quadratic differential is the union of the compact leaves of the measured
foliation induced by ¢ which contain a singularity of q.
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Using Theorem we have W'(¢g) N K()° ¢ & 1(W(¢)). The claims in part (2) now
follow from Lemma Indeed apply Lemma with D = D(2¢) — D(¢/2), and let {y;}
be the collection of functions obtained by that lemma. Define

) = {z @i(p) if p€ W(g) — D(¢/2)

1 if p € D(é/2)
This function satisfies the claims. O

Let 70 and §op € Q'7(1,...,1) be as in Lemmaand put qo := 7(Go). Then by Lemma
we have W"(qop) is an affine submanifold of Q;(1,...,1). We will put

(69) v(v0) = v(W"(q0))

where v is the finite measure in Lemma [7.4]

Let b > 0; this choice will be optimized later. Apply Lemma (2) with € = 10b and let
Deusp(100) be as in that lemma. Put Dy := W"(q) — Deusp(100).

Lemma 7.5. For every b there exists some N(b) < b~N14 s0 that the following holds. There
exists a collection of functions {1} : 0 <i < N(b)} with the following properties:

(1) by = Yy, where iy, is given by Lemma (2)

(2) 0< Y <1 foralli>0.

(3) For alli> 1, 4} is supported in By (y;) where y; € Dy; furthermore, the multiplicity
of {By(yi)} is at most .

(4) XY v <1 and S v =1 on UL By(y0).
Moreover, we have

(70) ) SN ™ for all 0 < i < N(b)

where N15 is an absolute constant and Nig is allowed to depend on qq.
Proof. This follows from Lemma [2.10 applied with D = D, and Lemma [7.4] O

Let us also fix a fundamental domain D ¢ W"(go) which projects to W"(gg). For each
i > 1, we let g; € D be a lift of y;, see Lemma Let N’(b) be so that

(71) BY(7;) C D for all N'(b) < i < N(b).

For simplicity in notation, let B{(jj5) C D denote the lift of Deysp(10b). Increasing N'(b), if
necessary, we assume that B} (7;) N B} (go) = 0 for all « > N'(b).

7.2. Counting in linear sectors in ML(S). Recall from the beginning of this section
that U C P(7) is a box of size > §. Let A be the center of U, and let € < §. Let n € ML(S)
be fixed as in the beginning of this section. We always assume 0 < § < 1/2 and 7 are
so that P; ! is a homeomorphism on {[n]} x {e"U : |r| < §}. Recall also our notation
W =Pyt {[n]} x U) and

Wi =P ({In)} x {e'U : —e < r < 0}).



38 ALEX ESKIN, MARYAM MIRZAKHANI, AND AMIR MOHAMMADI

Abusing the notation, we denote by pry () the measure induced from pry on P(7). The
following lemma is a crucial step in the proof of Theorem

Lemma 7.6. There exist koo and ko3 so that the following holds. Let t > 0 and in the
above notation, define

N (o, t, U, €) == {g- W"(d) : g € Mody and Wi, Ng-aW"(Go) # 0}
Suppose € > e B2 then
BN G 11 €) = V) @) (=52 )M 4 Oy (1 — e )elh B2,
We will prove Lemma using Proposition more precisely Corollary [£.7} In order to
use those results we need to control the geometry of Wi .
Lemma 7.7. The characteristic function of
Wige =PI} < {eU = [s| < €})

belongs to SWCS(%)(;E, €) where p = 75;1([”], A).

Proof. Apply Lemma [6.1] with 7 and let K = K(7) be defined as in (61)). Then
mo Py ([, P(7)) © K.

Let {B,,(p) : p € K} be the covering of K by period boxes given by Lemma Let
B.(¢1),...,B.(gy) be a finite subcover of this covering. Consider all lifts of B(g;) to period
boxes based at lifts ¢; of ¢; in our fixed (weak) fundamental domain. Denote these lifts
by By, (1), - -, Br,(Gb) — note that we only fixed a weak fundamental domain, hence there
might be more than one lift, however, there is a universal bound on the number of lifts.

For every 1 < j < b, let 0, be a train track obtained by applying Lemma to B, (G;)-
Assume e is smaller than the radius of B, (q;) for all j. Write U = Ul; where
Z/A{Z' =Unu ((7 j).

