A SPECIAL CASE OF EFFECTIVE EQUIDISTRIBUTION WITH
EXPLICIT CONSTANTS

A. MOHAMMADI

ABSTRACT. An effective equidistribution with explicit constants for the isom-
etry group of rational forms with signature (2, 1) is proved. As an application
we get an effective discreteness of Markov spectrum.

1. INTRODUCTION

Let B(v) = 2vjvs — v3 for any v € R® and let H = SO(B). We denote X =
SL3(R)/SL3(Z). Let m be the SL3(R)-invariant Haar measure on X normalized
so that m(X) = 1. Let A # X be a closed subset of X which is H-invariant.
It was proved by S. G. Dani and G. A. Margulis [DM89] that A is a union of
finitely many closed H-orbits. Indeed [DM89] is a generalization of ideas and the
results of Margulis’ work in the proof of the Oppenheim conjecture [Mar86, Mar90a]
and it is a special case of M. Ratner’s equidistribution Theorem [R90, R91, R92,
R95] and [MT94] for the proof of the measure classification and equidistribution
theorems.

Recently M. Einsiedler, G. Margulis and A. Venkatesh, in a landmark paper [EMV09],
proved a polynomially effective equidistribution theorem for closed orbits of semisim-
ple groups. Their result is quite general and the proof is very involved. Our result
in this paper gives explicit exponent in a very special case of the main theorem
in [EMV09]. Since we are dealing with a very special case the proof simplifies
quite considerably. In this special case the calculation of the exponent in loc. cit.
becomes much simpler and this is what is carried out here. Let us also mention
that the main result of [EMV09] and our result here are indeed effective version of
special case of the results obtained by S. Mozes and N. Shah [MS95] regarding the
weak*-limits of measures invariant and ergodic with respect to a unipotent flow.

As we mentioned, we borrow extensively from the results and techniques in [EMV09].
There is however one main technical difference between this paper and [EMVO09).
In this paper we use translates of a small piece of a unipotent orbit in H by a
particular torus in H in order to get an “effective ergodic” theorem. In [EMV09]
however the authors utilize such ergodic theorem for the action of unipotent sub-
groups. See also [E06] where the action of unipotent groups is used to get measure
classification for the action of semisimple groups. The main reason for this variant
in the method is to get a “bigger” exponent. The idea of using the torus in this
way goes back to G. A. Margulis, where in an unpublished manuscript, he proved
a topological version of the main result of this paper.

Let z; € X, 1 <i < N be such that Hz; is closed for all 1 < i < N. Let
1
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(1) A=Ui<i<nyHz; andlet vol(A) = ZVOI(H.Z‘Z')

We let p; denote the H-invariant probability measure on Hzx;. We prove

Theorem 1.1. Let the notation be as above. In particular, let A be a union of
finitely many closed H-orbits. There exist absolute constants ¢, My > 0 such that if
vol(A) = M > My then there exists 1 < ig < N such that for any f € C2(X) we
have

) \ [ @) [ s@ana)

where Syg is a certain Sobolev norm, see Section 2 for the definition. In particular
§ = 1077 satisfies (2).

< ¢Sap (f)VOl(.A) -0

An application of this theorem to effective discreteness of Markov Spectrum is given
in the end of this paper, see Corollary 5.1.
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2. NOTATION AND PRELIMINARIES

Throughout the paper we let G = SL3(R) and I" = SL3(Z). We let

et 0 0 1 s s?/2
(3) a=| 0 1 0 us=1 0 1 s
0 0 et 0 0 1

The subgroups {a; : t € R} and {us; : s € R} are one parameter subgroups of
H = SO(B). Let g = sl3(R) (resp. bh) denote the Lie algebra of G (resp. H). We
let || || be a fixed Euclidean norm on g and fix an orthonormal basis for g with
respect to this norm. We may write g = v @ h where v is the Ad(H)-invariant
complement to h. Further we let tg denote the centralizer of {us} in v and let t;
denote the orthogonal complement of v in v with respect to || ||. For any r € ¢ let
r1 (resp. ro) denote the t; (resp. ty) component of r and define Z, = ”:—U with

oll

Z, =0 if ro = 0. Throughout exp will denote the exponential map from g into G.

The Euclidean norm || || on g defines a right-invariant Riemannian metric on G
which in turn gives a metric on X = G/I'. The Riemannian metric on G gives a
volume form on subgroups of G, this will be denoted by vol in the sequel. We will
use Greek letter p and p; to denote the H-invariant probability Haar measure on
closed H-orbits.

