Lecture 26: Automorphisms of normal extensions

Tuesday, March 6,2018 1556 PM
n the qrevious lectures «e (Pm\fed:
©) O(na embchrn% A E—F con be extended o an audomor
0{. T chere FCECT.

@ The -P-ouoca\na Q_Te eqw'vale/\‘l':
@) Vo’eAu'f,'(F/,‘:) , oE)=E.

b VeeE, F «<E, md_F(oo=T[ (%=
Q) E s a s‘>||+h'r\3 el 2 a mn-em?‘l'\a subset T FrpaE.

d I 3 st
dh E: is & s?\f'}h'ha Feld d Hoo over F
(EiC¥F) -
d2 Yiy,3k, E,2E;UE;,
Gy E-UE;.

el

(E s is called & normal extension £ the above stutements

held )
(Remwr‘t Co‘—?b lmTI»es a ?‘m\'\ie OC\TCAS\'O*) E/-_F Is hofm‘-e;

E s & SY\FH‘\\a ‘ch o-{)- ‘gI'X) over T .
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Lecture 26: Automorphisms of normal extensions

Saturday, March 3, 2018 11:00 AM

Qg_- Swrrose -FQE_,LQELgf [} 0\{‘0&)2\(‘0-¥ -@\'e\c(s.

Su\Tose = /_'1: ond EZ/F are nwma\ ex-kex\sions- “Then

FE-?JE:L
D Aut ('-F/F\ o At (Eg_/-.\:) —- At (EJ./;\
EN

cafven \a res-\:n‘c‘h‘om e weu—cleg\hﬂl awu«f Lomomaﬁ?"\\sms -

@ Mt (F) — g Ch )el_[ Ad(Erg) | l - ?S
Er‘i:mrtil E‘/ %m%&,
ECF or o
43 — CCPlE\ Ec\lzzc‘;

IS Gn l‘somorefh‘sm.

?ﬁ_ CD Since. Ei/T_. are hofmo\‘) Y ¢@Ad;(f/_‘:>, ¢(E‘\='E‘ ;
And S0 <\:| € Aut (E{/F\.

Tor Otna QGAV‘%(E\/-_FB, = 6 .E—(XP_F_ l =06 . And

S0 the r‘CSl‘Y"C:[’\'o'n WY N Or\“;o

Sl'nce Clﬁw‘l\g r:E = rEZ/ ° Y-E?_ amo‘ r‘E:l N cm‘lb , ooe ﬂe‘l‘ ‘H\a'\‘
1 E:l

T N o*rLo

Elg,
D8y prt @ oo gt Wb Pl () ) 5 o wel-debined group
I\omomofefl\fshs. Since F_:E/q: %},_l)&lmd E, awe 3& Bt P+ Pl)
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Lecture 26: Inverse limit

Saturday, March 3, 2018 11:16 PM

1S |'n3'cc:\7\'v; .

Suppose () e TT AW (E/p) and ¥ ECECF, C‘}"l b
E/F ‘P‘l "‘e. E/-_\: f‘\ ’\e

narrv-v\\ hovm o\

_ EcCF s
We knoo thadt F=U E 5 we alvxe <\=>Es:

B
Rnte nael
CP.' —'.F_—'E/ <\:(°O=<PE(°‘) i* e E.
Since CPES ore C!Mfwhue , s coe‘,l—cle%‘ntc\- Une cn e‘/tsiln cl\eck
that PeAd(Tr); Ad the cluim follows. =
Det: The group. given in RHS o} f\)o\v’l' 2 s clled the mere limt-

o) AMJr(E/F) ’s; and i & densbed LJ lim At (E/D)

g/:‘: '-:Fin\;‘?f. |
So we?mtecj Aﬁ(i/?)& ILWF\_ Avd'(E/F) ,
ii':';le nofmq\

Moreover  the above ?rwf- \.\'YlTll.es :
.M‘ 8"\??05€ F§E1§_2Ezgf , and E,‘/‘1T Are norta) .