By Lemma cach U; is a piecewise linear subset of ;. The claim now follows from
Lemma (4) if we ignore those U;’s which have size less than €V for some N > 1 depending
only on the dimension. O

Proof of Lemma[7.6 Recall that A is the center of U; put p = P[], \) and p = 7(p).
Let ¢ be the characteristic function of W3 C W(p). Define
s .__ Jcs -1
0% 1= 0% 0 (T (aupp(d))
— the push-forward of ¢ to W (p). Recall from Lemma |7.7 that ¢ € Swres(p) (D; €).-

Recall from §2| that p denotes the SL(2, R)-invariant probability measure on Q;(1,...,1)
which is in the Lebesgue measure class. The measures py and pd are the conditional
measures of p along W"(x) and W*(x); pu$® and pS" are defined accordingly.
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Recall also that purn({e®U : —e < s <0}) = 1_24“ prn(U). Therefore, we have

—he

(72) i (6%) = =5—prn(U).

For simplicity in notation, let us write W€ = W&SE and put
N = N(do,t,u, €).

Let g € Mod, be so that W Ng-a,W"(g) # 0. Recall that {B{(7;) : 0 <i < N(b)} cover

D C W"(q), see Lemma and the paragraph following that lemma; there exists some

g’ € Mod, so that g’ - W"(go) = W"(go) and some 0 < i < N(b) so that

(73) W= ngg' - a;B}(7i) # 0.

Let N'(b) be defined in (71). We claim that the following holds:

(74) #{g - W"(o) : holds for some 0 < i < N'(b) } < € b *v(yp)eh 1!+
b*v(70)e™

where the implied constants depend on the genus.
Let us assume and finish the proof. Let

N = {g - W) € N : does not hold for any 0 <4 < N'(b)}
i.e, the contribution to N coming from N’(b) < i < N(b). We claim that

(75) HN =S wl )] < e b v(y0)e P ED 4 b () et
% Y

where the outer summation is over all N’(b) < i < N(b) and the inner summation is over
all y € Bj}(y;) so that a;y € m(W).

To see the claim, first note that by the definition of N7, if g - W"(Go) € N”, then holds
with some N'(b) < i < N(b). Let now gi,82 € Mod, and N'(b) < iy,i2 < N(b) be so that
W Ngg; - aBy(3i;) # 0.

Then ngu(qo) = W"(qo) for j = 1,2, see the discussion preceding (73)); hence by Corol-
lary [4.3] we have
W= nNger - aBy(gi) = W Nggr - a:By(3i,)-

In particular, g1By(%i,) N g2B(7i,) # 0. Since By (7:;;) C D for j = 1,2 — recall that
N'(b) < iy,i3 < N(b) — we get that g; = go. Therefore,

W N ger - a:By (§i,)
corresponds to points lying in the intersection B} (s, ) N B} (7;,) but not in vazléb) By (i)-
Recall from Lemma that >, 4" = 1 on Uﬁi(f)Bb(yi), hence >y <i<npy ¥ = 1 on

Dy — UZN:/?) B, (v:). In particular, since 9}' > 0, we get that

#N' < ZZW@)
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where the outer summation is over all N'(b) < i < N(b) and the inner summation is over
all y € Bj}(y;) so that a;y € m(W*). Moreover, in view of the fact that B} (7;) N B} (7o) = 0
for all i > N’(b) and using Lemma [7.5(2) and (4), we have

ZZ@I( — #N' < #{g- W"(Go) : (73) holds for some 1 < i < N'(b) }
iy
where the implied constant depends on «. The claim in thus follows in view of the
estimate in .
Let us now investigate Z ¥¥(y). Using the definition of Ny in (34)), we have
HC t wz 7¢CS sz ¢CS a y
=> Wiy) ¢*(ary) = 0,1

where the summations are over all y € BY!(yi) so that a;y € 7(W) = supp(¢°). Now apply
Corollary see in particular (5 , with ¢;' and ¢, and get that

(76 ‘Z i (W) = fg (Vi) (¢Cs)eht‘ < Cl(wll,l)e(h st
In view of (72) and the estimate Cl @) M, see ’ we get the following from .
i ‘Z Vi) = e (04 )“Th(u)(HT_hE)@ht‘ < Nygp b eh it

