PROPERTY (7) IN POSITIVE CHARACTERISTIC

AMIR MOHAMMADI AND NATTALIE TAMAM

ABSTRACT. We prove a quantitative equidistribution statement for certain

adelic homogeneous subsets in positive characteristic. As an application, we
describe a proof of property (7) for arithmetic groups in this context.
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1. INTRODUCTION

Let X = L/A be the quotient of a locally compact group L by a lattice A C L.
Any subgroup M C L acts on X by left multiplication. A homogeneous measure
on X is, by definition, a probability measure p that is supported on a single closed
orbit Y = My gA of its stabilizer My = Stab(u). A homogeneous set is the support
of a homogeneous measure.

Motivated by problems in number theory, the limiting behavior of a sequence
{1} of homogeneous measures has been extensively studied. When L is a Lie
group and Stab(yu;) is generated by unipotent subgroups, Mozes and Shah [25]
used Ratner’s celebrated measure classification theorems [3I] and the Linearization
techniques of Dani and Margulis [7] to obtain a very satisfactory classification
theorem for the limiting measure, see also [12] 15 [9].

More recently, the quantitative aspects of this problem have attracted consider-
able attention. Indeed, in a landmark paper, Einsiedler, Margulis, and Venkatesh [11]
proved an effective equidistribution theorem for homogeneous measures when M
and L are semisimple Lie groups and A is a congruence lattice, under some addi-
tional conditions; and in a followup work Einsiedler, Margulis, Venkatesh and the
first named author [I0] extended this result to certain adelic periods in the number
field setting.

In this paper, we consider homogeneous measures in positive characteristic set-
ting. Let us fix some notation in order to state our main results. Let F' be a
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global function field, and let G be an absolutely almost simple, simply connected
F-group. Throughout the paper, we assume G does not admit non-standard iso-
genies. This condition is always satisfied if char(F') > 3. More precisely, G admits
non-standard isogenies only in the following cases: if char(F) = 2 and G is of type
B, Cp, (n > 2) or of type Fy, another case is if char(F) = 3 and G is of type Ga,
see [27, §1] and references therein.

Put G’ = G x G, and let

H={(h,h):he G} C G’

be the diagonal embedding of G in G'.

Throughout the paper, X denotes the set of all places of F'. For each place v € X,
let F, be the completion of F' at v, and let Ap (or simply A if there is no confusion)
denote the ring of adeles over F'.

Let G’ = G/'(A) and X = G'/G/(F). We let mx denote the G’-invariant proba-
bility measure on X. Let i : H — G’ be the above inclusion. For every g € G’,

Yy = gi(H(A)/H(F))
is a closed orbit in X equipped with a probability measure p, which is invariant
under H, := gH(A)g~!. Throughout the paper, we drop i from the notation and
simply write Y, = gH(A)/H(F).

We will use the following notion of complexity which was introduced and studied
in [10]. Let Q¢ C G’ be a compact open subgroup. Given (Y, u4) as above, define

(1) vol(Yy) = my(Qo N Hy) ™"

where m, denotes a Haar measure on H, which projects to uy. Note that a different
choice of Qg only changes the above function by a multiplicative constant, see [10,
§2.3] for a proof.

The following is the main theorem of this paper.

Theorem 1.1. There exists k > 0 so that the following holds. Let g € G', and let
(Yy, pg) be as above. Then

/Ygfdug/fdmx

where S(f) denotes a certain adelic Sobolev norm, and the implied multiplicative
constant depends on X. The exponent k depends only on the type of G and F. If
X is compact, then k depends only on the type of G.

< vol(Yy)™"S(f), [ eCF(X),

Similar to the proofs in [IT, [10], our proof relies on uniform spectral gap. How-
ever, our treatment deviates from loc. cit. in that instead of using effective ergodic
theorems for the action of unipotent subgroups, we use averages over expanding
pieces of root subgroups, see This idea (which is due to Margulis, see [24])
makes the analysis in the case at hand more transparent. We also use the work of
Prasad [29]; albeit our application here is less intricate than in [I0], in particular,
our treatment does not rely on [2], as H C G’ is simply connected and embedded.

As it was mentioned our proof relies on uniform spectral gap. However, it also
allows us to give an independent proof of property (7) in all cases except for groups
of type A;. That is, if we assume property (1) for groups of type A;, Drinfeld [§],
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and use the uniform estimates on decay of matrix coefficients for groups with Kazh-
dan’s property (T'), Oh [26], we can deduce property (7) in all other cases as well
as our theorem.

In the number field setting, the proof of property () has a long history and was
completed thanks to several deep contributions, see [17} 26, [32] 16}, [4] [5, 14]. In the
positive characteristic setting, the existing literature is far less satisfactory beyond
groups with property (7'), the aforementioned work of Drinfeld [8], and the work of
Lafforgue [21], 22]. However, the statement itself is agreed upon by the experts. We
hope the following theorem will contribute to filling this lacuna in the literature.

Theorem 1.2 (Property 7). Let the notation and assumptions be as above, in
particular, we assume that G does not admit non-standard isogenies.

Let v € X be such that G is isotropic over F,. Then L3(G(A)/G(F)), the
orthogonal complement of G(A)-invariant functions, is isolated from the trivial
representation as a representation of G(F,). Moreover, this isolation (spectral gap)
is independent of the F-form of G.

Acknowledgment. We would like to thank H. Oh for her interest in this project
and also for several helpful discussions. We are particularly grateful to her for com-
munications regarding [26]. We would also like to thank G. Prasad, I. Rapinchuk,
and A. Salehi Golsefidy for helpful discussions.

2. NOTATION AND PRELIMINARIES

Let F be a global function field. Let ¥ be the set of places on F, and let A be
the ring of adeles over F. For each place v € X, let F, be the completion of F' at
v. Let o0, be the ring of v-integers in F,; k, denotes the residue field of o, and w,
is a uniformizer of o0,. We will denote by |z, the absolute value on F,. Note that
0, is the maximal compact subring of F,. Let B,(a,r) ={b€ F, : |a — b|, < r}.

As in the introduction, let G be an absolutely almost simple, simply connected
F-group which does not admit non-standard isogenies. This condition is always
satisfied if char(F) > 3. More precisely, G admits non-standard isogenies only if
char(F) = 3 and G is of type G5 or char(F) = 2 and G is of type B,,C,, (n > 2)
or of type Fy, see [27, §1] and references therein.

Put G’ = G x G. Let

H={(h,h):he G} C G’

be the diagonal embedding of G in G’. We also write G! = G x {1} and G? =
{1} x G. For every group L, we put L = L(A). We will often simplify the notation
and denote G' simply by G, but G? will always be denoted as G2.

Abusing the notation slightly, for every g € G’ and a subset B C G, we let

Ag(B) = g{(g,8) : (g,1) € B}g~".
We adapt a similar notation for subsets of G(F,,) for all v € X.

For i = 1,2, let 7 denote the projection from G’ onto the i-th component.
Denote by ¢! : G — G’ the map g — (g,1) and ¢? is the map g — (1,g). For every
v e X welet m, : G — G'(F,) denote the natural projection, and ¢, : G'(F,) — G’
denotes the natural embedding in the v-th place. Put 7! := 7% om, and ¢! = 1, 0%

For L = G',G',H and every v € X, let L, = 1,(L(F,)). Given g = (g9,) € G’

and w € X, we will let

g¥ =ty o my(g)-
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That is, g = g, and g =1 for all v # w.
Let p: G — SLy be an embedding defined over F. For any v € 3, let
K,=1 ( (SLN(ov))) C Gy
and let K C G denote the product of K, for all v. For m > 1, let
(2) K,[m] :=ker(K, — SLy(0,/@}'0,));
note that K, = K,. Let
K} ={(g".9"): (¢",1) € K, }.
Define K’ and K/ [m] accordingly. We choose Qg in (1)) to be K'. For any L C K,,
v € X, and m > 0 we defined L[m] := LN K[m)].
For any subspace h C g,, we write h[0] for the preimage of the o,-integral N x N
matrices under the restriction of the differential Dp : g — sly to h. More generally,

we write h[m] for the preimage of the matrices all of whose entries have valuation
at least m.

