Saturday, December 5, 2015 11:27 AM

1) Suﬁ)ose a@,a,.,a € [o,11. Prove that

Q

for some ogi;ea' <n, (qi-ad\g%.
(‘ﬂi . Use pigeanhele prnciple 5 and — D%Lﬁ )
Pigeonele princip et

@) Lef ~«eR. Prove that,
¥neZ', AmcZ, T keZ,
o <Mm<n A lmx_klgiT.
(Hint . Let @ = tax—|2x| and use part T)-)
() Let e R\Q . Prove thit for u‘me.‘m"celg many

Paircs of in‘l'egers (m,R) we hae

e

(Hint .

Sugpese there are. anly *F-o‘nf‘;da mang - Such pairs :

U, k), o (R - Since ¢ @, Min %[mid-k;”@is_sg:,cm

So Por some neZ+, i_ < Min 3 |m; o=k \ (stssg-

Nocy use(ya\rjc(l[), ond notice %TS%T & o<m<n -
Solubion @) Think about 0,0, -0, a5 mi “pgens’ ond
the subintervals [o,%4 7, (¥ Znl, -~ [P/ 4] a5 n “pigearhdes™.
Since the number of “pigeons™ is mare than the rumber of
pigeonholes, at least 1u0 of them should share o ? tcaeon‘wale\\. So

=R and k  such that “«i/%e[%’%]




@) Let a.= tt-|ix| For o<i<n. e know thit for

Ony e R, L) <x< 4+l So o<x-[xI< 1 Hence
o, 0,0, el 1]. Theeore bﬁ part (T) we have

= ogi<g<n such that o, — 3‘5 0

= | @~ Lisd) - (v =) | <

= | @0« (Lg-UD | <

I
m k
So 'k=L3'a(j—|_1‘.<J e Z ond
'i<3' = m=a‘-*i>o =% o<m <n.
01 j = m= j-1 < h-o=n
g=n

Hence we found a Pair (mk) of in'lzgers such that
© o<m=n  Q [mu—kj<L.
LOne cay t think about fParL‘QI) N M.Sl'na o cirde coith

Circmmﬁerence, 1. Now -Eor 0"'3 %eR e 80 omoumol
this cirde for distance” % (either courterclockeise or

C'ocltooix olcrémln'ng on ‘H\e Slgn oiP ?(.)
LemaH\ o the counter- clockeise
arc Prom the inhal '\M’v& to the “

Terminal ?ain": s x-|x) .
Tart (IT) 6336"{7@“3 says  ane of the end povnts ofter

ol 2, - Nk (locbions enl-—u‘) in the orc @:: ]



(@) s is due Dirichlet] Suppose o the conbrary Hhat there are
only Pinitely many such aic of intesers. And let/s list Fhem:
(k) o -y (g k). Se if o pair (m k) oF \‘rrl:eaers

sartis by \“‘%l <L then  (mk) =(m;,k;) For sme i,
We cill use ot (L) to Find o neco pair of integers That
Sa-l-b-% ®, and geb a corbradickion .

(As i the hink) since ¢ @,

€ =min g [mo—k | ok, ..., Imet-k| g >o-
Choose neZ‘r [arae. ermgh so that %<e
(K s enaugk Yo chase n> Y ) -

38 q:arl-CI), there is Q. Poir (m,k) of inﬁaers such that

o k|t o4
@ <msn =r l°( m‘-<— M n = mZ
@ |me-klst

Hence (m ,k) Sorh‘s-%'es P - So bg our assumY‘Hcm
mk) =(m_, k;) For some V.

On the other hand,  |ma—k| SE & mind Ima—k | ingi-ky 3

\mi“"ki\ < [mzee—k;|, o contradiction.
]:Using the cirde cuith Cirounrhereace 1 \‘rr\:er?mlz;l—,‘m , Fhe rotrhions

cohich a'mfla'es

M, myel, -y LIRS ace ot least g—ama‘?mm Fhe inctial c‘:o\‘rl'
ond we ore -P»Y‘Jm; pdm<n st mo s ot traost }R.._ao\swj

‘_i’-ram the lhl"ln'oxl 'Pac‘n‘{: cohere %\-(e:)




Z.CU Prove that L‘)(J+L.')(J .._.T ° it xez )
-1 + x¢gZ.

(IL] Poe that | 2o)= L) + [x+34, ) -
Soketion . We <Provcci in Chss that

YxeR, T meZ, m<ax<medl -
“Then we called such in‘l?eﬁer m the 1}\‘1'5:39" (?ar'lr of x .