Summing up over all N'(b) < i < N(b) and using the fact that N(b) < b~*, we get
that

(78) 305 X0, U (y) — X el () o (U) (25 ) €| < Nygfe™*beh s,

We now compare »_; uy (¥;') and v(7p). Indeed, using Lemma see also ([69), and the
relationship between v and py, we get the following:

N(b)

(79) (1= F)v(y0) < v(v0) —v(Dy) < D i (¥4 < v(70)

i=N"(b)

where D} = Dysp(100) U (Uﬁ\gb) By(v:)). The estimate in implies that

325 32, () = VO @O (=57 )M | < BBy (o) ) (57 )t +
|25 30 R () = X iy () pren @) (=57 ) e .
We now use these estimates to get an estimate for #N’. First note that
AN = v(0) i (U) (A=5)eM | < [#N = Y, 50, vi(y)| +
| 325 50, ) = vOo)rrn @) (5 )t
@~ « e_*b_*v(yo)e(ht + 0" v(vo)e™ +

| )DF Zy Vi (y) — V(WO)HTh(u)(%)eht
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where the implied constant depends only on the genus. This estimate and imply that

he

HN = V(0 U) (=5 )| < e b v(0)e" BT 4 brv(re)e
2y (o) porn (U) (25 )eht + | 30, 30, Ui (y) — S0, 1y (i) porn (U) (=5 ) e .

Putting this estimate and together we get that
(81)  [#N" = v(y0)rn (W) (=55)el | < e b *v(y0)e " ED! 4 b*v(qg) e
bV (0) prn (U) (=5 )l A Nygl b e,

We now choose € and b of size e=*t so that e *b—*e(PTEat in is < e %)t and so that
**b**em on the right side of is < (1 — e ")e™*!. The lemma follows from this

in view of .
Let us now turn to the proof of . The argument is similar to the one that was used in
the proof of (45]). For 1 < i < N'(b), let ¥} be so that supp(¢}') C Bap(ys), Vi) = 1,

and C!(¢}') < b~*, see Lemma Let ¢ = iy

Let ¢ > 0 be small enough so that 10g-neighborhood of supp(¢*) embeds in Q(1,...,1),
and let k > 0 be a constant which will be chosen later. In view of Lemma we have

Leyp) € S(BY(p). 0/10).

Therefore, properties (S-1), (S-2), and (S-2) hold with € = 0.1ge " and f = lgu(p). Let
1 = P4 0.10e—+t for these choices.

Similarly, using Lemma (this time, it is applied to the function ¢ with € = 0.1pe™ ")
we let ¢f° = v 1pe—nt-
Put ¢1 := ¢]¢7°. Note that 152(1,)(]5“5 <¢ < 1359(1,)(;505. Therefore,

(82) 1y (Bo()) 1y’ (6%) < (1) < payy (BS,(p)) g (6).
Moreover, ,u;(qbl) > M;}(Bg(p)).

Since ¥f!|g, () = 1 and pl(41) > 2 (B(p)), we have
#{g - W"(qo) : holds with 0 <i < N'(b)} <
i 2 ., OB W)
Moreover, by Proposition we have
e 10 0) i () = ) 4) + O ) (o)l Y

for all 0 < i < N'(b).
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Combining these two estimates and using the fact that in view of the estimates in we
have p(¢1)/1,(Bo(p)) < 1 we conclude that

(83) #{g  W"(qo) : holds with 0 < < N'(b)} < ™ " pt (43)+
O(C (e (dr)e" )N (b).
In view of we have Cl(1%) < b™*v(vp); moreover, C1(¢) < ¢ and N'(b) < N(b) <

b~*. Recall also from that Zf\iéb) prg (7)< U2y (7).
If we now choose k small enough, follows from and the proof of complete. O

Corollary 7.8. There exist some ko4 and Kos so that the following holds. Lett > 0 and let
e>e B2 Then

76_}7’6

(84) #O-(70, t,U, €) = v(q0)prn(U) (25l + Oy (1 — e7he)elh )
where as in we have
O-(v0,t,U,€) = {y € Modg .70 N ([O, et]Z/l - [0, et_e]l/{)}.

