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::D [E xpansion of Midtecm Problem 1 .1

Leff R \:e, Ve Semi&'m?\e r't'na. “Then
k
1=1
where L. are minimol lett R-mod . Aker

\‘E\o‘loelmg i we, can and coill assume et
R=
@ (621_ 7"3
Such that 17'.’3. ~ 1 ~,a., ‘gOT Om\é i-<3°<3"sn,;

and T 94 Ly %« oy v
(By the oy, b lm?\\es thot R v @ T §
@Let peHom (I, 5R). Provwe Hwir

Im(P) S M, @ I,

Vg
@?mve et P CbeEnc\R('R), ‘\:he,n) Por ony 1,
L drtaen.
where M- = @ L. (Hm’c’ Usexfur\: @)
=1 U
J

= ~ n . rwngs.
p‘vae. :nclR('R) ~ 21 = le(Mﬂ as two as



J@’vae that Bad (M) M (D) where
'D‘- = Enc\R( Ii.:l.\ is o division r‘ina.
© Pre it R & M, (T

1=

(Hint = End_(R) ~R7 )

(TFor ougiven ring (A, +,) 5 its owos‘%e_ mg
(A +,4) i5 0. ving o, the.same underlying addbive
grovg and ts multiplcction is deXined os Bollows

X oY=y

Epd. A commdedive = Ae AT

Ep2. A=M(F) = AcA’

A X chere
’X.T S )5\7\6, ‘\TVD\Y\SPOSQ,
o x.
F..}Q&g- T A—A s called an \‘\nvo\m{'\‘oﬂ ﬁo’
® T°=d N
@ Ty =TT
@ T Xy = T%\ ST
1P A hos on involrtion, tnen Ao RY




Expt IF D & adiison ring, thea D' is do
o division n'r\a.
Be5 M@ ~MT) [sich 22l
[As o sult of this exercise, o Se= Hut any
(etd) Se.misim?\e rma s somorphic o
M. D)eM, D)o oM, D
where D; are division n‘nas. Qe con prove that n . and
D, are wague  (up 1o isomorphism ) This is called
Artin ~Wedderburm theorem |
[ Expansion ot Midterm Problem 3.
@ Let R be o commutotive Cing aund
GL,R) =$ AeM,(R) | 2BeM,(R): AB=BA=T,}%.

“Prove. that AeGL (R) i and onla i deb(n) is o

wid n R
(:Sc)u\ con 1P-md the 'Szouooos'na \LSQ‘?'ULL’;

@ For omg Commucttitive ru'n8 R, one coan c;(e:gt'we_,

det: M @®) —R



@ det(T,) =1 and det (AB) =det(A) det(B).

@ The (,4) minor A‘é o¥ A is the determinant
ot the (-4)x (r-4) matrix Hoat resutts from delebing
the. ™ 0w and the. a'ﬂ‘ Qlumn. The. ac&a'om{- O@\J(A\
oF A is on nxn mwatrix cohose @9 ew%rg iS

(-:543 Agi
Then A odi(@) = odj(A) . A =dek @) T, )

©Let R be o wmmidutive ring and A BeM, R
Pove ot Im (A)C Im(B) <= IXEM,R: A=BX.
(Tn@ =§C7 | ZeRF = ZRE whee C=.2,T.))

© Let K be o bid ad REK be o subnig.

Assume A BeM, (R and deb () 0. Pove that

Im(A) = Im(B) 4= IPeGLR): A=RP.
@ Let R be o wmmutative ring and Pem (R). Prove that

PGGLn(Q) o c\rcl onla i the wlumns op P Porm
an R-bosis of R -




@ Let R be a Gommutative ﬂ'na and AeM _(R).
Prove that  det(A) (Rng Im (A).

® Let K be o Yied and Rek be o PID.
Assume that AeM, (R) and det(A)=£0. Prove that
3V,..v.eR and 0%, )\, ot
O R'= R¥® @RV, -
Im @A) = R4V ® - @’Rc\rnﬁt, .
Conclude that IPeGL, R) st

-

I (M) = Im (B, [ch o P |

Now ‘UkSlng ©. show Haat ET X, eGL ((R) 2%,
A= ’P[L 6

1

.
QLet F be o Picd- T8 AeM,(Frug) and det (A) o,
then n
o\ng (Fr'x] /T ( A\\ = cleg(dd: A).




@ Prve that the follown'na ae eo\w'Vo\\en{‘:

® R is o (lebt) semisimple ring.

® 4"3 leBt R-module is sevrn\'s\'wo?le,.

© Any lebt R _module is ?ma'ed:we,.

® Any lebt R _mdule is injective.

(You do ot b Fo shows thatt @ and ® are equivalent )
@@Let R be o ring and M be an R-module. Prove that

=0 =®=F)

@ M s nge

@) M is proa'e,d:t\:e.

)™M is Plot.

DM s torsin-free, e axzo i ozxeM and aeR
's NOT o zen-divisor.

@(beve. that ISP' R s a PID and Misea -eg(R_mo&'
ten @ /@; @ ad @ are e,c‘w.'valerr‘;'.




An obelion Aroup G is alled dvwisibe F tor ony 0e &

and any NE ZNjof MNA=0a hoas o Slution in G-

@ Pove that oo Z-md & is u‘wa'ed‘(ve, # and only i#
G is diisible.

® Let G and H be Z-medules and e Hom_(Gr,H).
1P G s dwisible , then 9(G) is also divisible.

© It G, are divisible, then %G-f and ;ETI-L G.

are also divisible.

Q) Prove that any abelian Group Can be embedded into

o divisible obelion %qu) _—

@ Let J be o duvisible abelion 3rouP. Pove that
HGMZ (R, J ) 1S an (Vlécc.'l'('ve, R- module .

@ Pove that 0\“3 R-module can be embedded wto aw
t'wgech've module .

(H_‘"i_ Y MI'R-MOJ =P E Z -mod & divisible s



Mcpd as Z-—modules =

M o~ m Ho (R,M How R,— .
Hom RMI— "‘“z( )e—p Hom (R,3) )

Let B, and T, be projective R-wodles. Pove tot if
o —» Q; =P ZaM 4o
and
o—» Q, — B 2 Mo
ave skt exoct Sequences then
TeQ xTeQ,-
(Hid . Gnsider N =3(x,,%,)e Pk, | 1o)=7,0x