Let I' = SL3(Z) and X = G/T. This is the space of unimodular lattices in R3.
For any =z € X, we let g,Z> denote the corresponding lattice in R3. And define
a1(x) = MaXgzy g, 73 ﬁ By Mahler’s compactness criteria the set

(4) S(R)={zreX: ai1(z) <R}
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is compact. We will use the Greek letter p and also p;’s for H-invariant probability
measures on closed H-orbits in X and will save the letter m for the G-invariant
probability measure on X. Recall that H is a maximal subgroup of G. In particular
H is not contained in any proper parabolic subgroup of G. Using this and quan-
titative non-divergence results proved D. Kleinbock and G. Margulis [KM98], see
also [EMV09, Appendix B], we have the following

Lemma 2.1. With the notation as above

(i) There exists Ry > 1 such that any H-orbit in X intersects &(Ry).
(ii) There exists a constant ¢ depending on Ry such that for any H-invariant
measure i on X we have p({x ¢ G(R)}) < cR~1/?

Let Ry be such that u(X \ 6(Rp)) < 1071, We define X pet = S(Rp). This will
be our favorite fixed compact set throughout this paper.

We will define || || on G by letting ||g|| to be the maximum of the absolute value of
matrix coefficients of g and g~'. This should not cause any confusion with || || on
g in the sequel.

The letter f will denote an element of C2°(X) throughout the sequel. If f € C°(X)
then || f||2 (resp. ||f|lo) denotes the L? norm (resp. L norm) of f. G acts on
these spaces by g - f(z) = f(g~'x). For the sake of simplicity in notation if o is
a measure on X we will denote o(f) = fX fdo. For any g € G we let 09 be the
measure defined by o9(f) = o(g~1f), for any f € C(X).

We now recall the definition of a certain family of Sobolev norms which were also
used in [EMVO09]. For any integer d > 0 we let Sgq be the Sobolev norm on X defind
by

(5) Sa(f)? = llaa(-)*DfI3
D

where the sum is taken over all monomials of degree at most d in the fixed basis for
g. We will need the following three properties of S;. Let d > 8 then for any g € G
and f € C°(X) we have

(i) Sa(gf) < c(d)gl**Sa(f)
(i) [fll < ¢(d)Sa(f)
(iii) llg.f = flloo < d(e, 9)Sa(f)

For a discussion of the Sobolev norm and the proofs of the above properties we
refer to [EMV09, section 5].

Let Sy be as above and let € > 0 we say the measure o is e-almost invariant under
g€ Giflo(gf)—o(f)] < eSa(f). We say o is e-almost invariant under G if it is
g-almost invariant under all g € G with ||g|| < 2.

In the proof of Proposition 3.1 we will need to use the notion of relative trace,
see [EMV09, Section 5.2] and [BR02, Appendix 2] for a more extensive study of
these ideas. Let V be a complex vector space and A and B be two non-negative
Hermitian forms on V further assume that B is positive definite. If V is finite
dimensional define the relative trace by Tr(A|B) = Tr(B~!A). It follows from the
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definition that we have the following formula for the relative trace

©) T(AlB) = 3 5

where {e;} is any orthonormal basis for V' with respect to B. If V is infinite dimen-
sional define

(7) T(A|B) = sup Tr(Aw|Bw)
wcv
where the supremum is taken over all finite dimensional subspaces and Ay, Bw

denote restriction of A and B to W. Note that S; defines a Hermitian norm in
C2°(X). We have; for every d there exists d’ > d such that

(8) Tr(S3]S3) < oo

That is to say there exists an orthonormal basis {e;} for the completion of C'°(X)
with respect to Sy such that >, Sq(e;)? < oo.

3. PRODUCING EFFECTIVE EXTRA INVARIANT

In this section we will use an effective “ergodic” theorem, see proposition 3.1 and
show that we can effectively produce elements outside H which will move one closed
orbit Hz; in A “close” to another closed orbit Hx; in A, see proposition 3.2 below.

Generic points. Let ¢t > 1. For any z € X define

e~ Tt/24

9) Df (@) = [

0

f(atusx)dsf/xfdu

Let t € R be a positive number a point = € X is called t-generic with respect to
the Sobolev norm S, if for any integer n > ¢t we have

(10) D (z)| < e "/8S(f)

As is clear from the definition above, generic points provide us with an effective
ergodic theorem. The following proposition shows that “most” points are generic.