Recall that X = G'/G/(F) and Y, = gH/H(F) where g € G'. The homogeneous
set Yy is equipped with the Hy, = gH ¢ l-invariant probability measure fg-
Lemma 2.1. We have Stab(u,) = Hy - C(F), where C denotes the center of G'.

Proof. By virtue of [I0, Lemma 2.2], we have
Stab(jiy) = gHN(F)g~!

where N denotes the normalizer of H in G’. Since H = {(h,h) : h € G} and G is
absolutely, almost simple, we conclude that N = H- C which implies the claim. [
Lemma 2.2. For every g € G', there exists some § € G? so that Y, =Y.
Proof. Let g = (g(l) g?)), then

={(g™.9@)(h,h) : h e G(A)}

{( 1)h 9(2) (1)> g(l)h) ‘he G(A)}

= {(h.g@(gM)'h) : h € G(A)}.
The claim thus holds with § = (1, (¢® (¢)71),). O
In view of this lemma, from this point until the end of the paper, we will always

assume g € G2.

2.1. Properties of a split Lie algebra. Let g be the Lie algebra of G and for
any v € ¥, let g, := Lie(G) ® F,. We fix w such that G is F,-split. In particular,
G, is a Chevalley group (see [35], §3.4.2]). Let ® be the set of roots for G,,. Let
P = char (k).

Let a be a maximal split torus of g,. Then, g can be decomposed as g =
90 ® P, cq 92, Where for any X € a*

(3) gy = {v € g:Va € a,ad(a)v = Aa)v},
and ® C a* is the set of roots for g,, i.e., the set of non-zero characters for which
(3) is non-empty (see [33], §2.6]).

For any A € @, there exists a one-dimensional Lie algebra gy C g, and a one-
dimensional unipotent subgroup Uy = {ux(r)} C G, such that g, is the Lie algebra
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of Uy (see [3, §2.3]). Set Ly = (Ux,U—_»). Then, for any t we can also denote by
ax(t) the unique diagonal element in Ly such that

ax(t)ux(Dax (™) = u(t?).

Fix two opposite Borel subgroups B and B~ in G,,. Denote by U and U~ the
unipotent radicals of B and B~ respectively, and by A = BN B~ a maximal split
torus of G,. For every nonnegative integer m, let

Un=UnNKylm|, U, =U NKy[m], and A, =ANK,[m)|.

Then, according to [34], §3.1.1] for any m € N, we have
(4) Ky,[m] =U,, ApnUsy,.
Fix an ordering A1, ..., A\g on ®* once and for all; we use the ordering —\q, ..., —\g
on ®~. In view of [34] §3.1.1] again, the product map from H?zl Usx,[m] to UE[m]
is a bijection. For every A € ® and every g € UT[1], we define gy to be the \-
coordinate of ¢ in this identification. Using , we can define gy for any A\ € ® and
g =u"aut € K,[1] by taking g\ = uf\c

For every non-negative integer m, we also define

A, ={a€ A:alUspa™t C Uy and ailUQ_ma cU; .

Lemma 2.3. There exists some my € N (depending only on the dimension of G)
such that the following holds. For every g € Ky[2mo + 1], there exists A € @, so
that

{9 € KA oK 1999 x = Il = 4" lg'99' ™" = I||}] > g5, >0 ™ €.

Proof. We first note that for allm € N, all ¢’ € K,,A_,,, K, and all g € K,,[2m+1],
we have

d'99' ™ € K,[1].

Therefore (g'gg’ 1), is defined.

Let us begin with the following claim: one can assume
(5) lgx = Il = q,,°llg = 11|~ for some A € @
where ¢ € N depends only on dim G.

To see , note that since g € K, [1], we can write g = g~ ¢%g+ where ¢° € Ay,
g € Uy and g~ € U; . Suppose now that fails with ¢ = 1, then [|g° — I|| >
g™ — I||. Let A € ® be a simple root so that |A(¢°)| is maximal. The map

T (uA(r)guA(fr))/\

is a rational function i(r) so that coefficients of f; are bounded by < ||g — I|| and

()
|f2(r)—1] <1/2 for all |r|,, < 1. Therefore, there exists some r € F,, with |r|, =1
so that if we put § = uy(r)gux(—r), then

gx = Il > llg — 1I|.
Now suppose the claim is proved for §. For § > 0 and x € G put
Es(x) = {9’ € KuA-mKu : [(9%¢ " )n = 1| = Bllg'x g = 1|}
Then,
Eg(g)ua(r) C Bs(g) and |Eg(g)un(r)| = |Eg(g)| = 8> C,
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We thus assume that is satisfied, and will show the lemma holds with A and
mo = c¢ + 1. For simplicity in the notation, let us assume A € ®*, the argument
when A € ®~ is similar. Put § = ax(w,° !)gax(w@S ). Then g € K,[1]. Using
(4) and the decomposition of U; into one-dimensional unipotent subgroups, we can
write

g =9 g hiux(s")ha, hi,ho € Uy.
We now want to look at the decomposition of § into a diagonal element and elements
of the one dimensional unipotent groups. Conjugation by ay(ww ') expend u(s")
by ¢2“*2, and for each other root o # ), it expand g, by at most ¢S we conclude
from ([5)) that s = ¢2¢+2s’ satisfies uy(s) = gx. Moreover, for k such that |s|, = g7,
we have
q;671 < |5|w — q;k < qic+2q;2m71 — q;1’

and g € Kylk + 1], §o € K[k + 1] for all o # .

Since K, [k + 1] is a normal subgroup of K,,, we have § = hay(s) where h €
K[k + 1]. Moreover, for every g, € K[k + 1], we have

92995+ = h"ux(s)
where h" € K, [k + 1].
Altogether, there is some

g1 € KwAfcfle = KwAfmoKw
so that for every go € Kyy[mo + 1] we have gog199; *95 * € Ky[1] and

19291997 95 ) )x = 11l = a5 llg — |-
The proof is complete. (]

3. CONSTRUCTION OF A GOOD PLACE
Recall that Y, = gH(A)/H(F'), where g = (1, (¢»)). In this section we show the
existence of a place w where the group
Hg,w = Ag(Gw) = gngil
has controlled geometry.
Recall the definition of K, and K, from For every v € X, let
(6) Ky, = Hy,NK,=gH,g ' NK, = Ay(K,) N K}
In this section, we will simply write ¥ for Y, and denote Ky, by K, y.
The following is the main result of this section.
Proposition 3.1 (Existence of a good place). There exists a place w of F such
that
(1) G is split over F,.
(2) mw(KY,) and my, (K y) are hyperspecial subgroup of G'(F,) and m,(Hy),
respectively,

(3) g¥ € K|, see 47 for the notation.
(4) qu < log(volY))? where the implied constant depends on G.

Let us begin by recalling some standard facts from Bruhat-Tits theory.



PROPERTY (7) IN POSITIVE CHARACTERISTIC 7

3.1. Bruhat-Tits theory. Let G, F as in our setting (see §2)), and let v € X.
Then

(1) For any point  in the Bruhat-Tits building of G(F;,), there exists a smooth
affine group scheme Qiq()m) over 0,, unique up to isomorphism, such that: its

generic fiber is G(F,), and the compact open subgroup Qﬁ(f)(ov) is the
stabilizer of x in G(F,), see [34, 3.4.1].

