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Homework 4

Thursday, February 1, 2018 2:59 PM

3wﬂ>ose A (s a um-’[’al Commw‘\fa‘\’l've, r\'ha ; Sg A s mal‘h:f\\‘cvr‘nl(c\(cj
C[O.Secl, oand M s on A—mct‘u{-c.. WDe oon loml(ze, M coih rESTCC\-

b S os wedd AL Namely on MxS cou debie Hhe
Yool
Chb\eh\{r&w—% Ceiehowx\u.)

:Pouoco\'na re,la-[-n‘cmz
(M,s) o (m,,s) < Ase st. s S;-m,—S,.m)=o0.
Convince tdw\rse,l-P -H\,\-t o IS An eqbu'vq‘er\ca n:\orl'lb'n on NXS ,
-
ond et LY'S_:z [(m,s)] , and S M:=%ﬂs\ meM, seSE .
L€l' ﬂ...m&:: Sg™M Sy My , Smvince awrst\-{a ‘H'w\‘l'

Sl Sz S\Sz

H,‘ IS a Goe,“—cle-]g\'necl 0T<W\",'WY\ O\ho‘ (%.11‘1,4') 'S an le:[l'am

™

- -4 )
or 2¢SA ond M SM et . m 20
S s’ S ¢ S/

Convfnce awrsd’? 'H'm‘[' l'l' IS Coeu-cleﬂ'ntcl’ Omc\ HT W\o\lee,s éd-M

an S'iA-— MOJ -

EV“RTGSF.QGA(\, ooe chl‘ }/erz 3::\‘1 adhere %:: A\‘\? .
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Homework 4

Thursday, February 1, 2018 3:22 PM

. (e SWFYOX. M IS an A-—mocl. Brove ‘qu(\'

M= <«— thefr?ec(%x\; M*F=°
= VmGMQxCA3, M‘ﬂ’k-:o'

(Hist. Clearly the only non <brivial pact is: Ytre Mo (A), My =o L Mo
—FOY‘ OCGM, COnsR:[e\" Omv\COO'J O\Y\c\ SL\ooo t;\T Comno‘\' Lf, *‘.Ymrex*)

(L:) Let CP"M,—PMQ_ l)t an A-moc‘- I'\omomvr?i)hl‘sm- And D Is
x mubpliochicly clsed subsck of A. Lot st Shagh,,

(€%)(my) . = T

S S

Sheed 'H\o\'k' 3-143 Is & O\}e“—ol-ezemtc; S-jA-MOo\. hamomaf?‘\fsm .

(For spespe(h), we leb =Gl where §pi= AN
S\Aﬂ)ose, M:L is o submodule of M, . Observe that S-iNi is & submd

0’? S~1Hz. Convince stfh? that 'SiMl/s-aHi_‘\z éi(ﬂz/M) .
(&) Let $:M,—¥M, be an A-mad. kmom«’fk{sm . Tove that

4 Is ingective <= Ve Mox(A), By inective.
(Hint Shoe thet  ker(@h,) = @aer@p))w )

() Show thet b is swjec'[‘n've = Y teMax(A), cbm\‘s Swejective

(M ConSl'c(e/Y‘ ‘H\e, Co)—keme[ O‘E cb)'—H\o\Jr Menns M?_/\

nd cokemd < 4o 55 e
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Homework 4

Thursday, February 1, 2018 7:28 PM

3

SLe-?'ore ?mlo\em{SM??ose A IS & Ulni‘lfal Comwm“t'&‘l‘l\/e- Y‘\‘n% (’mJ S 1S &

)

mml+lT||'M‘hW'H closed seb. As ce hae seen in problem 1
2 Mg A, then STASA: and S’i(A/m) o s’iA/S_ju
as S A_modules . Convince gourel? thab this implies
_%_i(A/UL\ ~ A /<t
as virgs where S = stehfy| seSE-
® Suppose b is on ded of S'A. Lot
Ro=Sach | &eO.
Pove that TLaA ond DL_STH-
by Lok CL.—g peSpe(h) | pnS=g]. Let
b (93—> %Fec(%'iM, <\’®®==§i“f , ond
W Spec (SA— O+ W(F)— Joe k| LeRE -
Pove tht $ and A are cocll-deined ord they are
inverse of ench dhher. (and S0 there & a Iala'ec:[‘(&m
betoween prime ideals of STk ard prive denls of A that
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Homework 4