Proposition 3.1. There exists dy depending on G and H only such that for all d >
do the p-measure of points which are not t-generic with respect to Sy is O(e™t/?4).
Furthermore d = 20 satisfies this property.

Proof. Let f be a fixed function in C¢°(X). Let (, ) denote the inner product on
L?(X, u). Note that dim H = 3. As a result of explicit estimate for the decay of
matrix coefficients [KS03] we have

et - ([, fdu>2

(11) < (L+1s)) 77 Ss(/)?
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Let A = {(s1,82) € IXI : |s1—s2| < e "/12} and B = I xI\ A, where I = [0, e 3i].
Squaring D,{ we have

/X |Df (x)|%dp = etz /I/I<atu31752a7tfa f)dsidsy — (/X fdu)2

6% (/ <atu51*52a7tfv f>d81d82 +/ <atusrma—tfa f>d81d82)
A B
2
_ (/ fd/j/) S 36—7t/24 Sg(f)2
X
Hence we have

(12) n{w € X : [Df(x)] > r}) < 3r 27T/ 8y(f)°

The rest of the proof is mutandis mutadus of the proof of proposition 9.2 in [EMV09].
Let us recall this proof. First choose d > d’ > 3 such that Tr(5%|S%) and Tr(S3|S32))
are both finite, see Section 2 and references there. Now choose an orthonormal ba-
sis {e; : i > 1} for the completion of C°(X) with respect to S; which is also
orthogonal with respect to Sy, note that this choice can be made thanks to the
spectral theorem.

Let ¢ = (), Sd/(ei)Q)_1/2 and define

(13) E= U {reX: |DS(x)|>3ce ™88y (e:)}

n>t,i>1
Using (12) and the fact that Tr(S3]S2%) is finite, we have

T‘I.(S?? |82/) e—n/24
2

(14) u(E) < ==

Now using linearity of D,, and Cauchy-Schwarz inequality we have; If f =" fie; €
C(X) then for any n > t and any = ¢ E we have |D{(z)| < e=™/884(f). This com-
bined with (14) finishes the proof of the proposition. To see the last conclusion note
that dim(G) = 8. Hence it follows from properties of the Sobolev norm [EMV09,
section 5] that d’ = 348 and d = 11+ 8 satisfy the properties we need in the above
argument. ([

Producing extra invariants. Let 1 and po be two H-invariant probability mea-
sures on X. We use Proposition 3.1 to show that if the supports of these measures
come “very close” to each other then we may effectively produce elements in the
direction of vy which move p; “close” to ps. This idea is by no means new and has
been used by several people, to give two important examples we refer to G. Mar-
gulis’s proof of the Oppenheim conjecture and M. Ratner’s proof of the measure
rigidity conjecture. Here using generic points we will give effective version of this
phenomena. This effective form is one of the main ingredients in [EMV09] as well.
The following is the precise statement

Proposition 3.2. Let Sy be as in the Proposition 3.1 and let « > 0 be a constant.
Suppose that py and po are two H-invariant measures and that y1,y2 € X are such
that yo = exp(r)y1, where r € v for some ||r|| <1 is implicitly assumed to be small
enough and that ||ro|| > ¢||r||. Moreover assume y;’s are log(1/+/||r[))-generic for
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i with respect to Sq for i = 1,2. Then for any 7 > 1 there exists a constant
¢ =c(d,11,t) such that

(15) pSPTE () = o (F)] < el|r|/3388a(f) for all 0< T <

where Z, is defined as in Section 2.

The proof of this proposition is essentially based on the following fact; If r € g is
“generic enough” then Ad(a,)r will be “close” to to. This indeed is a consequence
of the fact that vy is the direction of maximum expansion for the conjugation action
of a; for t > 0. The genericity condition we impose is ||ro|| > ¢|7|. Note that the
adjoint action of a “small piece” of us leaves r “almost” fixed. We now flow by
arus from yo = exp(r)yi. The above discussion implies that this orbit is “close”
to a translate of the orbit of y; under this flow, by an element in exp(tg). The
proposition then follows from the definition of a generic point and some continuity
arguments.