Proof. We will show this holds With 2. By Lemmawe have v € O; (70, et U, €)
if and only if

g - a;W5(go) N VNVLC{S6 # 0.
Therefore, it suffices to show that
~ _e—he _ _
#N(qu t7u7 6) = V(PYO)/'LTh(u)(IeT)eht + O’YO((l —e€ he)e(h *)t)‘
This last statement is proved in Lemma O

Proof of Theorem [T.1. Let € > eE24 and for every n > 0 define t,, := t — ne. Then
applied with t = ¢,, implies that

#0, (Y0, ta, U, €) = v(70) prn(U) (A5 )el ™ + Ong (1 — e he)elhTEzdtn

—nhe_o(—n—1)he

= V(o)) (M 40 (1 — e (DO,

Summing these up over all n > 0 so that ¢, > %t we get that

hflt

40y € Mody 0 1 (0, ' — [0, " 79U} = v(r0) @) (50 ) + O (=),

This implies the proposition — note that by basic lattice point count in Euclidean spacesﬂ,
h—1
we have the number of integral points v € U(7) so that ||y|| < e # !is < et~ D2, O

2As we remarked in the introduction, the point here is that we are counting the number of point in one
Modg4-orbit.
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8. PROOF OF THEOREM [L.1]

We are now in the position to prove Theorem [1.1] The proof relies on Theorem We
cover ML(S) with finitely many train track charts U(7y),...,U(7c). Using the convexity
of the hyperbolic length function, we can reduce the counting problem in Theorem to
an orbital counting in sectors on U(7;), with respect to linear structure, where the length
function x is well approximated by the || ||,,. Theorem is then brought to bear in the
study of the latter counting problem.

Let X be a compact surface equipped with a Riemannian metric of negative curvature.
Recall that £x : ML(S) — ML(S) denotes the length function. It satisfies £x (tA) = t€x(\)
for any t > 0.

Let 7 be a maximal train track. By Corollary lx is Lipschitz in U(7). Let L, be the
Lipschitz constant, hence

(85) [x(A) = €x (N)] < Lo A = Nl
Recall that U(7) is a cone on the polyhedron P(7).

Lemma 8.1. There exists a constant I:T, depending on L., with the following property.
For every \, N € P(7) we have |m - m| < L;6.

Proof. First note that there exists some fx . > 1 so that 1/0x, < {x(\) < lx, for all
A € P(7). The claim thus follows from (85). O

For any T' > 0, let Cx(7,T) = {X € U(7) : £x(\) < T'}. To simplify the notation, we will
write Cx (1) for Cx(7,1). Let Sx(7) ={A € U(7) : £x(\) = 1}. Then
Cx(T,T) = TCX(T) = [O,T]Sx(T).

Proof of Theorem[I.1. Let X be as above. Let 7i,...,7c be finitely many maximal train
tracks with the following properties.

e ML(S)=U;_,U(7;), and
o (x :U(m;)) — R is L;-Lipschitz for all 1 <i <c.

Let L = max L;; increasing L if necessary we will also assume that the conclusion of

Lemma R holds with L.

Let us fix some 1 < ¢ < c and write 7 = 7;; when there is no confusion we drop 7 from the
notation for the norm and normalization in U(7). We will first consider the contribution
coming from U(7) and then will combine contributions of different 7; for 1 <i <c.

In the following we will use the following upper bound estimate for the number of integral
point in a Euclidean region: the number of lattice points in a Euclidean region is < the
volume of the 1-neighborhood of the region.

Let o be a rational (multi) geodesic. For every T' > 0 define
(86) N:(70,T) = #{g10 € U(7) : €x(g10) < T}.
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Fix some ¢ > 0; this will be optimized later and will be chosen to be of size T~*. Define
(87) Pss(1) :=={(b;i) € P(1) : b; > 26 for all i}.

Cover P(1) with cubes of size ¢ with disjoint interior. Let {U; : j € Js} be the subcollection
of these cubes so that U; N Pss(7) # 0

For every j, let A; € U; be the center of U;. The number of U;’s required to cover P(7) is
< M7 for some depending on 7.