(2) If G is split over F, and x is a special point, then the group scheme & s
a Chevalley group scheme with generic fiber G, see [34, 3.4.2].

(3) red, : GSq(Jw)(ov) — @(I) (ky), the reduction mod w, map, is surjective,
which follows from the smoothness above, see [34] 3.4.4].

(4) ®,® is connected and semisimple if and only if x is a hyperspecial point.
Stabilizers of hyperspecial points in G(F,) will be called hyperspecial sub-
groups, see [34] 3.8.1] and [30] 2.5].

If G is quasi-split over F,,, and splits over E (the maximal unramified extension
of F,), then hyperspecial vertices exist; and they are compact open subgroups with
maximal volume. Moreover a theorem of Steinberg implies that G is quasi-split
over F, for all v, sec [34, 1.10.4].

It is known that for almost all v, the groups K, are hyperspecial, see [34, 3.9.1]
(and §2|for the definition of K,). We also recall that: for almost all v the group G
is quasi-split over Fy,, see [36, Thm. 6.7].

3.2. Adelic volumes and Tamagawa number. Fix an algebraic volume form w
on G defined over F'. The form w determines a Haar measure on each vector space
g, := Lie(G) ® F,, which also gives rise to a normalization of the Haar measure on
G(F,). We denote both these measures by |w,|, and denote by |ws| the product
measure on G(Ap). Then
oy

™) (wal(G(AR)/G(F) = D" 1 (G),
where 7(G) is the Tamagawa number of G, and D is the discriminant of . In the
case at hand G is simply connected, it was recently proved that 7(G) = 1, see [0,
§1.3].

3.3. The quasisplit form. The volume formula relates the Haar measure on
Y to the algebraic volume form w (and the field F'). However, the volume of our
homogeneous set Y as a subset of X depends heavily on the amount of distortion
coming from g.

Following [30, Sect. 0.4], we let G denote a simply connected algebraic group
defined and quasi-split over F' which is an inner form of G. Let L be the field
associateﬂ to G as in [30 Sect. 0.2], it has degree [L : F] < 3. We note that G
should be thought of as the least distorted version of G.

Let w® be a differential form on G corresponding to w. This can be described as
follows: Let ¢ : G — G be an isomorphism defined over some Galois extension of
F. We choose w' so that w’ = ¢*(w?), it is defined over F. It is shown in [30, Sect.

1In most cases L is the splitting field of G except in the case where G is a triality form of 6Dy
where it is a degree 3 subfield of the degree 6 Galois splitting field with Galois group S3. Note
that there are three such subfields which are all Galois-conjugate.
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2.0-2.1] that, up to a root of unity of order at most 3, this is independent of the
choice of .

As was done in [30], we now introduce local normalizing parameters ¢, which
scale the volume form w® to a more canonical volume form on G(F,).

For every place v € 3, choose an o,-structure on G, i.e., a smooth affine group
scheme over o0, with generic fiber G as in [30], Sect. 1.2].

Let {P, C G(F,)} denote a coherent collection of parahoric subgroups with
“maximal volume”, see [30} Sect. 1.2] for an explicit description. Let us recall that
by a coherent collection we mean that [], .y, P, is a compact open subgroup of
G(AF). Note that any F-embedding of G into GLy gives rise to a coherent family
of compact open subgroups of G(Ar) which at almost all places satisfies the above
requirements on P,, see At the other places we may choose P, as above
and then use (1) in to define the o,-structure on G(F,). Let us also remark
that maximality of the volume implies that the corresponding parahoric is either
hyperspecial (if G splits over an unramified extension) or special with maximum
volume (otherwise).

This allows us, in particular, to speak of “reduction modulo w,”. For every place
v of F, we let M, denote the reductive quotient of red,(P,); this is a reductive
group over the residue field.

Let r, € F, be so that r,w? is a form of maximal degree, defined over o,,, whose
reduction mod @, is non-zero, and let ¢, = |ry|,.

3.4. Product formula. Let us use the abbreviation Dy /p = DLD;[L:F] for the
norm of the relative discriminant of L/F', see [30, Thm. A]. It is shown in [30, Thm.
1.6] that

(8) [[e =D A,
vEX

where A > 0 depends only on G over F and [F : Q], 5(G) = 0 when G splits over F
in which case L = F, and s(G) > 5 otherwise; these constants depend only on the
root system of G.

It should be noted that the parameters c, were defined using G and w® but will
be used to renormalize w, on G, and hence on H.

Abusing the notation, we will speak of hyperspecial subgroups of G,,, G, and
H, ,, in the remaining parts of this section.

Let X' C X denote the set of places where G is isomorphic to G over F, and that
K, is hyperspecial. Then ¥\ ¥’ is finite.

Lemma 3.2. Let v € ¥'. Then
(1) cylwy|(Kyy) < 1.
(2) Assume g¥ ¢ K. Then

Cvlwvl(Kv,Y) <1/2
Proof. In view of the definition of K, y, see (@, we have
(9) K,y =Ay(K,)NK,.

Since v € ¥/, G is isomorphic to G over F, and we have ¢,|w,|(K,) = 1 which
implies the first claim.
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To see the second claim, first note that if g” does not normalize K, then g, does
not normalize 72(K,), where 72 : G,, — G(F,) is the natural projection, see In
particular,

[m2(K,) s mo(Ky) N gy o (Ky)go) > 2.
Now since v € ¥, we have 72(K,) is a hyperspecial vertex in G(F,), 72(K,) equals
its normalizer in G(F,); this and the above imply part (2) in view of (9).

We recall the argument that 72 (K, ) equals its own normalizer for the convenience
of the reader; 72(K,) is the stabilizer of a hyperspecial point, x, say. Since g,
normalizes 72(K,), m2(K,) also stabilizes of g,x,. If g,x, # X, then 72(K,)
stabilizes the geodesic between these two points which is a contradiction. O

3.5. The volume of a homogeneous set. In view of our definition of volume
and taking into account the choice of g, the equation implies that

$dimG —
(10) vol(Y) = Dg [T (ol (Ko )7,
veEY
where |w,| is as before. This and (8) imply that
(11) vol(y) = AD75 D™ T (colwnl(Kuy) )
veEY

Let us note the rather trivial consequenceﬂ vol(Y) > 1 of . Below we will
assume implicitly vol(Y) > 2 (which we may achieve by replacing €2, by a smaller
neighborhood at one place in a way that depends only on G).

Proof Proposition[3.1} Recall that ¥’ C ¥ denotes the set of places where G is
isomorphic to G over F, and that K, and hence K| = {(g1,82) : (g, 1) € K, } is
hyperspecial. Furthermore, if g¥ € K/, then

Koy = A(K)N K,

is hyperspecial in H .
Now recall from Lemmathat for all places v € ¥/, we have ¢, |w,|(Kyy) < 1.
Moreover, if v € ¥’ but g* ¢ K, then
(12) C?)|W1)|(Kv,Y) < 1/2
By Chebotarev density theorem, the set
¥ ={ve¥ :G is split over F,}

has positive density, ¢ > 0 say, which depends only on G.

Let B be a constant depending on G which will be explicated later. Assume
now (for a contradiction) that for every v € X" with ¢, < Be~!log(vol(Y))?2, we
have ¢, |wy |(Kyy )™t > 2.