YxeR, YmeZ, m<xX<m+l & Lx)=m:

(B « is “sandeoiched™ belueen w0 consecudive in'f:tsers ond
the lager one, then Lx) is the Smaller irteger- )

@) VxeZ, xX<x<x+1 — [(xi=%

o is nat equal to
= [x] +-x)=x—x=o0"
XeZ =y -AeZ =% |-%X|=-x 1
- Buppose x¢Z, and Ld=m. @
So m<<x<mid (xem os X¢Z)
= meLd-Aom = LbH=-m-1. «»

¥
AL COHSGCMTHYQ%

.H:Lam'
@ & = \_?Q-(—L—‘X_\: m+ (-n-1) =-1.
@I) h Poct o more 3e,ne.m] statement is true:

Vnez+, V‘XGR/ Lnf)(_\-: LKJ"-LX"’%TJ"'“'TLX'Q'%'
Here L prove this more %enem‘ stedement-

‘Bta Division ‘H'\eorcm, 3 C1_’ re Z such ‘H\pcl'



an’x_I= ng4r (Aivfclt'nj Inx) L’é n.)

L 05Y‘<n
So hg+r <nx < n<1-.-ni.
— Pl <x<qr . @

To understand the r‘lgkt'-kwd Stle,, ce need to find ch.,.%?J

-?ar o<t<n-1. 3o we odd ‘o all -t-he‘\'ermsaf—@

2
n
'Z

= %_‘._-!-__< x+ L <9t f‘-\-'z-ri G

Nocw, we COns;cler -twO coses:

Gsel| o<i<n-r

o<Ul=h o<1 = oglXT &
- n
o LI

<0~ = +isnr = ™M+isn= r"fr‘;*'i <1 ®

@ &), &)= G S+ < gl

n-r<i<n-|

~ /
n-r<i = N< v = 1< 2t @
n

1<n-l j =r GFT41< 2n = ——"*fji <z &
r<n

@I@/I @/ = 9+1i< <‘X+—'L— <q4+2
= L9(+—J - ‘1+i

- -_ e, e e e — - - _— - —_— e == T T =




Hence | x|+ ]_x-r'?J +-- -1-]36-1—"—’::—“] + | Xt ";"-\-r -t | X4 Q%LJ =

9+ ¢4 *-+t 9  +(qtd) +-t @Q+1)=

then h: A|XB|—}A2X(Bz’ h(a,b) =(1Q(°‘)'3Cb))
IS a Bt‘a‘&d‘l’on.

A XX TS enumerable .

(Hit . Use induchion on n, and the foct that-
oe proved in  Closs - Z xZ" is erumemble)
St (1) e

h((a, b)) = hi@],b) = (F@), gcb) = (&), 9¢5)

3(L|)=3Cbﬂ=> E'=L>l’ as g i5 ingachiv

Sura‘ech'on. (We have to show

Since ¥ is Sw-éed’ive, Sa eA, , 'g(qp =Q, 1= (Hal),gdp,ﬂ
Sice g i3 swé'ech‘ve, T be8,, ycby=b, } =(02,b,)
= h((a,b)) = F@), acb) =(8,b,)

(IL) e proceed by induction on .

Base . or n=1, there is no‘Hlir\a o prave.

nq+r = Lnod - -

— — —

() Pove that, ¥ A, K, Qe enumenble sets , then

= {""Ca‘)=¥(qll) =>0t|=a‘) as £ is fha‘ec‘l‘{ve, = (o\‘,b‘)-z(q’ Y )

¥lagbyehaxd,, T o bhe A xB, h@, b)) =(ay,b,) -

3@)%\@ 'H\O\t— ‘? ‘?: A'._) A’). OmJ %:B‘—”BQ_O“E bl.a.ec_h.u\sj



yi

Inductive 3'11‘?. Yor 0\n3 ke Z+,

A A A XA\ 2 (Alf"'”“w*kfi A11~--x"<k+1).
én Ik‘e - enwnemuba}. enumerable = €numersble

‘B%-H\e induction hacvcr%kesfs, Alxn-xkk IS enumerable .

= Fa bgecton  Ax-xA, I» 7'

is enumernble = 3T a Lt‘jech‘on Ak-q-ij_' Z+.