There is some ksg, depending only on the dimension, with the following property. If § >
T7#26] then the number of integral points v € U(7) with ||v| < £x,T and

(88) 7=/l € P(7) = P>5(7)
is < 6T".
For each j, let U; _ denote the cube which has the same center A; as Uj;, but has size § — s
where N7+ 1.
Then, if 8% > 724 the number of integral points v € U(r) with ||v]| < £x,T and
(89) yeJu;-U;-
J
is < o PdyNsITh « 5T,
Altogether, we have: if sl > 72 , then
(90) #{y € Mody .o NU(7) : Lx(y) < T,7 satisfies or (B9} < oT".

We now find an estimate for
#{y € Mody 70N Cx(7,T) : 7 € UU; _}.
Put Uj—+ = {7z - A € Uj—} and Uj— — = {70577 © A € Ui~} Then it follows
from that
0,1)U; - - C{\eCx(1,7): A€ U;_} C[0,1]U; — +
Therefore, applying Theorem with U = Uj _ 4+, we get that

v(y0)prh(Uj,—) b h
ROt it T+ Oro (T 7830) <

_ v U; —
#{y € Mody 70 : 7 € Ox(7,T),7 € Uj-} < 500 Th 4 O (1B,
this estimate implies that
(91) #{7 € MOdg Yoy € CX(Ta T)¢’7 € Uj,—} =

v U; —

Let us put Sx(7,7) = {\ € Sx(7) : A € U; _}. Then by Lemmawe have

s (0.115x(7:9)) = [ gty i, = TS+ 0@ V).
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This observation together with gives that

(92) #{yeMody.yo:v€Cx(1,T),7€Uj;_}=
v(30)rn ([0, 1]Sx (7, )T + O (Spprn (U, - ) T + T8,
Recall also that %" is bounded on P(7); we have 3 urn([0,1)Sx (7, 5)) = prn ([0, 1]Sx (7)) +
O(0*). Hence, summing over all j’s we get
(93) #{y € Mody.y:v€Cx(r,T),7€UU;_} =
v(70)ern ([0, 1]Sx (1)T" + Oy (*TH 4 5~ Dzhph—izal),

Now choose § = T* so that 6*T + § Badph-kzd — h—r27 Then we get from and
that

(94)  #{y € Mody 0 : 7 € Cx(7,T)} = v(30)umn([0, 1)Sx (7)) T" + O(T"E).

This conclude the contribution arising from a single train track chart U(7).

Recall now that the regions in U(7;) which are carried by other U(7;) are finite sided
polyhedra, see Lemma We may thus find disjoint finite sided polyhedra U; C P(7;) to
the URT.U; = ML(S). Repeating the above argument for each U;, the theorem follows
from the estimate in . O

We conclude with the following which are of independent interest. Let I' C Mod, be a finite
index subgroup and let 7 be a maximal train track. Define

NF,T(707T) = {’Y € F-'Y() N U(T) : ”’YHT < T}

Theorem 8.2. There exists some kog = kog|([') so that the following holds. For every
rational multi curve o € U(T), there exists some constant cr +(Yo) so that

HNE7 (10, T) = 07 (70) T8 + Oy p(T997 021
Proof. The argument is similar to our argument in the proof of Theorem[I.2] Recall that we
normalized the Masur-Veech measure to be a probability measure on Q;(1,...,1). Let up

denote the lift of the Masur-Veech measure to Q7 (1, ...,1)/T, then up(Q'7(1,...,1)/T) =
[Mod, : T'].

Similar to (69), define vp(70) to be the measure of the lift of W"(go) to Q*7(1,...,1)/T
where J(qo) = 0.