Recall also that we are assuming vol(Y) > 2. The above discussion, (11]), and
the prime number theorem imply that

VOI(Y) > BI2B log(vol(Y))?/(log B—log c+2 log log(vol(Y)))
where B’ depends only on G. Now if B >>g 1, then

BIQB log(vol(Y))?/(log B—log c+2log log(vol(Y))) > VOl(Y)

2This would also follow trivially from the definition if only we would know that the orbit
intersects a fixed compact subset.
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This contradiction finishes the proof. O

4. DEDUCTION OF THEOREM FROM THEOREM [ 1]

In this section, we complete the proof of Theorem [1.2l The proof relies on
Theorem below, which in turn is a consequence of Theorem It should be
noted, however, that the proof of Theorem requires a certain uniform decay
of matrix coefficients for H, ,, where w is a good place, see In the setting
of Theorem the group H, ., has Kazhdan’s property (T'), thus the required
uniform rate follows from the work of Oh [26].

As before, we let m! denote the projection onto the first factor. Throughout this
section, the space G(A)/G(F) is equipped with the G(A)-invariant probability
measure, we thus drop this measure from the notation.

Theorem 4.1. Assume the absolute rank of G is at least 2. There exists Ky >
0 which satisfies the following. Let f1,f» € L3(G(A)/G(F)) — the orthogonal
complement of G(A)-invariant functions — be ' (K, )-finite functions. Then

(g f1. f2)| < dim(x! (K,).f1)'/? dim(x" (Ko). fo) P B r,) (@) E filly 1 fall

where g € G(F,), (n'(K,).f) is the linear span of 7' (K,).f, and Eq(p,) is the
Harish-Chandra spherical function of G(Fy).

Let us first assume Theorem and finish the proof of Theorem

Proof of Theorem[I.3 First note that the theorem in the case where G is of type
A, follows from [8]. We may, therefore, assume that the absolute rank of G is at
least 2.

By [23], see also [I Lemma 3.22], we may restrict ourselves to smooth functions
in L2(G(A)/G(F)). Now by [23, Thm. 2 and Cor.], Theorem is equivalent
to the existence of a uniform decay rate for matrix coefficients for 7*(K,)-finite
functions in L3(G(A)/G(F)) as claimed in Theorem [4.1 d

Proof of Theorem[{.1]. Let g = (1,(g.)) € G’ where g, = g and g, = 1 for all
u # v.

In view of our definition of the volume of a homogeneous set, there exist positive
constants k2 and k3 (depending only on the root system of G(F,)) such that

[|9F2 < vol(Yy) < [|g|F=.

Let w be a place obtained by applying Proposition to Y. In particular,
(1) G is split over F,.
(2) K|, and K,y are hyperspecial subgroup of G,, and H,,, respectively
(3) quw < log(volY,))? where the implied constant depends on G.

Then, by [26, Thm. 1.1], and our assumption that the absolute rank of G is
at least two, the group G,, has property (T'). Therefore, there exists a constant
k4, (which depends only on the type of G) so that for all K, -finite functions
f1, f2 € LE(G(A)/G(F)) and all h,, € Gy, we have

(13)  [(ho-f1, fo)| < dim(mi (Ko). f1)'/2 dim (s (Ko)- fo) V2 full2 | fol e |5

where the implicit constant depends on G,,. If char(F) > 2 this is stated in [26]
Thm. 1.1]. A careful examination of the proof shows that holds when char(F') =
2 as well, see [20] §4.7].
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Using ([13) as an input in the proof of Theorem see we conclude from
Theorem [L.1) that if f = f1 ® fo with f; € CX(G(A)/G(F)) for i = 1,2, then

‘/}(deYg_/)(fl®f2de‘

o tdewen - [ m [ R <ol s)
G(A)/G(F) G(A)/G(F)

The implied multiplicative constant depends on G(A)/G(F) and so also on
the F-structure of G. We note however, that thanks to [23], the above upgrades to
a uniform effective bound on the decay of the matrix coefficients as in Theorem
with [1] independent of the F-form of G. This implies Theorem O

5. EFFECTIVE GENERATION OF A GROUP AT A GOOD PLACE

In this section, we fix a good place w and show some useful properties of G, see
for the definition and the proof of the existence of a good place. In particular,
G is split over F,, and we can apply the notation and results from

Recall that o, is the maximal compact subring of F,, w,, is a uniformizer of
0w, and 7 (K,) = G(oy). For any L > 0 and R C G, denote by R[L] the set of
elements in R whose entries vanish in o,, /wﬁow. For any L > 0 and v C g denote
by t[L] the set of elements in v whose entries have valuation at least L.

For every A € @, let Ay be the scheme theoretic split torus in (Uy, U_») = SLy
which we realize as a closed Z-subscheme of G. Put

(14) A =4(4y) C Hy

the elements in A% will be denoted by a) (¢). Similarly, put U, = Ay(Uxy) C Hy
and their elements by v/, , (s).
Note that for every g € G, t € F,\, and s € F,,, we have

(15)  a\(t)gah() ™" = ax(t)gaa(t) ™" and ) (s)gui(—s) = ux(s)gur(—s).
For b € F, and r > 0, let
Bb,r):={s€Fy:|b—sly,<r}.

Lemma 5.1. There exists an absolute constant k5 such that the following holds.
(1) Assume that char(F) > 2. For any A € ® and every |s|, = 1, we have

U,\ C{ur(r? = s%) : rlw = 1}.
(2) Assume that char(F) = 2. Then

{ur(c®) @ |e)w <1} C {un(r? = s2) : |r|w = 1}.

Proof. Let us first assume that char(F) > 2. Let v, : F2 — F, be defined by
Yy(t,r) =t — (r? — 52). Then,

s

o (0.1) =240,
Hence, by the implicit function theorem (see [20, §4]), there exists 0 < o < 1, such
that for all t € B(0, a?) there exists r € B(s, ) so that 1(t,r) = 0, i.e., t = 1% —s2.
This implies the first claim with |ks|= o2.

If char(F) = 2, then 72 — s? = (r — s)? which implies the claim. O



12 AMIR MOHAMMADI AND NATTALIE TAMAM

Lemma 5.2. Recall that G does not admit any non-standard isogenies. There
exist kg and £ > 1 with the following property. Let A\ € ®. Then, there exist
hi,...,he € Hy, with ||h;|| <1 so that every g € Ku, can be written as

g = 8182 8¢
where for any 1 <i < {, g; € h;U\[0]h; .
Proof. Clearly it suffices to prove this for a fixed A € ®. First note that since
G = G! (see for every h = (h',h?) € Hy ,,, we have
RUAR™Y = (hY, 1)Ux(hY, 1) € G and  Ad(R)uy = Ad((h',1))uy C gu.
Since G is simply connected and does not admit any non-standard isogenies,
there exist A, ..., L, o € Hgw so that the Fy-span of {Ad(h])u,} equals g, see
[27, Prop. 1.11] and references therein. Moreover, since K, is Zariski dense in G,
we can choose hj so that ||h}|| <1 for all i.
In consequence, by [3, Prop. 1.16] applied with {R,Uxh, "' : 1 < i < dim G} and
G, we conclude that the product map
¢
@ : H Uj — Gw
j=1
is a separable surjective morphism, where ¢ is absolute and U; € {h;UAhgfl 1<
1 < dim G} for every 1 < j < /.
Thus, by the implicit function theorem (see [20, §3]), there exists [rg|so that

Gulnd] < ¢ (TT5-, Uj10))
where U;[0] := h};Ux [O]h;-_l. The proof is complete. O

Remark 5.3. Lemma is the only place in the paper where the assumption that
G does not admit non-standard isogenies is used.

We also need the following lemma, which deals with the case that the character-
istic of F' equals 2, see Lemma, [5.1

Lemma 5.4. Assume char(F) = 2 and let 19 € 04, be nonzero. Let A € ®. There
exists an absolute constant ¢’ with the following property. For every r € B(0,1),
’U,)\(T) :hl'“hg/

where for all 1 < i < ', either h; € {ux(100?) : |Toa?| < |70|7} or hi € Hy . with
[[ha]| < 1.

