1. Fid the nece.ssavg and Su#n‘cfe,n{' COﬂClt+lbﬂ on G Pn‘me_
p swch that Z[E]@,z'ﬁ, hos o
@ (non-zero) \nilPo{'errl' element

@ zer0 -divisor.

2. Assume. A 1's o.Comm utitive Pinite -dimensional F.o.\gebro\. For
oacA, let {o\" A—v A, 3,(%) := ax. Cleurla ?0\
is an F_linear mop. The +roce of o over Fois defined
to be T}'A/F(a) T 'h"(_«?o\) . For an F_ bos.'s%ai,...,acé
of A, let

AA/E?" o eniOg) £ = det ( T‘Al]: (0,0 .\).

@ Pove that i} Ao Por o bosis 1, then
A(j%’) #+0 or w\a other basis IBI.
@ (Prove. 'H\O\'l' Nil(A) = %QGA ‘ (s W ml‘)dl'ﬁﬂtz
cll:ﬂFA-\-i
's on deal of A, ard R ae Nil(A), then O 0.
@ Prove that i? Nil(A\¢o, then A(13)=o0 'Ecr'&n(tj

bosis 33



@ Let E be o Pield extension of F. Pe that

(PCo0:monic & A(s P>4)

AA () 20 Yor some T-bosis B F and Onla B
I

1 ’
'g Lo m -bas::
AQFE/E(B)#O or Some E-basis R o}

A@FE.

© Let Pxe FIx), E o s?\('ﬂ'(v\% Breld of PO,

ond A= L= . (Prove, Hhot the go"ccol'ng

MY pooy
stutemerts are equivalent:
@) The (ymmetric) bilinear Rorm B AXA—TF
13(0.. JO) = 'I?A/?(a‘qz)
S non-deaeneml:e, ‘e
(vx, fo,0=0) =r o=o0 .

) AA/T__(‘B\#Q $or some F-bosis R

@ A®FE is reduced, l’-e_.N.'\(AQFE)=o.
@ P does nt have multiple oots e

n
3 Xi#Xy ek - P =T (X-o) -
b ‘l'#a‘ =1



@) 3&\(?(’70,?/(%)):1 , where
‘F’(’x) 'S 'H\e ,,O\en'vor\:u've,“ o'?- ?Cx)' Ve .
# —_ 'nZ_ oyt .\:.\,\ / _" . -1
PedY= 2 0.t , Then Pod= 1%
1=0 1=A
:]:mm Jcha?roo?- o*-?ar)c ®, You Con see that £ AA, F(iS);eo
for some F_bosis B, then
2 h 4
AA/F = ANF(ﬁ) FeF /F*Z
s u'ncle?enclen{' of the choice o 3. This (s olled
the discniminant of A over ¥. ]
LI the Sttements of part € hold, we Say A s separnble

over F. ]

3. Let pare FIxa be o menic irreducible po\udnomia\. and
let A= rl:'x‘.l/<?(x»(= FLotd, where ot=%+<p0x)
@ Prove that A s seporable over F iffF plxro
(Hist: this is a conllary oA 2.e@))
O Assume A is sepamble over T and E is o splittiy
Pield of poxy over F. Prove that




g@.FE ~Eg - -oE (Aea@) c.c;?(e_s )

Use. ":b\fs ".'0 vae -I?A/'.F(o‘l) = (X'::-g- ----r°(§ . -Ea\f any 1,

d
where Py = T (R-oy) -

1=1 - 92
@‘\’rwve. thal AAIF(i,o(,---,o(d j') = 'ﬁ_ (Ni_dj) :

1<
(Hiat : Use ?of'\.'@ s let 3
1 1L 1 7
. .. o(c‘

o, oy
x=|""

_J‘",,fi" ...o(j"_J
and consder  X-X' ; Use Vondermond delerminmdt

cohich So\as c\e,'t()(): ﬁ (“{ "“d) ' )
1<a

@We, know that any O€ Aurt(E/-F) 'S um'c\ue\g
determined \oé &s values ot «,..- ety and

this 8(\1?5 WS on

avvefmw-\;es oy )+ )0y -
embeo‘o\-'-\a o Ad(EF) o & (o ot

!Permu“:o\'l’L'Ons o oy, o). Prove thet the
weo\low’»\a statements are equivalent # char (F)s2.:

@ Twe A\SCr(m\'MV\\T A A It OP A ower ¥



1S '\'ﬂ’vfml (!'r\ -F)‘/-Fﬂ)'
@ TI (-%)eF.

‘((a
AR(E/p)es A, Vi the obove erbell

cohere Ad is the év\\aavw\? o} the even

fPeI'Mu‘\Zo\'\?!b'\S .

[Iﬂ f‘bo\t“:.s @ cm&@, the O\SSULM‘F\.'I.OV\S of ?Qr‘k @
hold- ]

Remark . Let P, pe0e Fx) be two inmeducible

’Po'anomlbxls of deaf‘e.e d. Let E be o s'?\(ﬂ |'na Pield of
POAP,0 ond let o, € E such tat e =6 =o.
Then f o(,_eF[oli] ; then A:= F[«()=FE><2] and
-1 x2 d-! x2
AA/F(:IJ“V“':O[;! ) F =A,A,lF(1:°(z:"')°(:. )F y
This is o useful trick to show P has no solutron

in Frwy.

@ ASSume. Q’Xz+bX+C€—FE9(] hOG no \"00'\: N —F,

A0 & char(Fl£2. let E be s s?\\"\'h'ng Feld .



2
Prove. that Mg = (b~ 4ac) F .

[hit: 2 pat® ]
©fssure char(F12,D, D e T Prove thak
170 FC DT DO F S T2
s isomorphic to Z/zzx Z/ZZ R
[FUD, o1 Fl=4 it
[FUD+ID 1 Fl=4.
5.Let 0eF, . Then by Fermat’s (Lettle) theorem, (tis

clear that A-X+0u hos o roit in F . let E be ifs
s\al&h'na freld ower T,
® Pove that iF deE s o rot R o?_fxa..o\,
then B =ToTed. (Hist : Shoo that # g is
arot, So s f.+1.)
®) Pove Pt A-x+on i3 irreduccble over L
(In porticulor, TE:F1=7 )




6. let L be anextension of Ky and K, . Assume 1,
(s qerernted by Ky ond Ky, e I, s the compusite
of Ky and K,. Let F=K nk,. Pave that

K@ K, s « fed o [L:F)=1K:FIK,:F).

7. Prove that (# [Frx3:F] vs oM, then Frun=Frl.