Now, by virtue of Theorem we have
#{y € ToN U : s < T} = vh(30)mn (10, YU ()T 4+ Oy o (77
where v-(70) = vr(70)/[Modg : '] and vr(yp) is as above.
The exponent depends on the exponential mixing rate for the Teichmiiller geodesic flow

on (Q'7(1,...,1)/T, ur). O

Let I' € Mod, be a finite index subgroup. Given a rational multi-geodesics vy on X define
sxr(v0, 1) == #{y €T : tx(7) < T}



We also have the following generalization of Theorem

Theorem 8.3. There exists some ka9 = koo(I') > 0, dependence on T' is related to the
exponential miring rate for the Teichmiiller geodesic flow on QYT (1,...,1)/T', and some
¢ = c(y0,X,T) so that the following holds.

sxr(70,T) = ¢T%7 4 O, x (709702l

Proof. Similar to the discussion in the proof of Theorem the proof of Theorem
applies mutatis mutandis to sx,r (70, 7). [l

INDEX

A(g, z) the Kontsevich-Zorich cocycle,
« multiplicities of zeros, [4]
& orienting abelian differential, []

B,(Z) ball of radius 7 around Z in Q'7 (a),
B,(¢) and B}(q),

B,(z), |11

By (z), B:(z), Bi*(x), B (z),

Cx(7) the set of A € U(1) with £x(\) <1,
Cx(1,T) the set of A € U(7) with {x(\) <T,

C2 (W),
Cl(p) the Cl-norm of ¢,

Dcusp(€) the e-thin part of W"(q),

B,
Dba

Ews (x)7
Ext the extremal length,
Et(xa K)’

® the period map, [4]
o, oM, 9%, 9,

7 a rational multicurve, [2]

g a mapping class, [2]
g the genus of S,

Q(S) the moduli space of Abelian differentials,

21(5) the moduli space of area one Abelian differentials,

H(a) a stratum of Abelian differentials,

H(a) a stratum of area one Abelian differentials,

H (x),

h the topological entropy of Teichmiiller geodesic flow,
46
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3(¢"/?) imaginary foliation of g,
i(, ) algebraic intersection pairing,
tr natural embedding of V(1) in into ML(S),

K (€) the e-thick part,

Cx (7y) the length of v in metric X,
A a lamination,

EX,Ta
L the Lipschitz constant of £x in U(7),

AT and ),

M a hyperbolic structure on S,

Mod, the mapping class group of S,

M orienting double cover of M,

M affine invariant manifold,

M(S) the moduli space of S,

MUL(S) the space of measured laminations on S,

w affine SL(2, R)-invariant measure,

i, 1S conditional measures of p along W' (x), W*(z),
prh the Thurston measure,

N,
N((jo,t,u, €),

| [l the modified Hodge norm at z, [9)

|l lacy,z the AGY norm at z, |§|

| Itz the Hodge norm at x, [6]

IIA|l- and ||A]| sum of the weights of A € U(1),
N, the Mirzakhani function,

Nt 6%, 6).

NHC(ta T/fu7 ¢CS)7

NF,T(’}/OaT)’

OT(’YO7T7U) 6)7
07(707 etau)a

P(7) polyhedron of laminations whose weights add up to one,
P; the normalized Hubbard-Masur map,

7 the covering map,

P the Hubbard-Masur map,

P-s(7) points in P(7) where each coordinates is at least 24,
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pz(c), |§|
p the natural map from H'(M,%,R) — H'(M,R), |§|

Q1(S) the moduli space of area one quadratic differentials,
Q(S) the moduli space of quadratic differentials,

Q(a) a stratum of quadratic differentials,

Q1 () a stratum of area one quadratic differentials,

QT () the space of marked surfaces,

%(ql/Q) real foliation of g,
r(z) and r(K),

S a compact surface of genus g,

S(E,r, L) the set of Borel functions supported in E which may be approximated by smooth
functions,

Sw (E7 r, L)7

Sx (7 the set of A € U(1) with £x(\) =1,

* the Hodge star operator,

S(E,r).

S(z,r),

sx (70, L) number of simple closed curves,

sx,r(v0, L),

T (S) the Teichmiiller space of S,
T a train track,

U a polyhedron in U(7) of dimension dim U(r) — 1, [32]
U(7) a train track chart in ML(S), [27
u(x) the Margulis function for the cusp,

v(z) the direction of the geodesic flow at z,
v(70) volume of W"(m o P ([n],70)) for a rational multigeodesic 7o,

V(r),

We(x) center-stable foliation in Q;(«),

VVCUl (x) center-unstable foliation in Q;(«),
stable foliation in Q;(«),

Wﬁsv

Zx/e’

N

H

) unstable foliation in Q; (),
:% fohatlon e in Q7 (),
( )P

X a Riemannian metric of negative curvature on S, 2]
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