Proof. We give a hands on proof based on direct computations. Let us begin with
the following observation: Let @y : SLy — (Uy,U_)) be the natural isomorphism
which maps the upper (resp. lower) triangular unipotent subgroup of SLs to Uy

(resp. U_»). There exist 0 < k7 < 1 and hq, hy,hg € Hy,, with ||h;|] < 1 so that
every element

0 0
nea (3 D)suetf (5 1) = sl

can be written as a product
(16) h="hy-hg
where for every 1 < j <6, h; € hi{ux(100?) : |700?| < 1}hi_1 for some 1 <17 < 3.
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This is a special case of Lemma applied with SLy over F2 and the root
subgroup {ux(r):r € F2}.

We now turn to the proof of the lemma. Let |a|, |c]| and put 7’ = 1757, then

o1 a2 0 0 1\ (a2 7a?4+ra 247t
1 0)\rp'c® a2)J\1 )\ 0 a? ’

S (e 26 )

CL_2 ,,,/aQ +T/a—2 +7_0—1C2
(') 0 a2 .
Now, we have

a2 0 a2 a4 ra 4t (1 molrgtac)?) (1 (1+at)) |
0 a2 0 a? 0 1 —\o 1 ’

applying ¢y, we conclude that

a2 0 a~? a2+ ra? 4 tc2 _
(5 o)) (0 2 ) Gl ae?) = wa (),

where we also used r = (1 + a*)r’.
The claim follows from these computations and . O

Lemma 5.5. There exist C1 so that the following holds. Let m; € N, m > 3my,
and A € . Let g € K,,[m] satisfy ||lgr —I|| > g, |lg — I||. Let my > m be so that
g € Kylmg| \ Kylmg + 1]. For every ¢t < |t|, < q&mg_ml)m, and all 8|, <1,
we have

Jaa @i s)gus ()ar (¢71) = a®gran)|| o ma st 1151}
If we further assume that |t|,, = qq(um"’_ml)/Q 5m1+3 and |8]q, 1q;2m1_3,

laj ()ul (s)gui (=s)aj(t™) = 1] > ¢, 72,

where the implied constant is absolute.

Proof. First note that in view of , we may replace ¢} and w) with ay and uy,
respectively.

The proof is based on the following observation: let g € K,,[m/] for some m’ > 1,
then for all s € Bp(0,1) we have

u(s)gur(=s) = gh(s, g)

where ||A(s, g)|| < ||g — I|||s|. and the implied constant is absolute.

Let g and ¢ be as in the statement, and let s € B,,(0,1). Conjugating the above
with ay(t), we conclude that
(17) ax(tyu(s)gux(—=s)ax(t™") = ax(t)gar(t™")hi(s, 9)
where where hy(s, g) = ax(t)h(s,g)ax(t™1), hence,

1he(s,9) =TI < gy [lg = Tll|slw < [s]w

for an absolute implied constant.
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Recall the condition ||gx—1I|| > ¢, |lg—I||. Moreover, note that the conjugation
by ax(t) has weight 2 for Uy, and weight < 1 otherwise. We thus conclude that

lax(®)gax(t™) — ax(O)grax(t )| < g [tl"
This and finish the proof of the first claim.
To see the second claim first note that ay(t)grax(t™!) = ux(7) where |7| >
q;™ ~2%; moreover, if |t|, = gne /2 3}”1+3 and |84, 1qu_,2m1_3,
then

Cilgry maxc{[s]u, [t} < g™
The second claim thus follows from the first claim and the above. O

Recall from §3|that we fixed a Haar measure [] ¢, |w,| on Hy, and in particular,
Cwlww| on Hy .. Unless otherwise is stated explicitly, ¢,|wy| is the measures of
reference on H, ,, throughout the paper.

Lemma 5.6. Let mg be as in Lemma[2.3 Let m > 6mo + 1. Fori=1,2, let
Ei C KwA—moKw

be two subsets so that |Ky,A_, Ky \ Bi| < ggimodimG,
Then for every g' € K [m], there exist a; € Ay(E;) and A € ® so that

agart =g € Kylm —2mg) € Gy, x {1}
llgx — I|| > |lg — I|| where the implied constant depends only on dim G.

Proof. Let us write g’ = hg for some h € Hy,, N K| [m] and § € K,,[m| = G, N
K [m]. If a € Ay(KywA_p, Ky), then

1 1

gat = (haYaga™'.
Note that since g € K,,[m], for all a as above we have aga™! € K,,[m — 2mg]. We
will find oy, a2 € Ay(E;) so that agg’afl = algafl.

Since g € K,[m] C Ky[2mg + 1], in view of Lemma there exists A € ® so
that 4

|Eg| 2 q;Bmo dim G

where By = {y € KuwA_m Ko : I(y8y~x — 11l 2 ¢, lygy ™" — I1I}.

Since h € K|, N H, ., we have

h DG (KA, Ky) = Ag(KpA_p Ky).

In particular, the map f : Ag(Ey) = Ay(KyA_,,Ky) defined by a — ha™! is
measure-preserving.

Altogether, and in view of our assumption on the relative measures of F; and
FE5, we may choose a; € Ay(Ey) N Ay(Eg) with as = f(a1)™! € Ay(Es2). The
lemma follows. O

6. NON-DIVERGENCE OF UNIPOTENT ORBITS

In this section we show that when X is not compact, the cusps have small
measure with respect to pg. We follow the proof of [11, Lemma 3.6.1], which relies
on the non-divergence of unipotent flows.
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Let F be a finite field such that F' is a finite separable extension of F := F(T),
t~he field of rational func~tions in one varialgle over F, see e.g. [37, Ch. III]. Let
G = ReSF/F(G’). Then G is a semisimple F-group and

G(Ap)/G(F) = G'(Ap)/G'(F).
Fix a good place w € ¥, and let @ be a place of F so that w|w. We note that
since w is a good place for G’, the group G is isotropic over Fj (however, it need

not be split).
Let K'(w) := [],; K;- Since G is simply connected, it follows from strong

approximation (see [28]) that one can write

G'(4) = K'(@)(TLa Gv)G'<F> = K'(0)G (Fz)G(F).

Let I' = G(F)NK'(w) and Gy = G(Fy); note that T' is a congruence subgroup of
G3. The above implies that

K'(0)\G'(A)/G/(F) = Gy/T.

Let O be the ring of w-integers in F; note that O is a PID. Let § = Lie(Gy),
and let go be an O-lattice in the g with the property that [§o, go] C §o. As it is
done in [I1], for any = € X, we set

ht(z) = sup{[|Ad(g)u]| ™" : & = gT, g € Ga, u € go \ {0}},
and
S(R) :={z € X : ht(x) < R}.
Lemma 6.1. For every m € N, let
Qr = {((90): (93)) € K"+ (9, 92) € (K, [m]) }.
There exists kg so that for all x € X with m < ht(m)_ﬁ_&‘, the map g — gx is
injective on Q..
Proof. Fix some m € N and assume that g1z = gox for g1,82 € Q.. Fixge Gy =
G(F ) such that the projection to the @ place of = is gI'. Then, g1 gl = g2, 43T,

and so g27wg17w fixes L, := Ad(g)go. Note that L, is an O-lattice in g. By the
definition of the height, for all u € L, we have ||u|| > ht(z)~*

Since the covolume of L, is independent of z (and equals the covolume of gp),
by lattice reduction theory, one can find a basis uy, ..., uy (where d < 2N?) of L,
such that [|u;|| < ht(x)?, see [I8, Thm. 1.2] and references therein.

Thus, by choosing the constants m/[kg| sufficiently large, we get

||82_,71;Jg1,u~,ui —w|| < ht(z)™! for all 1 <i < d.

