Lecture 23: Finite fields

Tuesday, February 27, 2018 10:51 AM

det F be o 'Ps‘m"lt Pield . TRen Z/‘>Z='ﬁ> is o subbield af_ =

cohere P is the charnctertstic o T (e the addrbive order o3 1.

o

Le‘l‘ Cl:= [F (¥T] . SO \-F\= (?c] . HQ“\CQ V‘XG—F", X =i.)

+

this \'\n-nrll'e.s X =x WxeT.

—W\eowem . -For jo N v?n'me_ ? m\A r?os'rHve_ \h‘keaer J p 'Hwere, s & U\m‘o\me

Cu?‘l‘o t‘samar'?km3 ‘]erm"lf. "P'l'eu o:? orcler‘ 1="§* (\f’ is denoted Ba

Y £ d

:?i_. let E Le the STHh’na Preld P ‘X?—'X over q‘"?}' ond
J

et Q:i=3weE | o =uf -

Claimd . O is o sul:rina q E.
P o
rEE: Tor Ol,IDGE) @\+E)P= Z ('P_)&I LP l = 0'\-F+Q>

T 1) i isis?-iA ; Char (D)=
T R ~
'Hethe (0\‘1'1:3) =a? + L;P .
d 4 44
T
o =>1@—® ] °‘T+c_§ F’? = d'@li <R, areQd.

d d d
A\l
gp) = ¢ ==g
Clom 2. Q:E .
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Lecture 23: Finite fields
Tuesday, February 27, 2018 11:09 AM
d
PP NeeOtey, 0 2=l €Q. S0 O is asubbeld 4 E

d
cohich anttains oll the zeros f?- ‘x?-"x. So Q=—F os E s the

3\>|Hﬁi\g Feld of fx?i'x.

Cloim 2. IE‘: 'Fcl .
d
PP e need o show X -x does not have me-lee. roots .
d
Sv\ﬂxx, ‘)(T-'X = CIX—e()z P - “Then aﬂ,—er -h»lurn o\er‘t'\/ocl'l've
d Tii 2
T -1 = 2Z(x-) P + (X—0) T’(rx); evalnate ot o

° d—o ohih s & comtradiction .
Hence E is %‘n{'lt _‘()_',CH o:P ocder ?‘".

Noco swwose Fisa ‘f'fm"k %‘e\al o:ﬁ oro‘er <\>°| , _men ana xetT
d 4

T P
Is o zero ag_ X-% . Hence XK =G TT (%= .
oe¥

C.o:rfan’hg 0\98('0&5 O\Y‘al 'H\e ’eac[lna Cbe#' e 8::'7 'le’

(T-‘X — «__le—:_\[: (X-=0) . Therehkre T s the sFer‘lna Pield o

9(T—‘X oNer: ¥F .(omc| we 86‘7 the Mnb\u\eness\) . |

N2

Remork. B FL<oc>, then F=REa.Se meeRInd is

ied. o} degree d.- Hence coe et the existence of irred. poly - o any
deqree. .
d
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Lecture 23: Tower of finite extensions

Tuesday, February 27, 2018 12:19 PM

Lemma, . Suppose Bz ond K/g ore o Feld extension, ond L[E.F1
ond [K:ET are finde. Then [K.FI=[KEIEF]; in pacbicular
it vs Linte.

B Suppase ey, e § s Fobass of E od 3k, k%
is an E-basis of K. “Then

Ko T Eho=) 7 Feghe o % the Fospn of feikig

=4 =i 3—1

is K. Qo o sha Se.. k.‘g is on F_basis 0¥. K, it is
1)<
cnou(«j;\ 'l‘a sLow ea kl are ']Srf 'mcmrla l'm[erff,m:[tn-lr.
®

e —o - Oince
Sufﬂms \._Z'_ J; aae k. %a
ﬁmcl '{Q,'/S ore E-‘m%rb I‘Y\OLT. y ® IMT‘\'CS ZO\':] ea =o0 (—b