“Then Auﬁ'( Ez/Ei) < Avt (Ez/¥) Gmo‘

o (5, /F)/Mc(Ez/Ei) ~ Adt(Fg) -
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(Called I<vull ‘l‘trfoloatp

Lecture 26: Topology on group of Automorphisms of
normal extensions

Tuesday, March 6, 2018 2:05 PM

. We have seen O |—» G‘]E IS on onto it hom
A

Awt( Ez/;\ —%ME:,_J:‘Q . Hs kemel is ri;vec\‘se,\a Awk(E?_/ED :
And so La the iSl_l'somo/'T'ﬂ‘sm 'H\earem, we ore Jm\e. 2
e aill see 'H\o\{', £ E/'-F |‘s’ a %hijc?_ noYma\ f,X'l/"CYlsl'W\, “H\en |Au-\:(E,L1._)\

is -Igi'm‘\:e.. So/ ,ozj _Tdc)\ono‘F‘F ‘E‘LWM,E-.\;X:%&Q A\&".’(E/F) is Cbnt‘aa&
hovimal

corth rcschl— ‘o (chluc,: -EuTcloaud. And o ony EcgE:, 1‘5//,1: B
Finite nmml, QL'(q:E) \ <\>E°/\E=<\>E,‘§ is o closed subseb .

Hence ll:s_ )‘WV{'CE/:F) s & dos:c\ Subset- a% E‘I;:Y:%\&e Aw\'CE/:‘___)

revran|

Therebore ilrl\_Aw'l'(E/F\ IS & Camfod‘ arrer .

I FokglLCF and L/F ond Ky are rormal , then

Act(L/r) —s AV&(K/F\ AR(L/) is on closed

1 > normal suby 4 Ak(L/g)
Im A ERD) el AMCER
EclL ECk
ol R S
v hava 2
f‘:rva‘ec'n'w\ }:} ard so it 15 Conbinuous -
0 those ornTmcn‘l's

Now ove ‘PDCUS on finde normal extensions -
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Lecture 26: Automorphisms of finite normal extensions

Saturday, March 3, 2018 11:52 PM

m
Theorem . Let o FLF’) ond $0 = ITT 00, ecohere #i009
r={

ore distinct irveducible elemerts of FL:g.Let B be o splifting Field of
‘9(90 a\er _‘F, ond E be a S'f[r'H'ma Hield o¥ o' (%) over -'F/. “Then

‘% &J:.E &’—p}:_/ ‘ (o\'-"F= O'Jgi 5 EEF] Moreove e ep\tm[({'g LoUs,

B L do net hove mmH:tFle Zeros .
B e ?mceﬁcl LU I'hclmc‘['lion on LE-F1. R all the. frred- ‘P-vc\x:rs

a¥ ¥ are o% oke(z]me 4, then E=F ond E/=F’J' ond 50 cleo.rLJ

€<1uo\||'+2] kous-
Now  suppase ‘Q_{'X’ s on irredn. tockor o P00 that hos

Jeame 225 oand Suppose ¢ s @ zen of f100 . Then Hor omy
T EMSE, T 5 azeo R o).

e B hus ot ok g o dibock s of o)
ossibilibves.  For ony. qven such Tossil:{ll"l'ieS., LU the S'l:rancg
induchion merH.. there are gt mest [E: F ] -many gossibil.
of exdemsion to an Komashism Pom E o B S0
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Lecture 26: Automorphisms of finite normal extensions

TE:Fral
< deg 4, TE: ¥l

= IFr: FITE-FEO)=[E:FT.a] .

Suppose ¥ has o mulfiple zews. Then $; dhes vt have  multiple
zerss ; and 4 remains souarePree over FHaADA os & s squarePree
over Foa. And s b&ﬂ The s“h'mg induction hdr\)aﬂ\esfs ec‘uo\lﬂaa in the
bove el hald.

On He other hond, # cqulily hokds, then ol zewss o 4, are
dichinc By o1 simb argunert, all 2ens o 4; are diskinck . Since
ged (B A)=1 for i, ooe deduce Hhd all zews f £ are
distinet ; owd the claim follocss. =

<De¥- 'PrfTO‘anOmro\\ ‘g('x)e—'F['xj \F S Callecl Sef?c\mue i H«'S

l'YTEAU\dHe '?‘0&‘[‘0\’5 olo Y\o‘l‘ L\o\\e, muH'lTle_ roo'l:s .