Proof. Let us start with the following simple calculation; If » = rg + r; € ¢ then
Ad(ug)(r) = 7+ sp(r,s), where p(r,s) €t and [|p(r, s)]| < c(s)|r]

and c(s) is a constant depending on s and the norm || ||. In particular if |s| < 1,
then ¢(s) is an absolute constant and we will omit it from the notation from now.
Hence for any positive integer n > 0 and any 0 < s < e~ 7"/2* we have

I(Ad(us)(r)) — 7| < e ™27

Let now r be as in the statement of the proposition. For any positive integer n > 0
we have ||[Ad(a,)r1|| < e™||r||. Let n > 0 be an integer so that 1 < €2"||ro|| < e?.
Our assumption, ||7o]| > ¢||r||, implies that e™||r|| < ¢(¢)e™™. We thus have

(16) |Ad(anus)r — e*™ro|| < |7 < c(t)e™
Using (16) and the property (iii) of the Sobolev norm Sy, we have
(17) 1f (anus exp(r)yr) — f(exp(e*"ro)anusyr)|loo < c(t)e™"Sa(f)

Recall now that y;’s are log(1/+/]|7||)-generic for p;. This together with our choice
of the integer n gives

—Tn/24
(18) |e7"/24/ flanusy;)ds —/ fdps| < e ™/884(f) for i =1,2
0 b

We now combine (17) and (18) and get

e—Tn/24

(19)  |e™/ / Flanug exp(r)yn)ds — uSPE T (F)] < 2e(1) e384(f)

The fact that y2 = exp(r)y1, (18) and (19) now imply
% ‘271,7,‘ “n
(20) PO F) = pa(f)] < ee ()

for some constant ¢ depending on ¢. Which proves (15) for some 75 > 1. To prove
the proposition for all values of 0 < 7 < 71 note that

ar exp(ToZr)a_¢ t exp(ToZr at —-n
(21) g “PCI(f) = pa ()] = g I () = st ()] < ceESalar - f)
Recall that we may let d = 20 in above calculations, hence property (i) of Sg gives
Salas - f) < e*S4(f). This and (21) give the result for /168 < - < 7 The case
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0 < 7 < e ™/168 follows using continuity argument, see property (iii) of the Sobolev
norm. ([

Finding generic points close to each other. Let the notation be as before. In
particular A is a subset of X which consists of a finite number of closed H-orbits
and let M = vol(A) be as in (1). In order to be able to apply Proposition 3.2 we
need to produce close by generic points. The following proposition provides us with
such points. This proposition is essentially a result of the Dirichlet’s pigeon hole
principle.

Proposition 3.3. There exist absolute constants c,t > 0 and a Sobolev norm Sy
with the following property; there are Hx; € A and points y; € Hx; for i = 1,2,
50 that yo = exp(r)y1, where r € v with ||r|| < cM~Y® and ||ro| > t||r||. Moreover
yi 1S log(l/\/W)-generic for p; with respect to Sy, where p; is the H-invariant
probability measure on the closed orbit Hx; fori=1,2.

Proof. This is virtually a special case of proposition 14.2 in [EMV09]. We reproduce
the proof in here. We first work with a single closed H-orbit. So let Hx be a closed
H orbit and p be the H-invariant probability measure on Hz. Let ¢t be a large
number so that e~/2* < 107! and let EY;, be the set of t-generic points obtained
by Proposition 3.1 and Eg, = Ey, N Xcper. For any § > 0 let t5 (resp. hs) denote
the ball of radius § in v (resp. h) around the origin with respect to the norm || ||.
Let oy be small enough such that for any § < dp and any z € X¢pe; the natural map
from t5 X hs to X given by 7. (r, h) = exp(r)exp(h)z is a diffeomorphism, indeed
we are also assuming that the restriction of the exponential map to t5 x bhs into G
is a diffeomorphism. We let = exp(bs,/2). Define the following function on X

(22) 0) = gy | e dval(n

We have [y ¢(z)dp = p(Epy) > 1 — 15 Hence the set Fyp = {2 € Epa, :+ ¢(z) >
0.99} has measure at least 0.9. Define

(23) F=FA)=J Fuu
HzeA

Note that vol(F) > 0.9M. Let now § < dp be given, this will be determined in
terms of M later. We let Bsz = m,(ts5 X bs) i.e. the image of m.. We may cover F
by finitely many sets of the form Bsz with finite multiplicity ¢’ independent of §, in
this covering the center z of each Bsz is assumed to be in F. Now using Dirichlet’s
pigeon hole principle we have; There is an absolute constant ¢’ depending on ¢
such that if we let § = ¢ M~'/5 and if M is large enough such that § < &y then
the following holds; There are Hzy and Hxs in A and y, € Fp,, for i = 1,2 such
that y; € Bsz for some z and y; # hys for any h € Q. We now want to perturb y.’s
within Fp,, to guarantee that they satisfy the conclusion of lemma. First let us
remark on the following simple statement; There is a constant ¢ > 0 such that