In that case, the vector gg’fbgl’@ fixing the lattice L, setwise implies that it is, in
fact, fixing L, pointwise. Thus, gi%ghw belongs to the center of Gg. Let ¢’ € G be
so that = ¢’G'(F). Then, we have g; 'g; = g'vg’~! where v = (y',7?) € G/(F)
and v¢ embeds diagonally in G(A). Now since 8, ;glﬁw is central, we conclude that
(71,72 is central, which is impossible if m is big enough. O
Proposition 6.2 (Non—diverge}lce estimate). There are positive constants kg and
K10, depending on N and [F : F), so that for any g € G’ we have

1y (X \ 6(R)) < FER
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recall that p,, = char(k,).

Proof. The proof is similar to that of [11, Lemma 3.6.1] (see [11, App. B]) where
one replaces the use of the non-divergence result by Kleinbock and Margulis [19]
with Ghosh [I3]. We will go over the main steps of the proof presented in [I1]
App. B] to explicate the differences.

Since O is a PID, discrete O-submodules of g are free, see [I3], Lemma 4.1].
Following [I3} §4], for a discrete O-module A = @&¢_, Ou;, we denote ||A|| = [|u; A
-+ +Augl|y. Then, ||Al is a “norm like” function in the language of [13] that plays the
role of the covolume of A in the proof (see the proof of Lemma 4.3 and properties
N1-N3 in [13]). We refer to A as an O-arithmetic lattice in

V= @leﬁ‘ﬁ,ui C g

Let h € Gg. A subspace V C g is called h-rational if V N Ady, §o is an O-
arithmetic lattice in V; we let ||V'[|, = ||V N Ady, go||. The first step is to show that
for any h there are no h-rational subspaces which are H,, invariant of low norm.

Let U = {u(t)} be a one parameter Fm—unipotent subgroup of H,,, and use
Adj;(y()) in the definition of A(t) in the Proof of [I1, Lemma 3.6.1], i.e. h(t) =
Ad;eu)) |vE SL(V), where V' is an h-rational space for some h € Ga.

Now, one can follow the arguments in [11, Proof of Lemma 3.6.1] using the above
notations, Lemma [13, Thm. 5.2], and [I3 Property N2] to show that there
exist positive constants c[rg| such that for any z € m,(HgI')

(18) there is no z-rational, H,-invariant proper subspace of norm < cp;@,
where ¢ is an absolute constant and [k¢| depends only on dim G.

Put ¢ = cp. Since the number of x-rational proper subspaces of norm at
most ¢ is finite and U C H,,, a.e. h € H,, has the property that hUh™! does not
leave invariant any proper x-rational subspace of norm < £. Alternatively, we may
also conclude for a.e. h € H,, N K| that U does not leave any proper hz-rational
subspace of norm < £ invariant.

Since g is H-invariant and H-ergodic, by Mautner phenomenon p4 is also U-
ergodic. This also implies that the U-orbit of hz equidistributes with respect to
g for a.e. h. We choose h € H,, N K, so that both of the above properties hold
for ' = hx.

Let A’ be such that 2/ = h'T'g. Then, for any h'T z-rational subspace V, if we
let

)

t):=||Ad}
v (t) H at) V' u(t)=1h

then either vy is unbounded or equals a constant > £. Thus, by [I3, Thm 4.4] there
exists a positive constant k11 so that

pg({t = [tle < ra'u(t) ¢ S(e)}) < IFR(E) g ({t : [tla < 7}),
for all large enough r and € > 0, where « only depends on the degree of the
polynomials appearing in the matrix entries for the elements of the one-parameter

unipotent subgroup U. The lemma now follows as the U-orbit equidistributes with
respect to fig. O
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7. INVARIANT SUBGROUPS FOR THE MEASURE [

Recall that p is an Hg-invariant measure on Y, = gH(A)/H(F). In this section,
we will use tools from homogeneous dynamics combined with algebraic properties of
good places which have been established in previous sections to prove Theorem (1.1
When X is not compact, the proof will also use the non-divergence result proved
in Lemma

7.1. Adelic Sobolev norms. Let C°°(X) denote the space of functions which are
invariant by a compact open subgroup of G(A). We follow [10, App. A] to define
Sobolev norms on C*°(X), and present some of its properties.

First, we define a system of projections pr, [m] for any unitary G(F; )-representation
for each place v such that > . ,pr,[m] = 1. For any v € X, let Av,[m] be the
projection on K, [m]-invariant vectors — this is simply given by averaging over the
compact open subgroup K,[m] equipped with the probability Haar measure. Put
pr,[0] := Av,[0] and pr,[m] := Av,[m] — Av,[m — 1] for m > 1.

Let M be the set of functions mapping ¥ to the non-negative integers, such that
almost every v is mapped to zero. For any m € M let

Imll := [ ¢, and  prlm] == [ ] pr,[ma.].

Then pr[m| acts on any unitary G(A)-representation, and > pr[m|f = f for any
f € C*®(X). Moreover, for any f € C*°(X) and m € M, the function pr[m]f is
invariant under K, := [], Ky[m.,).

Given an integer d > 0 we define a degree d Sobolev norm by

(19) Sa(f)? =Y o]l prlm] (1 + he()) " f ()13,

where ht(-) is as defined in For a compactly supported smooth function on X
any of these Sobolev norms is finite. It is also easy to see that

(20) Sa(f) <Sa(f) ifd<d.
We claim that in a similar way to [I0, App. A], we have the following:
S0. For any d, S4 is a pre-Hilbert norm on C¢°(X).
S1. There exists dy, depending on N, and [F : F] (see for the definition of F)
such that for all d > dy, we have || f||z= <4 Sa(f).
S2. Given dy, there are d > d’ > do and an orthonormal basis {ex} of the

completion of C2°(X) with respect to Sg which is orthogonal with respect
to Sy such that

Sag (ex)”
YpSwler)?> <oo and Y, Si?(::)Z < 0.

S3. Let g € G(A) and f € C°(X). We write g.f for the action of g on f, and
9/l = IT,ex lgoll. Then, for every d > 0

Sag-f) < lgll*™Sa(f),
where the implied constant is absolute. If in addition ¢ € K, then we
have Sd(gf) = Sd(f)

Now let us fix a good place w. Note that for every A € ®, we have |[u)(s)| <
(14 [s]w)"N for all s € F,.
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S4. For any d > dy, any r > 0, any g € K,,[r], and any f € C°(X), we have

lg-f = flloo < 0" Sal(f)-

S5. There exist dg, M, which depend only on N, so that the following holds.
For every L, let Avy be the operation of averaging over K,,[L]. Let A € ®
and s € F,,. Put T, = Avy, *5%(5) * Av; where x denotes convolution of
operators. For all z € X, all f € C°(X), and d > dy we have

Taf@) ~ [ £dms| < gD he(a) T 205l

where || Ts||2,0 denotes the operator norm of Ts on L3(X,my). Moreover,
we have

(21) ITsll2.0 < (1 + [slw) "2 g3t

S6. There exist dy, M, which depend only on N, so that for all d > dy and all
A € @, we have

(22) <u)\(5)flaf2>L2(M) - /fl d,LL/fTQ dﬂl’ < (1 + |5|w)71/2MSd(f1)Sd(f2).

Indeed, the above properties can be shown arguing in a similar way to [10,
App. A4]. We only present a brief guided tour of the proof, and the implied changes
in the statements. In the proof of property S1., Lemma replaces [10, Lemma
7.2], and so the implied constant only depends on N and [F : F] In the proof of
property S3., for any place v and g € G,, the inequality

ht(gz) < g *" he(x)

follows from the definition of ht(z) (see §6)), and so (except possibly a different
power in the result) the proof is the same. Properties S5. and S6. follow from
1/M-temperedness (see [23, Thm. 2]) of the natural representation of G(F,) on
L3(X,mx) and L3(X, p1), respectively. In the case where G is type Aj, this follows
from property (7), [8]. In all other cases, G has absolute rank at least 2, and w is
so that G is F,-split (see §3). Therefore, G(F,,) has property (T') and the desired
1/M-temperedness follows from [26].