1=
Since ea. s are - h’nemrh Ih(JeT. , (—‘rj l'mr‘l'es o"j=° . =

‘P_ra?osi{wbn A Finte Aeld extension E/F is alacbmrc;, that meons

VxcE s mlﬁcb’m‘c_ over .
. 8«4ﬂxse [E:Fl=d Then YeE, 41,¢, ..-,(xJ ore F-h'nearla
dle:rencleh‘li Ad s0o Jc,. €T (et all 2e0) st- C,+Q\0<+—---rc:°l°<°‘=o
ano\ ‘H\c c[mm ‘Hows B
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Lecture 23: Algebraic closure

Tuesday, February 27, 2018 12:31 PM

—

Cozm”o«va. Suppose B/ is @& Feld extension. I o, geE are alebr.
over T, then wxg, o(ts,oa{i (# (3xa)  ore algebm‘c over T .
P s algebric. over F = Frd s o Feld ond [Fra:Fl<eo.
B is o&dvbm‘c ver F= 85 alﬂubmfc over Frod= [Flx,p):Frike
So Foupl/p s « hide exbension. Hence Flvgl/p is
a(aebmfc 5 ond the cloim follocss.

Corc“anj /‘D&P Le‘t E/F le o :?\'eu ex+en&|bn. —me ala&;mt'c

Q

lsure of Fin E is  Li=JaeE | a is algebriae over F§ .

hen  Lyg ts on alnolprm‘c Field extension -

B wel, pelnisd = by the qrevias nllary wzp e L.
Se Lisa 4idl. VacF, o s a zew o x-a. S0
fclL =

In the previous lecture  For any. gen ffolnrwm\‘o»‘ tooe FI3,

e Jound o Fell extensin over chich ¥ con be currlben

As o '\>r0c1uc{- a-l? Jc% ?oltjnomu'otls- Con coe ‘P‘lhc‘ A ‘?’\'eu
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Lecture 23: Algebraically closed fields

Wednesday, February 28, 2018 8:47 AM

over wl'\\'cL 0;“_ the 'Fo‘\\i)hum‘a\s 4 :F[‘X'.S Con L< c\\v\%ev\ S O

?mclu@é o—.¥ o‘ea 1 rfo|anom\‘c\‘s ?_
‘]}_e% A Fed E s called qlael;m\bc\% Q\OSE.\ i Oshg 'Fa'z] KON

in EMI\E has o zero-
Lemme. B E is qlﬁchr'&llza c\osei, ‘H\-en O\hta To\a. & &621
Con be written as a f\)wo[uc‘l,' o:f ol-ua 4 'ﬁv\cl'o(s

g . EosSa fnclmcl'bn‘.
Theorem . Let F ke a %eu. Then 3 %'e\o\ ex'l'tn&bn E/:F

a)jxerc E s alaebml‘cm"«a c[ost.
W- We S‘L'o\r‘{' oofH\ %’ncl\'na [oN -fL\'eH ex{?er\sfcm ’E-:j./._\._ cokere

all the To‘ﬂ -f—(m)ertoﬂ\? }\as o Z€exu In 'E_’L‘ De vse oo

simi\o\r |'c‘eu as ‘H'\e. ase °:p ‘Q-'nd»'na an e)Cl'ﬂnS\‘on cot‘H\ o 2€YD af
ﬁal'w,n frred. Tolammn‘n‘- There e looked &t FDX]/(T(*X)}' Noco

o[o 'H'\c ame . (e elc 'H\c na A o‘ noml'q‘ F X .
e N Comstder riva of Tly s T ‘Et_ltepm\qr

‘f' roni'c

CcmsiAef‘ I=<%(0(4) l £ fFDG\F>.3L\o® T+A m\i ‘Flm] a maxima)

monC
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Lecture 23: Towards algebraic closure

Wednesday, February 28, 2018 8:55 AM

deal At oF A cohich cortarns T . Then 7‘(/4”_ \S 0\'?'\'%\&;
N e FDAVF monc (%) =0, where wpi=arte Ay, -

(e coill Bnish This mﬁwmw\t in the next \ec\'ure,) .
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