Thursday, February 1, 2018 7:59 PM

do it infersect S D)

C EX?\GMJU'OH Yo have to show %—%!? 1S (Pﬂi\we, rf o5

Thik obowt S_iA/giﬂ N §l(ﬁ/ 5 Fied o Pactions

3 Al
oNext You have 1o shows

%lﬂfzeS(FecCM K;» Hﬁ:v@—‘ )

%—A. —4-
=31,
- (@ SWY?OSE A i & (Anl;{'O\\ Commm“‘cx‘\?‘\\/t ﬂhg 0\)’\6‘ "I'H'QA .

Pove that me(i‘v‘):%’\'!’lrg £ and on’\d P )‘\x= AN\t .

(SucL a rfna IS colled o local ﬂ'noa-\

& Su\;?ose, AN s o un{lm\ Commuornve. r\'r\ca . Prve Hhat

Aﬁf’ is o loanl hh% Lor om% %\ne S\)«Cfﬂ-

tRem\m% be}?o{*e q?rb]o\em ‘Delerm\han+ Con be c\e{l\‘ne:\ -?or mothrices

o ith entries in a um'rl'ol COMMOCL‘N& n‘nca«.

n
det o ]:= 2 () l_[ Ay ogiy »  cohere
e, =1

Sh is the S(d\rnme:'l,'r‘l‘c, ar‘r/wl), OmA 3ah: Sn—)§11'§ is the S(‘Jn
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Homework 4

Thursday, February 1, 2018 8:36 PM

8rou\> kamomwfkism. Simi‘ar ‘L'o ‘H\e nxn \morl‘rn‘ces ovey A "P'l'e\cl 5

e Can define minors a{? {X=IO\"3]'

“The -/?, }— minor 0:? 9[—_—]:01-6] is the determinost o£ the

(n_j_) x(n-i\ ma-l-r X ‘X(»[,*k\ 'me‘)C ane %e‘i‘.s Ocﬂrer‘ rermv{na ‘H\e,

4
~£+h row G\r\cl 'H\e IQ Co{(Amn. o

Jimilar Fo Cramer’s m\e, x @, k): = o |

We Coan c|e£|‘ne the ada'und‘ ot ix
0\0\3(90 a'fi %x. The (- erﬂra ot a&a'cx) N -i?ﬁ det XG0
Here are the main f?m?erlﬂ'es o‘fi det . M A —A

() det is mulb-linear coith erecf Yo clums .
() det s muHhi-linear corth res?ec‘f to rows .

(?_) Cie,'{? (I) =1.

@\ H2 X }\as -ﬁoo iclen‘l"icc\[ rows 'H\er\ cle‘if X =o
(3/) HE X l'w\s ‘l‘coo l'clen'[ﬂ'@\l Co'umns} ‘H\en cl@l" K=o
e adjoq). X = X adjon=det oy L -

(5) ¥ x,‘d e M., c‘e‘l’(x8) = det €3) ole,—l:(a\ .
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Homework 4

Thursday, February 1, 2018 8:58 PM

4. oy Suppose A is o untal commckabive ring, ond QLA IC)

Troe that xeGL (A <= det xeX .

(b Suppese A 15 o unihal commetucive g ond V(A =3 1
Suppose <p: A —+K is an A—mol . Domawerphism and lef
XeeM (A be fis associbed makrix . Convince 5%(56\\9 Yhat
$ s o bijection ¥ ond onky g€ GL G -

Prove the %L(aw\‘rxé stutements are equivalent :

@  A—rA s surjective .