Cgorv\larn. Suwose 'P('X)GFE”Q\F, and E s axs?lfl-h'ng Freld c/?f. )

ver T. Then \AU‘{'(E/F)\S_[E‘FJ * And eth'ch holds €X0«C+‘8 chen
4070 S seFo«'aHt .
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Lecture 26: Separable extensions

Saturday, March 3, 2018 11:27 PM

‘Di¥ . An a{ﬁebm{c ex{':ensbn E/F is m“«[ iejamla\e |"-f¥ \fole]:_

m () Is se\»\'aua

1/ . : . <
li '¥?(Jc ?) /‘mﬁ,&) Is NOV & Se'\)amUC ex‘ker\swn.'Ba Elscms{‘tms
criteviem xT--t is iedacrble in ¥(+> , ond SO m (90=9<P_-|,-.

? 4
P

Bt ot =(x—tT)  has mabtigh zeros -
AnoHner‘ Com”o.ra o:? He vanbus c.raumtn'l,' s the Puuocainn:

_‘T\eortm. Suwose, E/-_F IS o %‘nu%c eX‘t‘tr\Sl'cm. T\en ‘Hr\e %llo cm\a

stabemerts are equivalent

(@) E s o sidting el o} o sepamable polynomial Pox) over .
@ |Ad(E|=LE:F1.

) Efp s o normal Se?mmue extension.

B0 have o.lreaJa proved () = (2);

Nert ae thooo (2) =5 (3). YeteE 5 1 the procf o previsus theoren

At (E/0)| < o distinet zeres of m o in B) LE: ]
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Lecture 26: Galois extensions

Sunday, March 4, 2018 1:21 PM

}\no\ g

And  so \Aud:(E/F]\ SQ& a-f_ dish. zeros °‘¥- A ) LE: F L)
< "Lz:) My - [E:FE‘33= EF]}L‘J:-‘F][E:F[.Q_&
=LE:-¥ra]. &)

Since Jad b)) e;tuod*a l’\a\cxs, 7= u{i o(ts-\r 2£(aS GCE m,, " E:ole My

0 all zews are 1w E and are ol.'s“h‘nc\--_—z;f/-_\: IS NeYa] & Sﬁamut.

@ = d) Sice ‘\.:_/-F & hnte, 3 o(\,...)o(“GE st. E='-F(o<‘,...,°(h\.
Sirnce E/F s (alae,hmuﬂ normal , all zews of. md.‘(qq are in E .

A‘no‘  E s a ST‘,-H-h,ﬁ *\C'C‘ a-{). :F-_[ md_(‘x) over T. Smee

1=\

E/F is separable |, ﬁ m, 60 S o SeYo\ml?\c f‘;o\amm'a\, n

vy

Ded. An o»lgemeC extensim E [+ & lled o Golos extensin i E [e
o normal ond Se?c\m\o\e. extension . [} E/F N C’\qlofs, e write
Ga‘(-E/qﬂ instead o'ﬁQ AUT‘?( E/F)'

% ‘Par o hove seen thit G-a)(\:/.,&) gives s LF¥F-E1 & "-F}E is
o Galois extension . Net coe odill show N\vrv\a G“I(F/E\ oS o

Sw Lam‘: f Aut (P una‘o]uela determines E - “The *olloco\hs 5 the

kﬁ% {‘QCL\Y\!‘CM\ lQmmO\:
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Lecture 26: Non-zero set of fixed points

Sunday, March 4, 2018 9:49 PM

lemma. Let G be o Sinte S\Alﬂm? 041 At ().
%WY?OS?_ 0oV < En s on - SU\hs\w\ce, ond  Por any oe &

ond  (e,--e) eV, we hae (o), 0 )eV.

/

&
“Then N = %_(%\,-..,-?h) \ Yoe&, 0“(’?‘()-——-*{25&0 -

En e -meona all clemerts of V7, tuke & non-zew vector coth sallest
Tossfl:\e, non-zexo C.am?oncrfl?s', Sad (9o, 0y-,0)E VTS such

on clemert ond s are nob zero. Henee (L,«7,..,«.,0,--0) V.
= Yoe &, (1,06, -,0&),0,--6)eV

= (0, %/ -0°() , .-, o -y, 0, --,0) €V

Jnce  these veckors hove Onla ot most =L ron-zew Compo nerits,

'Hve\é Sl‘wmlol Le ZeYo . -Henog, Ci, 0(2/, ...,o(r/, 0)-..,0) e -V-Gr |
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