Lecture 0O7: Module theory

Tuesday, January 23, 2018 11:56 PM

One of the best cw\%s ‘}m unc‘ers{'omcl Y‘\"\%s is Vi ‘H\e,\'r 00\0\:117*\5“.

(0s it cons indicated in the cose of Frougs-) In the cose o
r‘\"r\as ,hoooever, e are wore or les forced do shek to r/l('hear‘

mc‘l't'ms“ :

Db, Suppoe R is @ unitol ting. Then M is aulled o (lePhy
R- module P

O(™,+) is on abelan qroup-

@ There is & swhr muthplication : Rx«M—M

c>m) —» m
that satisties the -‘?olloco\'ng ?roPer-Hes:
e (M= ()
@-5  rompmy =T +rm
¢ -<) CW*’“S'}:“ = NM-m+h-m

C~AN—

N (R_
(Z_C\\ 1.m = m

A fews e,xo«m\)‘es and  remarks:

Ad. One an s\'\m{larlg defire « ﬂﬁ‘n‘k R-module - When R 15
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Lecture 0O7: Module theory

Wednesday, January 24, 2018 5:34 AM

ammitabie | ony et Romod 1s 4 rgft Rowmad, ond viee
versa . But for om awbi%mrté unital nng R .
N Mis alkt Remod o M s @ n‘(ch- R" mod
cohere R as an abelian growp s the same os R, ond
X e Y= YX - One Gn check that (‘Rot—r; %) 15 @ ning;
#is called the oppasite of R . Chady R =R
R is @mmututve.
Going back fo (1) : mer:= rm.
= (mer))ern= G- et = 5 (-m)
= ()™ = ([*5)-m
= me (fet)
“The rest of progechies Q\ear\g hdd .
2. B R=F isa dcld , then M s an Fomod means M

is om F— \Iec‘Eor* sface. S hnoJu,es are acntm‘nmjrw‘ms 0-12

Vec*kor‘ Sfo\ces .
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_;_.‘Sw\x?ose R is oo unial n't\g od I is a lef |J,e;\\ o—g. R
(that meins ¥V reR, xeI, rxel, bat xr is not
necessanla ) (R) “Then R jp s o le2t R_imod

V rG(R Ow\(l PQIQR’:[ y Y. (f'-/|-1)= Y‘r‘ii-]__ .

OOeU—JeQ\'Y\eA : r“/—\-I Y“z/+1 = VT/— nel

> r(ft)el — raI=rmsI V

Rroperties can be ems{IB checked .
4. Suppose R is o undal ving. Then R i et

M.(RY —mod . We view R as the set of nxd
Column matrives. And let

YV aeM®), veR', Av = mdnix rubtiphasdtion.
5. o grogs coe sacs B, # HOWX ad .G 1s
o g homomorTLfsm, then e get on induced G — achiom:
g=x = PYX - (e hve a similar property for rings
ond madules -
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%uﬂmse M = on S—moJmle, and $:R—S s a ﬁ‘r\g

homomorghism . Then M @ be viewed os an R-mmod -
Cem = ) m.
In ?ar—k'cu\ar:. B SR is o ring exdension, then
omy R-wmod con be viewed as o S—md.
B TR, then ony (R/I)_mml can be viewed as an
R —mad .
€. (This is aparticubr cse o the previos example cohich is
exdremely useful.)

SW?POSQ‘ A is o um"l‘ml Cormutotive \(Tng , O\ho\ e T’\ncm .
'Then cve 86“: a g ho:namw‘)lr\\'sm

ANa— AIT]) Zcm'x t——'ZCq

. N— (/T - 1=o0
™ ¥ SWEnY 1 ::%4T_C_\- 1\ cy @AE
fFa,((j r\omx'a\|s Mn CA) =4

chich s gen. LU AgT

is o M (A)—med => A con be V\ewul os on ALT J-od
= ,l\ con be viewed as an ALx]—mdd -

(ZC‘X\"\)’ mZ_c."T}r

=9 =0
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As alcomds toe shuld nd will detine  “subshructures )
”Mamrz\;k(sms“\, ond ‘Hg to Prove isovmw?h\‘sm tThearems .

@E%-" (Sukmoiude\ Surwose M g o ‘eﬂ (R—h\oo[u\e. We 30\3

N s on Sulo\moclu\e C"*Q M |P
@ N 15 « su\aawwlb o-g M, +)
& VreR, neN, rneN.

(R-wod - }\omOmath;'swﬁ SwWose. M, and M, are R-od .

“Then b M—M, s called on R—tod \ﬂuwwrfkl'sm if

- <& IS on abelian a? }'\ammnor")}nsm
N reR ,mieNi, P(r-m) = rechm,).

(Lwlmae and  kernel ) Suppose H: MM, s an R-mwod.

hamomm\)}u'sm. “Then

R |m0\at cr? C\b : Im(dB)z %CPCM;L) ‘ MJEM:J
. Lzeme] op P - ker(c\:} GM:L\ <‘>(Wh)—-og
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%osﬂ:ﬁm . Swﬂ;ose q>M—'7N is an (R—rnoc{ I'\WOMWT"\SM-

Then @) Im(g) is o submod. of N.

®) ker@) s a sabrdd. o} M.
T Since b is on addihve op hormoraorphism, - Im @) and
ke @) awe SMLWS. So it s enomﬂln to check Pt _H\eﬂ ore

in vm'an‘f vmcler‘ Scalar muHT?l'caJrfon.

fed(m) = $(rm)e m P
&)

1

m = . (0+0) =0+ 0 = r.q=0 =

S————

Topostim . Buppse M 5 an R-mod. and NSM & o submed .
Then e @maN):= rm+N 5 ael-debined and makes

M/N
PE- Ode gust oo it is elldebined. H is sy o check

Mo on R-module .

—

madule r\)ﬂ‘:?er"l'es . m4N= m+N => m— m,eN = r- (m—mn,) €N

— rom-rm eN = rmN=rm+N. =
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% Su»\y?ose M ond N are R wod . ond $+-M—>N is on
R-ovwod. [hen b is alled on l’Sowwf?L_\_iS_Y:\ P Y NIV
OOL\n‘c,Ir\ IS an (R—mocl l’\aﬂomorvfl'\t'.wn an\

Cbc’v“\S:I'C[-N O\hA Q‘\So Cb= IC‘M .
Theorem. ( The Pundaventol n‘SomotT\m'sm theorem)

Buppose s M—»N 15 on R-mad- homomarphism .~ Then
P My = P, B(mrkerd) = +m

s o R-mad. isgmorphism.
P From group theory coe knao B 15 o cell-detined
abe lian qrove l‘somor?‘)}u’sm.

(Rmed ) T (. Grrker o) = F (rmekereh)

= (rm) = r $im) = P (m+kerPp) -
Since P is on abelion Qroup. isamorphism,
Wiln p—> Mlper g, A (Som) i= it kerdp

IS o ooeu-olegmec\ abe [ion 3row‘> homomorTLISvm. Next e check.
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thet U s an R-mod homowrFL\sm ..
W (r ) = B(Hrm) = rm+ ker <
= v (mrker®) =r H(pem) -
Aod since. Ao F = e ond Forucowd, e deduce.
that & is an Romod. tsomon?lu‘sm. =
Com A Lra'ec;\-\‘ve R-rod . kamomw?k\s»m s on
R- mad. \‘somaﬂ?l'\\‘sm.

Remark. As Lefare Cb:\\'\——’bN is lha’ec:l’l'\le l\‘? am‘ mnla f‘P

kef‘@‘$=o-

math200b-18-w Page 8