@ P (A/Mn — (A/M“ is Ll‘u'echve , ohere & i
induced by 4 -

@) P A —p An IS Ela'ecl'ive,~
(Hint. Show (D)2 @) ond (2<= (). Use linear algeben o shoeo deb@ ¢ 1t

(©) Suﬂ:ose. A is o Umli’a‘ ComeroJ'\'V‘e (‘ing, ond + - An—b An is
on A—mocl. l’vmamor?l'u'sm- (vae, ‘H\m_l'
$ s wraecjcl\rc = DTS Era'e,c{-f\rep

(Hil—--Ux Poblem 1o, 1d, 3.5)
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Homework 4

Thursday, February 1, 2018 10:00 PM

B. SMﬂ:ose A s Oxum"l‘al COmel'orl’l'\re Y\'r\a ; O\hck 4+ An——» Am S

sura‘ec:kl'vt. Prove ‘Hr\o\‘f N>m.

\fma rg befre rablem | A raochle M 15 called Noetherian 1f

the Pollicoing (equivalent)  sttereats hold

(o> Ay chain () of submedules of M hos & masimum .

& Any non-enply st I of submaddes of M has & maximal
elemert .

© M sahstries the ascending chain condition (ovec); that means
? N, SN e N,C - are submodules of ™M, then 31, 5.
Ny =Npg= - -

@) All the submadules o M are #.h;{aa generated

Q-—o aover I_ec:‘:w(e_ 2% 0*- morH'\ 900 o Omcl See "H\o\‘l S\'ml“ar arﬁumeﬁb

('mr‘ a (A) ,(L) 1) aacl (ol) are ealw‘\m,eu'l'.

Observe that A is o Nogtherian r\’ng # and cmlxd R A s

& Nogtheriom A—mod .
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Homework 4

Thursday, February 1, 2018 10:36 PM

§.@) Suppoe N s & submodule o M. Prove that
M s Neetherion 4+ N and My ore Noetherian.
©) Suppase A is o Noetherion g ad ™M s o Finitely
aeneor{reel A-rmadule . Pove that ™M is Noetherian .
7. @) Suppose A is o Noetherian unibal Commuctechive ring and
b N— A s \haéclz(\/e_ Rove that n<m.
(Hik B not,  @)oA N
| = M) e+EMeA <A =
I AN e P (A eod A MNe-e A CTA
= A CA @A YG e <N )
(©) Suqpese A 1 o wikal commatabie ring, and cpi K1 A”

I's |‘na'ec:l¢'ve. (Prbve 'H\ock n<m.

(H vt Suvﬁmse <P [0\ ] S ‘H'\e, GSso cx‘oc{*ec\ mm,-\,—rlk J
ard lﬁ{_ IAR Ioe 'H\e Sukrmg O:P A’ c\)J’\ch s aencm‘l,'aol l)a O\ ’s .
CCmsmler‘ r/\“ , discuss 005 4}[ Ao —DA IS mdec‘l—lve
Use H:HJer"t s basis ‘H\Wm ond ?a\r'ﬁ () \
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Homework 4

Thursday, February 1, 2018 11:01 PM

«©) SwFPose A isa U\m"l'al Commm‘l?o\‘h\le r\'r\g, o.ncl M S o *?\h{'l:ﬁlg
%enem'\'ecl A—module . Lot
d(M):= rminimum number of %enerodrars ot M, ond

rank M) : = moximum number 01?. Linear \\A \'n&?mlenjr

elements & M .
Pove that  rank (M) <d M).

(Hf‘n{' Clet o\(\"[) =n GnJ mnkm):m.ﬁen
= CP 3 Aﬂ —P M Sura'ec'L\\/e O\r\o[ 3(4’( )b\m ——PM \‘ha'ecl,’\'\/&.
So/ —Po«‘ ama |ISiIsm, 3 vie/\h s+ <\> (V) = “'45(6[) .

L{‘f,‘ 6(6\-\ =V ar\A Q)(‘t“ﬁnc\ \"F Jro an A—'Yf\()cl- y\mn«mv\m'?lnlSM

@:Am—JD?‘\n st 7?‘ y<
S} i 2

Deduce thet 0 s Mjech\lf- A ?H

CRemarJa_ \n Cloxss , e C\lSC\ASSecl ’H\e Case co\\ere 7Av IS an

fh‘tﬁam‘ clohf\on'n-)
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