7.2. Generic points. Let A € ®. Let n € N. For any x € X and t = w,,", define

(23) Duf(@)i=ay [ passds— [ i
B(0,qu™) X
see the beginning of §5| more specifically (14)), for the definition of a} (¢) and u)(s).
In particular, we have d)\(t),u)\(s) € Hg, C Hy for all t,s,\. Therefore, they
preserve the measure p.
A point z € X is called ng-generic for A\ with respect to the Sobolev norm Sy, if
for any integer £ > ng, we have

(24) 1Def ()] < 4, /*M Sa(f)
where M is as in .

Proposition 7.1. Ifdy is chosen large enough, depending on N, then for all d > dy

the p-measure of points which are not ng-generic for some A € ® with respect to Sy

is < qu™0/"M
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Proof. Let A € ® be arbitrary. For simplicity in the notation, we will write a’(t)
and u'(s) for @)\ (t) and u)(s), respectively.

Let ¢ > ng be an integer and dy satisfy ([22). Let f be a fixed function in C2°(X).
Let us write B = B(0,¢,*). Put

Al = { 81,82) € Bx B: |81 — 82|w < Gy 116/10}
and AQZBXB\Al.
For (s1,s2) € B x B, put F(s1,s2) = (a'(t)u/(s1 — s2)a’(t71) f, ) If (s1,82) €
Ay and [t|, > ¢, then o (t)u'(s; — 52)a'(t*1) =o' (1) with |7| > ¢%°¢. Hence, for
any (s1,52) € Ag and [t], > ¢f,, by (22) we have

[Plorsn) = ([ ran) | < a2, ()

Since the Lebesgue measure of A; is ¢~2'¢/10, using the definition of D, f(x) and
the Fubini’s theorem, now we have

/X|D€f($)|2d,u_qw// (s1,52) d81d82— /fdﬂ

:qi} (/ F(s1,892)dsy dsa + F(s1,82) d51d52 / fdu
A1 A2

< 3, PS4, (f)?
Using Markov’s inequality we arrive at
(25) p({z € X [Def(w)] > e}) < 372, 2N S, (f)?

To conclude, we use property S2. of the Sobolev norms. That is, there are
d > d' > dp and an orthonormal basis {e;} of the completion of C°(X) with
respect to Sg which is orthogonal with respect to Sy so that

(26) YrSwler)’ <oo and 3, ij?éﬁfz < o0

Put ¢ = (3, Su(ex)?)~/2 and define

(27) x= U {x € X : |Dyes(z)] > cq;e/gMSd/(ei)}.
0>ng,i>1

Using and , we have

(28) p(X') < gm0

Let f € C°(X), and write f = 5 frex and suppose & ¢ X'. Let £ > ng, then
using the triangle inequality for D, we obtain

[Def(z)] < Z | fl| Deer ()] < eqi”*™ > | filSar(ex)
k

< g, M (Z |fk:|2> v (Z Sa (ek)Q)
K

=q," 8MSd(f ),

where the last inequality follows from the definition of ¢ and since {e;} is an or-
thonormal basis with respect to Sg.
This completes the proof in view of as A was arbitrary. ([l

1/2
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For the rest of this section, we fix some d > dy so that Proposition [7.1] holds,
and write S = §y.
For every m, let Qm = {((gv),1) € K : gu € 7L (Ku[m])}.

Proposition 7.2. There exists k1o such that for all ¢ € N and all large enough
m > 3c, the following holds. Let g € Q.,, satisfy g, # 1 and
lgwr =11 = q,,°llgw — 11|

Let A € ®. Suppose y1,y2 € X are two |m/10|-generic points for the measure p
with respect to S satisfying that yo = gy1. Then,

[ux(r)-(f) = ()] < 0, "3 (1)
for all 7 € B(0,1) and all f € C*(X).
Proof. As in the proof of Proposition we write a’(t),u/(s) for a)\(t), u)(s); we
also write a(t), u(s) for ax(t), ux(s). Recall from that
a(t)ga(t™") = a'(t)ga'(t™") and u(s)gu(—s) = u'(s)gu/(~s).
Let us also recall that a’(t) and «'(s) belong to Hy, hence, they leave y invariant;
while a(t), u(s) € Gy, and we do not have any a priori information regarding there

action on p.
For all s and ¢, put

gs.t = a/(H)u'(s)gu/ (=s)a’(t71);
note that g5+, = g, for all v # w.
Apply Lemma [5.5| with m1 = ¢, and let m > 3c. Let us write £ = |(mg, — ¢)/2]
where g, € Ky[mg,]\ Kumg, + 1]. Let [ty = ¢&; we will always assume |s,, <
lt|.t. By Lemma we have

(29) [ = a®grwatt™l il
moreover, if |t],, = ¢/, 3}”3, then
(30) et =11 = 4,2

Recall now that y;, i = 1,2, is [m/10]-generic for p w.r.t. §. This, together with
our choice of the integer ¢ > |m/10], implies that

(31) ‘qfu/ B f(a’(t)u’<s)yi) ds — / fd,u‘ < q;Z/SMS(f)
B’w(oaqw[) X

fori=1,2.
Since y2 = gy1, we get that o’ (£)u/(s)y2 = gs.:a’(t)u'(s)y1. In particular,

fla' () (s)y2) = f(gsa’ () (s)y1)-
Applying with g, we thus conclude that

6 i e Oumds— [ rdu <a S ()
Buw(0,q5°) X

Put g = a(t)g’a(t™') where g, = g, for all v # w, and g/, = gy r. Then
and imply that if m > 5¢, then

i | oo T (@O0 ds [ ] < atrs )
w (Y, quw
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The above, (31), applied with y; and §'.f, and property S3. yield

(33) &-1(F) = (] < a5, *MS(f)-

Recall that ||gw x—I|| > ¢ ¢|lgw—1||. Therefore, if we write u(m) = a(t)gw ra(t™),
then ¢;°72 < |7o]w < 1.

For every p, put g, := a’(p)ga’(p~*). Then g,, = &, and g,, = u(p*m).
Moreover, we have

18p-1(f) — u(f)| = lg.1ula (p~").f) — (' (p~").f)|
< g, "MS(d (p1).f).

where we use the fact that p is Hg-invariant in the first equality and in the sec-
ond line. In view of property S3., we have S(a’(p™1) f) < max{|p|[AN?, |p| NV S(f).
This and , imply
&) — ()| < @M max{ ol o] V) S().
Recall now that §71g, = u((p* — 1)70). Altogether we cocnlude that
|u((p? = 1)70)-u(f) = ()] < a5, "M S(f).
for all |p|, = 1. We now consider two cases:
Case 1: char(F) > 2. Then by Lemma B(0]ks) € {p?> —1:|p|lw = 1}. This
and the fact that |70|, > ¢, 2, imply that
[ul(r)-u(f) = w(F)] < 4, *MS(f)
for all 7 € B(0,q;,° Frs). Using u(p?7) = a/(p)u(r)a’(p~") and arguing as in
again, we conclude that so long as m (and hence ¢) is large enough,
u(r) ) = ()] < 4, S(f)
for all 7 € B(0, 1); the proof is complete in this case.
Case 2: char(F) = 2. Then by Lemma 5.1 we have
[u(r)-u(f) = w(F)] < 0, *MS(f)

for all 7 = 7902 and a € B(0,1). Using u(p?7) = a’(p)u(r)a’(p~!) and arguing as
in again, we conclude that so long as m is large enough,