[[(Ad(R)r)oll

7l

(24) vol{h € Q: <} <vol(2)/2

This indeed is a result compactness argument and the fact that the Ad-representation
of H on vt is irreducible. Now if we apply the implicit function theorem and
use the fact that ¢(y;) > 0.99, we can find h; € Q such that h;y} € Fpy,, and
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haya = exp(r)hiy, where ||r|| < ¢M~'/5, for some absolute constant depending on
¢’, moreover we have ||ro|| > ¢||7]|. So y; = h;y; for i = 1,2 satisfy the conclusion of
the proposition. O

4. PROOF OF THEOREM 1.1

We will use the results from the last section here and prove the main theorem. We
first need the following statement.

G-almost invariant measures are close to the Haar measure. This follows
from the fact that the action of G on X has spectral gap. This is indeed proposition
15.1 in [EMV09]. Before stating the proposition let us recall here that the conclusion
of Proposition 3.2 holds for d = 20. This will be used when we iterate the e-almost
invariance inequality. We have the following

Proposition 4.1. Let o be a probability measure on X which is e-almost invariant
under G with respect to Sq. Then there is some constant C' such that

(25) |o(f) —m(f)] < Ce®0%8y(f)
where f is in C°(X) as before.

Proof. We will reproduce the proof given in [EMV09]. We begin by fixing some
notation. For any real number r > 4 we let A, = {a = diag(a1,a2,a3) : 1 < % <
r, 1< Z—z < r}. It is an exercise in linear algebra to see that for any a,b € A, with
d(a,e) > r/2 and d(b,e) > r/2 the measure of {k € K : d(akb,e) < r/2} is at most
1/2 the measure of K. Let x be the characteristic function of K AgK normalized
to have mean one. It follows from this fact and [Oh02], see in particular the main
theorem and the discussion in section 8 in loc. cit., that for any f € C'°(X) with
m(f) = 0 we have |[x x fll2 < (3 + 3)|f||> where § < %. Hence we get
9
(26) ex fllz < 15 1/112
It suffices to show (25) for function f with m(f) = 0. We have |o(x * f) —o(f)] <

c(d)eS4(f) as o is e-almost invariant under G. Iterating this, see section 8.2
in [EMV09], we have

(27) lo(x" * f) = o (f)| < e(d)6"" e Sa()
Note that we have the trivial bound |x" x f(2)] < [|fllee < Sa(f). Note also that

the fibers of the map x + gz is at most of size cay ()8 for a constant depending
on r. Now using Cauchy-Schwarz inequality we have

(28) I x f(@)] < a1 (@)®[|fl2

Hence we get the more interesting bound |+ f(z)| < ay(z)% 2=

fl2- If we combine

107

these inequalities now, we obtain

(29) (1) < C@)ur) (0 + [ min(1,00 )0
b'e

Divide X into &(R) and its complement. Using (29) and Lemma 2.1 we have

(30) o(f) < C(d)Sa(f) (6% + Rslgo—nn +R7Y/?)
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Choosing R and n such that the terms in the parenthesis are of the same size and

we get |o(f)] < e™28y(f) and ko = 1/1711(/);8%%@4&8103;6. Hence k2 > 0.0002. O

Proof of Theorem 1.1. Let A be as in the statement of Theorem 1.1 and let
M = vol(A). We apply Proposition 3.3. Hence we find; Hz; € A and points
y; € Ha; for i = 1,2, so that yo = exp(r)y;, where 7 € ¢ with ||r|| < cM~/% and
[roll > ¢||7||. Moreover y; is log(1/+/]|7||)-generic for u; with respect to Sz, where
1; is the H-invariant probability measure on the closed orbit Hzx; for i = 1,2. We
now apply Proposition 3.2 to these u;’s and y;’s and get

(31) TP = pa(f)] < eld, mo, 1) MTVIS0Sy(f) for all 0 <7 < 7

From this we have the following

Claim. There is an absolute constant ¢ such that for any g € G with d(1,g) < 2 we
have

(32) [ (f) — pa (f)] < MH16808,(f)

1/1680_

In other words pq is M~ almost invariant under GG with respect to Sy.