A'R-H

'Ba?mr‘f(,l) , 3 a bl‘a‘QC‘h'cm

(Aox-xh) * Ay LGNy Al

lIn closs coe Travec( = a Lu‘a'ec‘l:'lbh Z+x Zf-lb Z+ :
Since the com?osi‘\:e of tuo Bn‘aéc‘h‘ms s a Lia‘edrion ,
we 893[7 Aix e A XA -z—oh—) Z+

Is o Ll‘a'ec‘lftbn - So Alx"'xAkfl is enumerable . =

- In this exercise You are olbaed to ux the Fack that
ana <Fos‘rl:ive, l‘n‘l‘eﬁe\" ko‘s a wm‘a‘ue Binara re‘)resew[‘a‘lrion, e
+ 20
VYneZ, 3 My m € Z , o< m My < KMy
and Ne 2™ 2y
@) Frove that IXe ZZO \ X is 'F{nd;ez is enumembe.
(Hiet . Let $- IXxe ZZO \ X &5 -ﬁl‘nﬁb;z—b Z-t,
-g(%ml > ) mk%) = Zml-t-""l'lmk . )
@) Prove that there s no Surjech‘on
20 >o
§:IXSZ | % s Pt} — P(Z ),
cohere TCZ}o) Is The ocoer sel of ZZO.

l




Solation . @) Let §: I X Z>'° | X is Pinrte ,X#ZE—PZ-‘_)
‘B(%m\, ...,mh%) = 2.""“4_..._4,_2""lg :
Since \7’nel+ has o ”bimné reFresen-\m‘hbn\\ (as described

. . m‘ mk
in the hit), n=2",..4,2

o)

‘?OY‘ Sormne. Tm'lwlse—
Al‘Sh‘nC'l' ml'GZZO. 'HeV\CQ. N="Z(%m', ,th So
+ s sur;‘ech‘ve_-
Qince such 'lo u‘mné re,?rt.serr{:m‘{:cbm‘\ S unta‘ue / 'P N l‘na‘ed,‘l've,.
We con exterd £ o o bta'ech‘on
9:IXSZ" | X © Pk} — Z 0803
La leJCHha 9(B) =0, and %OQ=‘?OO F X£s.
As we discussed in CIO\SSJ e Z+Uio& — Z+/
TN =n+l
IS o bfa‘w‘:ion. Hence
20 p o Teq +
%XQZ \X (R '?l‘ni“zg — Z
3 a Et‘a'echon os the (Drr\t?o&;\ﬁ ot +wo fos‘a’ec\ﬂbns
5 @ Bf&ec%ron._rhere?om ‘{)(g Zzo\X is -?fn(-}r_& IS
CnumeMU£.

(@) Swﬂ)ose Yo the mn‘l‘mrg Fhod "H\e,m is o swae,c-hon
XSZ | X s %nrbag—p‘P(z-
By gart (T), there are bigections

n F—»ni



O

o s A AN—Y/ b’/ ™~ v vvo

n b—rn1i

Since. Cpmlnosi‘l:e of Suraechtms is S(Arzéc‘:ive , e %@"l}'
a Sura'ec[:l'on ZZO _’CPCZZO) , oohich contradicts
Cantor’s  theoremn. »

—— — T, — ——

 Defermine ¥ the Following Funchions are injective or surjective .
Justiy your onsewers.
@) 2 zxz—>Z, ¥Hoby= 3a-2b-
@) Lt ACX, and £: POO—PX), UBYy= As®.
CHink . cohat s L=4(B) )
@) Let Y be o non-empbu subset of X, and
AL POO—=PEY), A® =YnB.
Solution. (T) w00 =F (2,3 =0 and (0,012 (2,3). So
P s not ingective.
VeeZ, feeon=3c-2c=c- % f i suréec-h‘ve,
(Rerark . Let $:Z2xZ —Z, foox,yn=ax+iy
Then ImP)=3ceZ | opd@br|cy- o see thi natice
that  celm@)es FxyeZ, ax+by=c
— qdbby|c  as wegprored in chss.
In particular + is surjective &= ged(a, by =1.]
@E-L)(®) = L(L®) = Aa £(B) = A &(ALE)

(



= b= I%o = {is invertble
=7 /P, 5 o Lc‘(j‘cc‘l:'lbrn =Y 3 s l‘na'ec‘l‘fve cmol sura‘e_c{,—fw, .

dE) K Y=X, then
YAePCX) , H(AY= Ao =ANX =A -
AQXL
= N =1L = AN 3 & Bn‘a'e.c'iftbn-
PO

== A s ms‘ec‘i:‘ive. ond sury echive -

I Y& X, then
« X\Yx#=¢g ad A(X\Y)= Y)AY =9
NP = §ay=p
= A 03 net inaec:lft\le,-
MFBEP(Y) = BCY {=BoX = BePX),
Yo X ]
N(B)=BNAY =B —sBelm(A).

So A g Suréec{'ive,.

Z..Suﬂnse 'f': X—»X s o Punction  and £+
Prove that , VaxeX, xeIm@) & o =% -

Solution. =) XeIm(P) = e X, x=F@)

= Foo =Ly

= (Ff) (N
Fxhy
x .

& x=fxieInd.




