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Trine numbers form ove o the amazing sequences of ibegers.
They have o bt of, in the P ghnce, ConJcmch%na properties
chich makes them mysterdous.

- In many as?cd:s they behave similar Yo " rundom " l‘n{x?ers.
(A Tow corlexiby” Fomclrion would not have comeleckion
coith  Mobius Panchion (1% will be defined soon))

- Primes  are “mare or less inolerenien-k“ , but we hae mc{?fbci'\:;
o 6s).

“There are o bt of Conje,cl?ures or theoems that ask for
primes in certain Sequence of |‘n‘£'030(3:

“Trin (Dirich [eb) Supose  god (@, b) =1 . Then there are

in%‘m’ce\«& many “primes of the form ak+b.

_osn prime conj. Feo neZ, n and ne2 are prime.

Euler’s Cong - S neZ, Nl s r‘:rimc-

One of the main reasons ‘H'\oﬂ; We ave fh‘tcres%c‘ n ffn‘mes

s because of Unique fackonzation ’Pm?er*\:t} o t'rfkcaers:
Ary |‘n‘benber n>1 con be critlen as o ?raJ«c,Jo of Primes
£ In a ungue. ooy -
0 For ang prime. p, there i & well-defined  Punchiom
%:ZM_’ ZZG—.S-JG- n=TT ?'v;,cn) |
Notice that , form any 1, m:q; -?ar-%h%\g many primes
Uy (M) = o and so the obove c\mcluc\: has om'\& -f—c‘hfbcla
J l
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e can easi|3 extend these @\103. So we ae?l«'
?)1;: @x—_'z J >b- V%G@X/

% G
=TT 7
I 11

Le-t'/s a|So assume ‘Ui)(o‘) = od® (T\m's coou(} coe clo ot ;w\w,

odd  extra conditions )

‘UZF is called the tp-aclic valwotion o8 @ .

‘%&sic <‘>r_v<‘>er'hes of ‘Ui,
OVY4:1.@ > %3 1) =%+ %)
@ NpeP, w(2o =+ GeZ.

@rrmeZ,neZ; NpeP , UL S U & M In-
@ Y %/‘12’6 AR ‘U:f(‘h-fab—) 2 M %'1)%(1\), 'v“,(qr?)% .

Boofo o =TT ¢ 7% §= (g TT 70T

74P Tep
U 4.
11 P map =g na

. ﬁ.e@ = 3 m,neZ-t st 3@‘ (mn)=1 and Hr\:ﬂn

F 9¢Z = nel = g‘fﬁ?,?\h \-‘;‘7 PAm
3Co\Cm,n)=1
= ’U:?(n))o GNJ 'U,}(m)zo

= 7 (m)=REm-5) <o cohich is a contradiction.

c (=) %R, (L) =% M-
N %GZ = m\n.
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Q—) vy =) W C 4 —/ v rcd / VF\T“:)LU

= V’]"{P/ ve(m = WTC“\ '

U‘(‘\—mﬁn T(\); (?}\ >1
Lff_t n\: T[?T‘i’ L?‘t P\;fqr QZ

T .
@) —min (V5@ , Vr )
od o TURT R

T
— 0\'\_\-%2 :*‘]_—[ ,?TF@'\\ + ‘X;{ T(Uq?az\
P

= 17 ?m.‘néx‘.(@,'\f\,(‘n}\ 1h‘:t n?)
T b
e Z
= ()= min (%6 ) + %Enn,)
\/\,2'6 —
> min (v“, 4 )% (q@\.

*
Qofb“aﬂ& . YmneZ .. ‘U‘,‘, (aca\ () = min ('Ui,(m) ) 'U“?Ch)ﬁ
. 'Ui;(lcm (M) = max @}Gn\ , V)

. N = 3&lc&mm) Ao (v
Poood . (exercise)

“There are o lot o‘P l'n‘lzm‘hhg "-?uhcbbns on £ Yhotr almost
f\weserve, i‘l‘s Mul-t-r":\\‘ca‘\:{vc, %"SYMG‘TW‘C— :
(Def'ini'h'av\ A fundbon T Z-‘——PC is called o thﬂrl?ll’c&‘:l\le

fonction 8 Q) Rcy=1.
@ gednm=1 = Fomy=-Femy-tan.
Lt M be the set of all enuftiplicstive. functions.
Ex. 1:Z—C, dam=1  consbart Punchon.
. WZ"= @, dM=n  The dentrby Funchion.

I;Z+——>C, Ton = i Nn=1
o n-+1
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S
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Obserweti . Any funchion on powers of primes  can be unigely
exterdel to o maltiplicatie Punchion:
tCny =TT {’—(?”i’c"’\ .
Aguin robce. dhet, Smce. Byt ths prduck has only
%‘n.'tolé mang terns that are nob 4 -

(Def?l‘ni'l:l'w C Mml‘l-i'l:h‘ca‘l'l‘ve QanVo|w';1'0n) Yor ama ‘licoo ar‘i‘[:lwmeh‘c
f'uv\c‘h‘c’ms 19-, %: Z+—+ C, let

Fxq) o = % HORGY

Basic <Pro<|>e,r'lt‘ie$ .