Proof of the claim. This indeed is a corollary of (31) above and the fact that H
is a maximal subgroup of G. Let H; = exp(—Z,)H exp(Z,) and let g € H;. Now
using (31), H-invariance of ps and properties of the Sobolev norm we have

(33) g (f) = pa(f)] < clg,d) M 1808, ()

and ¢(g,d) is uniform on compact sets. Let ), = Y; x --- X Y;, where each Y] is
either H or Hy. As G is generated by H and H; it follows from standard facts
about algebraic groups that there is ¢ such that the product map from )Y, to G is
dominant. This plus (33) and H-invariance of y; finish the proof.

Thanks to this claim we may now apply Proposition 4.1 to the measure p;. Recall
that d maybe taken to be 20. We have There is an absolute constant ¢ such that

(34) w1 (f) = m(f)] < cM°Sy(f)

where we may take § = g5 x 107°.

5. EFFECTIVE DISCRETENESS OF MARKOV SPECTRUM

Our main theorem has an application in giving effective estimates for discreteness of
Markov spectrum. let us first recall the definition and some known facts, see [Mar91]
for a more detailed discussion.

Let Q,, denote the set of all nondegenerate indefinite quadratic forms in n variables.
For any Q € Q, let m(Q) = inf{|Q(v)| : v € Z™ \ {0}} and let d(Q) denote the
discriminant of Q. Let p(Q) = m(Q)"/d(Q). It is clear that u(Q) = w(Q") if Q
and @' are equivalent. Let M,, = u(Q,,). This is called the n-dimensional Markov
spectrum. It follows from Mahler’s compactness criteria that M, is bounded and
closed.

In 1880, A. Markov [Mark] described M2N(4/9, c0) and the corresponding quadratic
forms. It follows from this description that Ms N (4/9,00) is a discrete subset of
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(4/9,4/5] and for any a > 4/9, (a,00) N My is a finite set. On the other hand,
M5 N (0,4/9] is uncountable and has a quite complicated topological structure.

It follows from Meyer’s theorem and Margulis’ proof of the Oppenheim conjecture
[Mar86] that M, = {0} if n > 5. It follows from [Mar86] and [CaS55] that for
n = 3,4 and any £ > 0 we have M,, N (&, 00) is a finite set.

We will give an effective statement here. Let us mention before proceeding to the
relevant statement that we have been informed that; using techniques similar to the
work of J. Cogdell, I. Piateski-Shapiro and P. Sarnak, reported on in [Co01], one
can give an alternative quantitative treatment of discreteness of Markov Spectrum.
It is quite likely that the bound one gets using this method could be better than
the bound we obtain here.

Let V and € > 0 be given positive numbers, with the understanding that ¢ is small
and V is large. Let

(35)  A(V,e) = {Hx: Huzis closed, V < vol(Hz) < 2V and |B(9.Z*)|* > ¢}

Note that A(V,¢) is a finite set. We let N(V,e) = |A(V,¢)| be the cardinality of
this set, and let M = N(V,¢)V. Indeed M < vol(A(V,¢)) < 2M.

Corollary 5.1. With the notation as above we have
vol(A(V,e)) < Ce™"

where C is an absolute constant. Furthermore we can let n = 784 x 10°.

Proof. Let y = Z* € X. Let f, be a smooth bump function supported in gl/3
neighborhood of y such that 0 < f, <1 and f, = 1 in the ball of radius 51/3/2. We
may and will choose such f, so that Sao(f,) < 7293 and %/3/0 < m(f) < 1e%/3
for some absolute constant ¢ > 0. Now apply Theorem 1.1 to the function f,. We
have: if M > My, then there exists some Hxy € A(V, ) such that

(36) lno(f) = m(f)] < ¢Szl fy)M~°

where pg is the H-invariant probability measure on Hz( and c is a universal con-
stant. The inequality (36) together with the bounds on Sz(f,) and m(f,) implies
that if M > 77, with the given n, then po(f,) > 0. In particular we have Hzg
intersects the ball of radius /3 about y, i.e. Hxg ¢ A(V,e) which is a contradic-
tion. ([l

It is worth mentioning that Corollary 5.1 and a geometric series argument imply
that #(Ms N (g,00)) < Ce™ ", where C is a (computable) absolute constant and
n =784 x 10°.
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