(35) [ulr)-u(f) = u()l < i M S ()

for all 7 = 1pa? with |7| < ¢S (recall that ¢, 2 < |7] < 1).

w

Now by Lemma [5.4] for every r € B(0,1)
U)\(T) = h1 cee h@/

where ¢ is absolute and h; € Hy,, with ||h;|| < 1 or h; € {ux(190?) : |r9a?| <
|70/ ~1}. This and complete the proof in this case as well. O

(34)

Recall that volg denotes our fixed Haar measure on G’. Also recall that for
every m, we let

Q= {((91): (92) € K"+ (gh,93) € mul(Km]) }.
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Lemma 7.3. Assume n is so that

o vol(Y)
volar(@n) ™ < ey

where C denotes the center of G'. There exist points y1,y2 and A € ® so that

vol(Y'),

(1) y1 and y2 are |n/20]-generic for A and the measure p w.r.t. S.
(2) y2 = gy1 where g € Qpn_m, \ Stab(u). Moreover, g, # 1 and we have
lgwx — Il = ¢, llgew — 11,
where myg is as in Lemma[2.3
Proof. We may assume vol(Y) is large enough so that n maybe chosen with |[n/20] >
2mg + 1. Let
dood(R) = 6(R)N{y €Y : yis [n/20]-generic}.
Then by Propositions [7.1] and if R>,, 1 is large enough, we have
(36) #(Yo0a(R)) = 1 — g ttmodim @,
Fix one such R for the rest of the argument, and put Yg'ood
Let H=Ay(K,A_m Ky). Put
YH = {(hay) € Hx Yglood : hy € Y;rlood}'
Note that for every h € H and all y € Yy, 4 Nh~'Yy, 4, we have (h,y) € Yi. Since
H C Hg . leaves p invariant, it follows from this observation and that for every

h € H, the fiber {y : (h,y) € Yu} has measure > 1 — 2¢; 1m0 dim G Therefore, by

Fubini’s theorem, there exists a subset Ygo0q4 C Yg'ood with

M(Ygood) Z 1— q;Smg dim G
so that if for every y € Ygooa we put Hy, = {h € H: hy € Y, 4}, then
H\ Hy| < 7700,
Let {Q/,.w; : i € I} be a a disjoint covering of &(R), then #I < volg/ (Q!,)™1,
moreover, since p(Ygo0a) > 0.9, there exists some g so that
1
nTig NY, > .
(oA good) = 2 (#1)

Recall now from Lemma [2.1] that Stab(u) = H - C(F). We now claim that there
exist ¥, ys € Q1,.Ti, NYg00d S0 that y5 = g'y] for some g’ ¢ Stab(). Assume to the
contrary that for every v,y € Q),.zi, N Ygood, We have 3y’ = hy where h € Stab(u).
Then, since b — bz is injective for all x € G(R) and all b € Q/,, see Lemma [6.1] we
have

I v
- Ygood

(R).

@y, ip N Ygo0a) < (F#C(F)) - m(Q;, N H).
From this we conclude that
volar (Q) < (#1) ™ < 2@, N Ygooa)
<2 (#C(F)) -m(Q;, NH) <2 (#C(F)) - vol(Y) ™!
which contradicts our assumption and proves the claim.

We now use Lemma to move g’ to g € Qum—2m, While keeping points generic;
moreover, we need g,, # 1 and that ||g, x — I|| > ||gw — I|| for some A € .
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Let By, Ey C K\yA_,,, Ky be so that
Ag(E;)) =Hy and |KyA_p Ky \ Ei| < gm0 ™C.
Fori=1,2,let o € Hy; and A € satisfy the conclusion of Lemma and put
g := asg’a;’. Note that g € Q,_2mm,, since g, = g/, for any v # w, and by Lemma
[5.6] we have
aaglart =gy € Kyln —2mo) € Gy, x {1}

satisfies ||gw x — I|| > |lgw — I||. Moreover, since o; € Stab(u) and g’ ¢ Stab(u),
we have g ¢ Stab(u).

Let y; = a;y;. Since a; € Hyr, we have y; € Y 4. Furthermore, since y5 = gy,

Y2 = agyh = asg'al tany) = gur.

It only remains to show that g,, # 1. Assume to the contrary that g,, = 1. Then

for every £ > |n/20] and i = 1,2, we have

i [ raouemds - [ ] g s
By (0,9w ") X
for all f € C°(X). Now since g, = 1 and a)\(¢), u)(t) € Hy,w C G, we have
ajy (t)u)(s)y2 = a)(t)ui(s)gyr = ga) (t)ui(s)y1
for all ¢,s. This and the above imply that u(g=t.f) = u(f). That is, g € Stab(u)
which is a contradiction. The proof is complete. (I

Corollary 7.4. There exists some k13 and L so that
(b f) = n(f)| < vol(Y) BHIS(f),
for every b € K/ [L] and every f € C*(X).

Proof. Since K[ [L] = K,[L] - (Hy N K/,[L]) for every L > 0 and H, leaves p
invariant, it suffices to find and L so that the claim holds for all b € K,,[L].
Let n € N be so that
r\—1 vol(Y)
see Lemma [7.3] Then by that lemma, there exist y1, y2 = gy1, and A € ® which
are both |n/20]-generic for A and the measure u, so that g € Qn—_2m,, v # 1, and

lgwa — 11l = ;" llgw — I]].

Let m = n—2mg, Assuming n is large enough, we have |m/10] > |n/20]. Apply
Lemma [7.2] with ¢ = mg and these y1, y2 = gy1, and m. We thus conclude that
(37) Jun (7). (f) = p(f)] < 4 =S (f)
for all 7 € B(0,1) and all f € C°(X).

In view of Lemma there exist hy,...,hy € Hgy so that every b € Kw may
be written as b = by - - - by, where b; € h;U) [O]hi_1 for every 1 <i < 4.

Since h; € H, leave the measure p invariant, and we may choose h; so that

l7:]] < 1, the above and imply the claim with L and [k13] = O

vol(Y'),
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Proof of Theorem[I-1. The proof goes along the same lines as the proof of [10
Thm. 1.5]; we recall the details for the convenience of the reader.

Let f € C°(X). Let L be as in Corollary and let Av be the operation of
averaging over K,,[L]. Let us also fix some A € ® and let dus (s) be the delta mass at
u)\ (s) for some s € Fy,. Let T, = Av *0y4 (s) * Av, where x denotes the convolution
operation. In view of Corollary [7.4[ and the fact that u)(s) € H, leaves p invariant,
we conclude that
(38) () = (T f)] < vol(Y) (S (buy 5) * AV +f) + S(f))-

Therefore,
() = mx ()] < (Tsf) —mx (f)| + vol(Y) (S (duy 5) * Avf) + S(f))
< [u(Tsf) = mx (f) 4+ vol(Y) (1 + s \w)4d3(f)

where we used S(0u (s) * Avaf < (1 + |s]w )AN4S(f). We now estimate the first
term on the right side of the above. First recall from S5. that

(@) = [ £ams| < gD ue(a) T |a0S(D)

(39)

where | 2.0 denotes the operator norm of Ty on L3(X,mx). Therefore,

(L) = mx(7)] = | [ Tt = mx(7)

| mr-meDal+|[ T ma(n)
S(R) X\G(R)

< gL R () + @RI

< (0 + Isl)~ LR g s,

in the last inequality we used | T||2.0 < (1 + |s]w)1/2M 24, see (21)).
Optimizing |s|,, and R, and usmg the fact that g, < (logvol(Y))?, we get the
theorem from the above and (39). O
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