CCOmmm‘l?ocHV&) "g* 8 = % *"2

(Assoc\‘a{ﬂc) (‘?* Od) xh= fx Q* L\\
_?j):- One Can CO\S\La See Thot @*8).)(J\\Ch) O\Y\.ci

@* (3*%)30«1) are eﬂuml o

2 +d) 9@, hdy -
dd.d,=n

(Nudhval ekmen%) TP T_F

T (1*%@: P T+ = TAYFny =+ -
din

(Invertible elements) Suppose Fy=1. Then =\ 3:7+—> C



(Invertible eloments) Suepose $A)=1. Then T! g:Z'> €
st :fl*a___.%*{z-_.l.
. We define g mmrs\Ve,[& so that
@*@ (= L.
et gcty=1 ond Hor any e

M= — 2 @y
8C) d In 8°l)

d+1
“This shecss existence o\ncl Mm‘O\mcss -

_W\eorcm@-ﬁ,ae./%:} -?-*3 e M
@_?_GJ'L:\A, ¥—1eJ4, ( inverse corH-\reSch‘\?“m*\
Prot . (1) Suppose.  ged (m,;m=1.

G*g) Gy = 72 () I
d

|mn

)

¥ dmn, letb d‘—.: TT 'f’vi’(c“ and dz'-’n ?v?(d)

'U_;Qn)) o ’Q}(n)) o

JQince %CC( (mn)=1 = VTe? . either ‘U,; (m)=0 or QJ‘:CH)-—.O )
e have A:J‘olz , o\‘\m and d,|n.
In Pact this gives us a L\']'e cbion bebween

gg'cl \ o[ e[l‘w‘c(es ‘mng anc‘ S{O‘l [ Jl J'V‘A‘S ‘"‘3 X %J&l J&Jhdcs “?)

So @*3)&“\-.—4?.___ PAL) g3 1y

d,In

Bince  ged (mmy=1, qed ,4,) = ged (_'I_ , _\3_) =1.
o @xg)om = T k) F) 40%) 9@y



Hence

TR = £ F@)H&) 9(F) 9C)

d,Im
d, In
(4% fepg >G:‘ Fo 9(4D)

= (Fxq) (m) Ex9)m -

@ Let 9=t S ¢+9)on =Tam.
By strong induckion on  mn , we shoco Hheik
g mn) = o0my gon) # gedimm=1 .

By the debinition of g ce have:

g (mn) = ——Z ¥ (d %(
d |mn

dmn

above
—

olt‘scwss\'om
d l' m

da In
either c{(#-i
o d#1

2 2dy da) 9(2) 9
induction = - Z (d,) (Jz) a( )3( )
kwms.‘s d,Im

d, [n

Q«f‘H&Y‘ ol‘i‘
or JzFF‘

— ) o %L)gcm)g(—) / *(cl,)?mg(l“—)g(m
L[n J’M
d,#] d# |

—( 2 %) 8(%,)> (& J?(Jz)gc-g;»

d Im
dot | dot |

Gem) gCm + 4emd 4 — Jm %CM
.

= SOM 3cm :



\LOONArY - /1L, %) IS An apelan group.

Ex.e dxdeM ;
(‘_ﬂ,-x-:ﬂ_\ = Z i =% d# 'Posfl:\‘ve, divisors oF n
din
=: T M-

= Tw=T[ TG ) =1L Cpe+1).
T T

Ex. 1+ id eM,;

@.-'k\'c\-x(n\z-z& = Sum a‘g' f\>o§i“;\\1€ c‘u‘vfsoﬂ
din

Lemma. Let Y\: ‘ﬂ:i be the here 0=|lz the candw\h'l;‘ -anch‘on

cwoith re.s‘:cct to % Then

1 n:i
Wl —-] o Jp, >l .
S .
ei) ,-f- n—.:eh.-.. r[S Om.A T\':#Ta

E; COer?roceeJ \Dé s%rané inducbion -
-~ WAy =1 = bose v

Py = — 2 W) -
J\n
d=£n

Swv\:ose, ‘U,i,o(,m > 2 - Then bxd 3-l:ron% induchionm hme\

hew = - 2 vdy=— @xN(%)
LN

—_ — I(h/?o =0 -
Sucwose, N=P-P, - Ps Gnd 'P»quPa
Woy = — AZ— M) -—E W (d)
In n
T



e d#n
= -2 )+ T wd)
4%, &%,

d ,# n/?
~N—

@'* ¥ (n/?h # neT

o F n=p, then Ney=-1.
o \\.g \'\'—'f"?‘ ) ‘bk@n \\(V\\ = - \’\(n/?b = - C_j_)s°|= Ei)s .

|
(Df—:y't‘m’\«’\’c’v\ \)\' is Colled the Mobius ‘?’(ANCLTOM.

Corsllary (Mabivs mversion.

Tor 2775 C, It Fon=2" 4. Then
dn

ton = 2 ‘(\(ﬂ-) Fd) -
dIn

Moreover 'f-QJ"t <> FeM-
Poot. . Fo Fxd = Fab=(Fad)xt

= tx(1=VW)
= T
=%
: %eﬂj# F=tx1eAM.
1eM

. F=$¥« 16J’(i=) f—: = Y\GJ'L
keM

Regall . The Euwler & —Funchiom

Cme:z l)%- Q€ 22' ‘ A sn , jCa[CA,h)=13\

= @ha) |

“Theorem . beM




lheorem .Q) P e M
Peoot-. CD 15‘3 Chinese Remainder Theorem / Z/ rn 7 ~ Z/ w7 X Z/“Z

1'32‘ 3(‘-0‘ (mn)=1. Seo
X X X
(%hz) = (%2) *(%2)
= Pl = Pm) Pm.
O {t2-mi= L Ph| icken, gud Cen)=dg
in

= LR [ rekeny, gedck) )i
dln

= h = JZ- Cb%‘—):(i*?}(n).
In

Conallory . pCmy = JZ Y@ d.
In

™. tcl::[:*j_=> 45:14*\:\ -



